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ABSTRACT

High dimensional data is prevalent in modern and contemporary science, and many statistics and

machine learning problems can be framed as high dimensional regression – predicting response

variables and selecting relevant features among candidates. One of the most commonly used

Bayesian approaches is based on the i.i.d. two component mixture prior, which comprises a point

mass component at 0 (“spike”) and a nonzero component (“slab”), on the regression coefficients.

By computing the posterior probability that coefficients are zero, these Bayesian approaches allows

us to measure the amount of shrinkage we need for individual regression coefficients and to identify

relevant subsets of predictors. However, the above posterior inference can be done only approximately,

and approximate inference procedures such as MCMC does not scale well to high dimensional and

large data sets.

In this dissertation, we primarily focus on developing reliable Bayesian inferential tools that

scale efficiently to dimensionality. Our first work proposes novel Variational Empirical Bayes (VEB)

approaches to multiple linear regression based on a flexible scale mixture of normal distributions.

The proposed approach (called Mr.ASH) is not only an approximate posterior inference procedure,

but also a clever implementation of penalized regression where flexible EB replaces expensive cross

validation. Our second work generalizes the two component mixture prior to the graph Laplacian

prior, which accounts for graph structured sparsity. The general framework for Bayesian models,

including sparse linear regression, change-point detection, clustering and more complex linear

models with graph structured sparsity, will be presented. Our third work develops a fast algorithm

for estimating mixture proportions, which serves as a central algorithmic routine in empirical

Bayesian approaches to the normal means model and their applications such as linear regression

and matrix factorization.
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CHAPTER 1

INTRODUCTION

1.1 Perspectives on High-dimensional Regression

Recent advances in science and technology have made a breakthrough in collecting and storing large

information from the world. Proliferation of massive data sets has revolutionized statistical theories

and methodologies/machine learning techniques. A series of works has formed an important line

of researches called high dimensional statistics, an area of attempting to understand data with a

specific property characterized by high dimensionality, where the number of features (attributes

which ought to explain the samples) far exceeds the number of samples (response variables subject

to be predicted) collected.

High dimensional data is prevalent in modern and contemporary science, and many statistics and

machine learning problems face challenges in predicting response variables from massive features

and selecting relevant features among those massive candidates. Statistical modeling is one of the

mainstream approaches for understanding and simulating how complex data sets are likely to be

generated from the real world. The statistical model simplifies and emulates the real-world data

generating process, based on the underlying statistical assumptions. The model will be learned from

the data, usually by estimating the model parameters.

Statistical procedures for high dimensional data can be evaluated in many aspects. In particular,

two important aspects are prediction and variable selection. The former involves predicting the

unobserved future once the model is learned, and the latter involves understanding the contributions

of individual features to prediction of the response variables. Achieving both accurately and

simultaneously is typically not possible for high dimensional data, since prediction accuracy is often

compromised by the parsimony of the model. Optimal prediction will not be usually achieved by a

single parsimonious model without some form of model averaging [130].

Bayesian approaches are well-suited for these two particular aspects, since the full posterior

naturally provides answers to the two primary goals: prediction and variable selection. That

1



is, both predicting the unobserved variables and identifying relevant subsets of features can be

done by computing the posterior predictive distributions and the posterior inclusion probabilities,

respectively. However, (fully) Bayesian approaches pose another challenge: posterior computation is

computationally intractable in general since it involves Bayesian model averaging over exponentially

many possible models. Although the intractability of the posterior precludes exact Bayesian inference,

approximate procedures have been proposed with the assistance of Markov Chain Monte Carlo

(MCMC) methods [129] or variational methods [84], which have become pervasive in Bayesian

statistics.

Variational Bayes (VB) methods yield an estimate of the full posterior by optimizing an approx-

imate posterior over a class of distributions for which it is easier to do inference. The quality of

the approximation is usually measured by the Kullback-Leibler divergence. Compared to MCMC,

variational methods tend to be faster and easier to scale to gigantic data in practice. In this thesis we

focus on developing variational Bayes inference procedures that

� scale efficiently with the dimensionality;

� achieve prediction performance and/or variable selection accuracy on the acceptable level.

Accuracy of approximation will trade-off the above two main goals.

Numerous studies of complex models have emerged from fundamental studies of the multiple

linear regression model. In high dimensional settings, the goal is to find a linear predictor for a

n-dimensional response vector y in terms of a linear combinations of candidate predictors x1; � � � ; xp.

An important line of research is based on penalized linear regression, solving regularized least squares

problems such as [76, 153, 109, 182, 45, 178]. Also, Bayesian approaches [56, 118, 108, 28, 27, 37]

have been extensively studied in parallel, developing different priors (e.g. spike-and-slab priors) on

the regression coefficients and different algorithms (e.g. MCMC and VB). Despite considerable

work, linear regression still remains an active research area as a cornerstone of many fields.

Penalized regression attempts to minimize the penalized log-likelihood function, hence is nat-

urally understood as Maximum A Posteriori (MAP) estimation where the prior on the regression
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coefficients serves as the penalty. By optimizing the penalized likelihood function, prediction and

variable selection can be simultaneously performed, hoping the two terms (the squared loss and the

penalty) correctly account for bias-variance trade-offs. The remaining part is to select the penalty by

choosing parametric forms of the penalty (e.g. Lasso or L1 penalty [153]) and by tuning parameters

for the penalty. The recent few decades of abundant statistical researches in-depth ([45, 178, 48], to

name a few) have witnessed asymptotic theoretical properties and practical usefulness of penalized

likelihood approaches in high dimensional settings.

On the other hand, the Bayes estimator minimizing the posterior expected L2 loss is the posterior

mean [119] while the MAP estimator (i.e. the posterior mode) maximizes the posterior probability.

The posterior mean of the regression coefficients, therefore, is an optimal estimator when the prior is

correctly specified. Arguably, the posterior mean is understood as a more reasonable point estimator

than the posterior mode (MAP). Nonetheless, when it comes to high dimensional regression, it is

impossible to derive the posterior distribution analytically and is computationally intractable to

develop an efficient algorithm to find the exact posterior mean.

1.2 Chapter 2: Flexible Empirical Bayes Approach to Multiple Regression

In Chapter 2, we introduce a new Empirical Bayes (EB) approach for fitting large-scale multiple

linear regression, with a particular focus on predictive performance [90]. This approach combines

two key ideas: (i) the use of flexible “adaptive shrinkage” priors, which approximate any scale

mixture of normal distributions using a finite mixture of normals; and (ii) the use of variational

methods to estimate the prior hyper-parameters and compute approximate posterior distributions.

We present a simple coordinate ascent algorithm to implement this “Variational EB” (VEB) method,

and show that this algorithm can be interpreted as fitting a penalized linear regression in which

the form of the penalty function is learned from the data. The flexible priors, and correspondingly

flexible implied penalty function, can capture a wide range of different scenarios, from very sparse

to very dense regression coefficients. And yet, estimating this highly flexible prior from the data by

VEB is approximately as fast as methods that penalized regression methods that tune a single tuning
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parameter by cross-validation (e.g. the lasso). By adapting the prior to the data the VEB method

predicts consistently well across different scenarios, typically performing as well as the best existing

method for each scenario.

1.3 Chapter 3: Bayesian Variable Selection for Complex Models

Our next goal to develop of a unified framework – a basic structure of statistical procedures including

models, methods and algorithms – for numerous Bayesian models. Our work stems from the study

of linear regression, and covers change-point detection, clustering and many other models in the end.

In Chapter 3, we propose a general algorithmic framework for Bayesian model selection [89]. A

spike-and-slab Laplacian prior is introduced to model the underlying structural assumption. Using

the notion of effective resistance, we derive an EM-type algorithm with closed-form iterations to

efficiently explore possible candidates for Bayesian model selection. The deterministic nature of the

proposed algorithm makes it more scalable to large-scale and high-dimensional data sets compared

with existing stochastic search algorithms. When applied to sparse linear regression, our framework

recovers the EMVS algorithm [131] as a special case. We also discuss extensions of our framework

using tools from graph algebra to incorporate complex Bayesian models such as biclustering and

submatrix localization.

Many interesting Bayesian models can be framed as linear regression models with the graph-

structured model parameters. To study Bayesian models from this unified perspective, we introduce a

spike-and-slab Laplacian prior distribution on the model parameters, as an extension of the classical

spike-and-slab prior [110, 56, 57] for Bayesian variable selection. Then the problem of Bayesian

model selection can be recast as selecting a most promising subgraph from the base graph. Various

choices of base graphs lead to specific statistical estimation problems such as sparse linear regression,

clustering and change-point detection. In addition, the connection to graph algebra further allows us

to build prior distributions for even more complicated models.

We will derive a variational EM algorithm that efficiently explores possible candidates of

structural parameters. Our variational EM approach builds on top of previous work on variable
4



selection in linear regression [131]. The general framework proposed in this chapter can be viewed

as an algorithmic counterpart of the theoretical framework for Bayesian high-dimensional structured

linear models in [54].

1.4 Chapter 4: Maximum Likelihood Estimation of Mixture Proportions

Maximum likelihood estimation of mixture proportions has a long history, and continues to play

an important role in modern statistics, including in development of nonparametric empirical Bayes

methods. Maximum likelihood of mixture proportions has traditionally been solved using the

expectation maximization (EM) algorithm, but recent work by Koenker & Mizera shows that modern

convex optimization techniques—in particular, interior point methods—are substantially faster and

more accurate than EM.

In Chapter 4, we develop a new solution based on sequential quadratic programming (SQP)

[88]. It is substantially faster than the interior point method, and just as accurate. Our approach

combines several ideas: first, it solves a reformulation of the original problem; second, it uses an

SQP approach to make the best use of the expensive gradient and Hessian computations; third,

the SQP iterations are implemented using an active set method to exploit the sparse nature of the

quadratic subproblems; fourth, it uses accurate low-rank approximations for more efficient gradient

and Hessian computations. We illustrate the benefits of the SQP approach in experiments on synthetic

data sets and a large genetic association data set. In large data sets (n � 106 observations, m � 103

mixture components), our implementation achieves at least 100-fold reduction in runtime compared

with a state-of-the-art interior point solver. Our methods are implemented in Julia and in an R

package available on CRAN.

1.5 Summary of Accomplishments

The main contribution of the thesis is three-fold.

First of all, the proposed approaches can be framed as part of a broad research program that
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seeks scalable Bayesian inference for high dimensional regression. Chapter 2 [90] focuses on the

prediction accuracy in multiple linear regression, which serves as a fundamental problem in statistics

and machine learning. Chapter 3 [89] attempts to extend a Bayesian variable selection tool in

multiple linear regression to a model selection framework in highly structured linear regression,

such as change-point regression, biclustering, isotonic regression and so forth. [54] describes a

theoretical counterpart for Bayesian structured linear models.

Second, the proposed approaches address computational challenges in Bayesian high dimensional

regression problems. For reliable prediction performance the prior should be flexible enough to

cover a wide range of signal shapes but this flexibility increases computational burden in calculating

the posterior. Chapter 2 [90] proposes a VEB approach to tackle this computational challenge. Next,

Bayesian model selection in high dimensional regression chooses a best one among the exponentially

many candidate models, which is impractical without some form of approximation. Chapter 3

[89] proposes a novel Bayesian approach based on a carefully designed prior on the graph. Lastly,

Chapter 4 [88] develops a fast algorithm for estimating the mixture proportions, which frequently

appears in compound decision theory work, as well as Empirical Bayes literature (normal means

problem [146], linear regression, matrix factorization [166]).

Third, we provide the accompanying packages in R and Julia programming language. The R

package mr.ash.alpha for Chapter 2, the Julia package BayesMSG for Chapter 3 and the R package

mixsqp and the Julia package mixsqp-paper for Chapter 4 available online for public use.
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CHAPTER 2

A FAST AND FLEXIBLE EMPIRICAL BAYES APPROACH FOR

PREDICTION IN LINEAR REGRESSION

2.1 Introduction

Multiple linear regression is one of the oldest statistical methods for relating an outcome variable

to predictor variables, dating back at least to the eighteenth century [e.g., 148]. In recent decades,

data sets have grown rapidly in size, with the number of predictor variables often exceeding the

number of observations. Fitting even simple models such as multiple linear regression to large

data sets raises interesting research challenges; among these challenges, a key question is how to

estimate parameters to avoid overfitting. A great variety of approaches have been proposed, including

approaches based on penalized least-squares criteria [e.g., 76, 153, 45, 109, 182, 178, 74], and many

Bayesian approaches [e.g., 110, 56, 107, 118, 28, 66, 67, 27, 181, 164]. The approaches differ in the

choice of penalty function or prior distribution for the regression coefficients, and in the algorithm

used to arrive at estimates of the coefficients. Despite considerable past work, fitting multiple linear

regression models remains an active research area.

The many different approaches to this problem naturally have strengths and weaknesses. For

example, ridge regression [L2 penalty; 76, 158] has the advantages of simplicity, and competitive

prediction accuracy in “dense” settings that involve many predictors with non-zero effects. However,

it is not well-adapted to “sparse” settings, where a small number of non-zero predictors dominate. The

Lasso [L1 penalty; 153] is also computationally convenient, involving a simple convex optimization

problem and a single tuning parameter, and behaves better in sparse settings than ridge regression.

However, prediction accuracy of the Lasso is limited by its tendency to overshrink large effects [e.g.

149]. The Elastic Net [182] combines some of the advantages of ridge regression and the Lasso —

and includes both as special cases — but at the cost of an additional tuning parameter, limiting its

1. This work is collaborated with Wei Wang, Peter Carbonetto and Matthew Stephens, and builds upon the preliminary
work by the second author Wei Wang [165]. This work will be submitted to a journal for peer review: Y. Kim et. al., A
Fast and Flexible Empirical Bayes Approach for Prediction in Multiple Regression, 2020.
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application to large data sets. Non-convex penalties — examples include the L0 penalty [109, 74],

SCAD [45] and MCP [178] — can also give better prediction performance in sparse settings, but

this comes with the cost of solving a non-convex optimization problem. Bayesian methods, by using

flexible priors, have the potential to achieve excellent prediction accuracy in sparse and dense settings

[e.g., 66, 177, 181], but their practical drawbacks are well-known; model fitting typically involves a

Markov chain Monte Carlo (MCMC) scheme with high computational burden, and convergence

of the Markov chain can be difficult to diagnose, particularly for non-expert users. In summary,

when choosing among existing methods, one must confront trade-offs between prediction accuracy,

flexibility, and computational convenience.

In this paper, we develop an approach to multiple linear regression that aims to combine the

best features of existing methods: it is fast, comparable in speed to the cross-validated Lasso; it

is flexible, capable of adapting to sparse and dense settings; it is self-tuning, with no need for

user-specified hyper-parameters; and, in our numerical studies, its prediction accuracy is competitive

with the best methods against which we compared, and in regression settings ranging from very

sparse to very dense. Furthermore, we show that our method has a dual interpretation as either a

penalized regression method or as a Bayesian regression method, thereby providing a conceptual

bridge between these two distinct approaches.

Our method is based on an empirical Bayes approach to multiple regression, which assumes

that the regression coefficients are independently drawn from some prior distribution that is to be

estimated as part of the fitting procedure. Empirical Bayes is, in many ways, a natural candidate for

attempting to attain the benefits of Bayesian methods while reducing some of their computational

challenges. However, previous EB work on multiple regression has either focused on relatively

inflexible priors, or has been met with considerable computational challenges. For example, [115]

develop an EB approach with a normal prior — effectively EB Ridge regression — which makes com-

putations easy, but is not well adapted to sparse settings. In contrast [55] consider the point-normal

prior (sometimes called a “spike-and-slab” prior), which is considerably more flexible, but makes

computation difficult. [55] make several approximations, including use of “conditional maximum
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likelihood” (CML), which conditions on a single best model (i.e. which predictors have non-zero

coefficients) instead of summing over all models as a conventional likelihood would. However, even

the CML approximation is intractable, because finding the best model is intractable, and further

approximations are required. Building on this work, [176] also uses the CML approximation to

perform EB estimation for spike and slab priors, but they replace the normal slab with a Laplace

(double Exponential) slab. They then improve computation by reducing flexibility: specifically, they

constrain the two parameters of this prior in a way that creates interesting connections with the

Lasso, which they then exploit to make the CML computation more tractable.

Here we take a different EB approach that is both more flexible than previous EB approaches

and also computationally scalable. This new approach has two key components. First, to increase

flexibility we exploit the “adaptive shrinkage” priors used in [146]; specifically we use the scale

mixture of normals version of these priors. This prior family includes most of popular choices of the

priors that have been used in Bayesian regression, including Normal, Laplace, Point-Normal, Point-

Laplace, Point-t, Normal-Inverse-Gamma and Horseshoe [76, 57, 107, 108, 67] priors. Notably,

while increasing flexibility usually comes at the computational expense, in this case the use of

the adaptive shrinkage priors actually simplifies many computations, essentially because the scale

mixture family is a convex family. Second, to make computations tractable, we exploit the variational

approximation (VA) methods for multiple regression from [27]. Although these VA methods are

approximations, they improve on the CML approximation because they sum over a large set of

plausible models rather than simply selecting a single best model. The main limitation of this VA

approach is that, in sparse settings with very highly correlated predictors, it will give only one of

the correlated predictors a non-negligible coefficient [27]. This limitation, which is shared by the

Lasso and L0-penalized regression as they tend to select only one of the highly correlated predictors,

does not greatly affect prediction accuracy, but does mean that other approaches [e.g. 164] may be

preferred if the goal is to do variable selection for scientific interpretation, rather than for prediction.

We call this variational approach to EB “Variational Empirical Bayes” (VEB). Although moti-

vated by Bayesian ideas, the VEB approach has close connections with penalized linear regression
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(PLR) methods. Indeed, the VEB approach is, like PLR methods, is based on solving an optimization

problem. Furthermore, the algorithm we use to do this is, at its heart, a coordinate-ascent algorithm

for fitting a PLR. However, whereas existing PLR methods assume a relatively restrictive class of

penalty functions, usually with just one or two parameters that are tuned by cross-validation, our VEB

approach uses a much more flexible family of penalty functions (corresponding to our flexible family

of priors), and the form of the penalty function is itself learned from the data (by solving an optimiza-

tion problem, analogous to how EB learns priors from data by maximizing the likelihood). While one

might expect such a flexible approach to substantially increase computational complexity, in fact the

VEB approach has a similar computational burden to methods that tune a single parameter by CV (e.g.

Lasso), and is substantially faster than tuning two parameters by CV (e.g. Elastic Net). Our methods

are implemented as an R package, mr.ash.alpha (“Multiple Regression with Adaptive SHrinkage

priors,” alpha release), available at https://github.com/stephenslab/mr.ash.alpha.

2.1.1 Organization of the Paper

The remainder of this paper is organized as follows. Section 2.2 provides backgrounds and prelimi-

naries, and outlines our approach. Section 2.3 illustrates the VEB methods and the model-fitting

algorithms. Section 2.4 draws connections between our approach and penalized regression. Sec-

tion 2.5 provides numerical studies to compare prediction performance of our VEB methodss with

existing methods. Section 2.6 summarizes the contributions, and discusses future directions.

2.1.2 Notations and Conventions

We write vectors in bold, e.g., b, and matrices in bold capital letters, e.g., X. We write sets and

families in calligraphic font, e.g., G. We use N ( � ; �;�) to denote the probability density function

of the multivariate normal distribution with mean � and covariance matrix �. Our convention is to

reserve i for row indices and j for column indices of a matrix, so that xi and xj denote, respectively,

the i-th row and j-th column of matrix X. Finally, kxk = (xTx)1=2 denotes the Euclidean, or L2,

norm of x.
10



2.2 Outline and Preliminaries

2.2.1 Empirical Bayes Linear Regression

In this paper, we develop empirical Bayes methods [43, 127] to fit a basic multiple linear regression

model,

y jX;b; �2 � N ( � ; Xb; �2In); (2.1)

where y 2 Rn is a vector of responses; X 2 Rn�p is a design matrix whose columns contain

predictors x1; : : : ;xp 2 Rn; b 2 Rp is a vector of regression coefficients; �2 is the variance

of the residual errors; and In is the n � n identity matrix. While an intercept is not explicitly

included in (2.1), it is easily accounted for by centering y and the columns of X prior to model

fitting; see also Section 2.3.3. To simplify the presentation, we will assume throughout the paper

that the columns of X are rescaled so that kxjk2 = 1, for j = 1; � � � ; p. (A special case of this

assumption is that the columns of X are “standardized.”) Note that this rescaling is not required

for the actual implementation of the proposed methods; In the Appendix 2.7.2, we provide more

general descriptions of the algorithm and generalizes the theoretical results to the unscaled, or

unstandardized, case.

We assume a prior distribution in which the scaled regression coefficients, bj=�, are independent

and identically distributed (i.i.d.) from some distribution with density g. In other words,

bj j g; �2 iid� g�( � ); (2.2)

where g�(bj) , g(bj=�)=� is �-scaled prior on the regression coefficients. (We formulate the

prior in terms of the scaled coefficients because it leads to some algorithmic simplifications later;

however all our methods can also be applied, with minor modifications, to work with the unscaled

prior bj j g; �2 iid� g( � ).) Although our methods apply more generally, we focus on priors g that are

scale mixtures of normals — this is a computationally convenient choice that preserves flexibility.
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Specifically, following [146], we assume g 2 G(�2
1; : : : ; �

2
K) where

G(�2
1; : : : ; �

2
K) ,

�
g =

KX
k=1

�kN ( � ; 0; �2
k) : � 2 S

�
; S ,

�
� 2 RK+ :

KX
k=1

�k = 1

�
: (2.3)

Here, 0 � �2
1 < � � � < �2

K <1 is a pre-specified grid of component variances and �1; � � � ; �K are

unknown mixture proportions. Typically the first variance �2
1 would be set exactly to zero to allow

for a sparse regression model (here we adopt the convention thatN ( � ; 0; 0) is point mass at zero, �0).

By making this grid of variances sufficiently wide and dense, the prior family G(�2
1; : : : ; �

2
K) can

approximate, with arbitrary accuracy, the nonparametric family of all the scale mixtures of zero-mean

normal distributions. This nonparametric family, which we denote GSMN, includes most popular

distributions used as priors in Bayesian regression models, motivated by different applications,

including Normal (“Ridge regression”) [76], Point-Normal (“spike and slab”) [57, 110], Double

Exponential or Laplace (“Bayesian Lasso”) [118], Horseshoe [28], the Normal-Inverse-Gamma

prior [108, 67], mixture of two normals (BSLMM) [181], and the mixture of four zero-centered

normals with different variances (BayesR) suggested by [112].

To simplify derivations, it is helpful to think of any g 2 G(�2
1; : : : ; �

2
K) as being parameterized

by its unknown mixture proportions � = (�1; : : : ; �K) and known component variances �2
1; : : : ; �

2
K .

In some cases, it is also convenient to express the normal mixture prior (2.2), i.e.

bj j g; �2 iid�
KX
k=1

�kN ( � ; 0; �2�2
k) (2.4)

using a standard augmented-variable representation:

Pr(
j = k j g) = �k;

bj j g; 
j = k � N ( � ; 0; �2�2
k);

(2.5)

where the discrete latent variable 
j 2 f1; : : : ; Kg indicates which mixture component gave rise to

bj .
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A basic EB approach to fitting the regression model (2.1, 2.2) would involve the following two

steps:

1. Estimate the prior density g and the error variance �2 by maximizing the marginal likelihood:

(bg; b�2) = argmax
g 2G; �2 2R+

p(y jX; g; �2)

= argmax
g 2G; �2 2R+

log

Z
p(y jX;b; �2) p(b j g; �2) db:

(2.6)

2. Perform inference for b based on its posterior distribution,

ppost(b jy;X; bg; b�2) / p(y jX;b; b�2) p(b j bg; b�2): (2.7)

In particular, one typically estimates bj by its posterior mean, E(bj jX;y; bg; b�2) = Eppost(bj)

for prediction.

The combination of maximization (Step 1) and computing posterior expectations (Step 2) suggests

an expectation maximization (EM) approach [34], but, unfortunately, both steps are computationally

intractable, except in special cases. For Step 1 (parameter estimation), the optimization is hard due

to the intractable integral. For Step 2 (posterior inference), computation of the posterior (2.7) is

intractable due to the normalization constant.

Our strategy to circumvent the intractability of these steps is to approximate the intractable

posteriors using a mean-field variational approximation [17, 84, 161]. The resulting coordinate

ascent algorithm [18, 59, 135] or CAVI [17, 124], and is grounded by the generalized EM framework

introduced in [113].1 Mean-field variational approximations have previously been used to implement

empirical Bayes methods with intractable posteriors [18, 163, 167], and for fitting Bayesian linear

regression models [6, 27, 62, 100, 164], but not for linear regression with the flexible class of priors

(2.3) we consider here. Effectively, our work here combines this previous work by [27] with recent

work in [146] that takes an EB approach to a simpler problem – the “normal means” problem

1. Note that this is not the same as the “Variational Bayesian EM” algorithm described by [10].
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[44, 81, 150] — with the flexible priors (2.3). The result is methods that are simpler, faster, more

flexible, and generally more accurate than those in [27]. Before describing our approach in detail,

we briefly review the key ideas that provide the building blocks for our approach.

2.2.2 The Empirical Bayes Normal Means Model

The Normal Means (NM) model is a model for a sequence y1; � � � ; yn of observations, each of

which is normally distributed with unknown mean bj and known variance �2:

yj j bj ; �2 � N ( � ; bj ; �2); j = 1; � � � ; n: (2.8)

This can be viewed as a special case of the multiple regression model (2.1) with X = In (the n� n

identity matrix) and known residual variance �2. [146] provides methods to fit the model (2.8,2.2),

by Empirical Bayes (i.e. Steps 1 and 2 above, but with �2 fixed) for various classes of prior, with a

focus on the scale mixtures of normals (2.3). In what follows, we will present an EB approach for

the NM model with this particular choice (2.3) of the prior family G.

Step 1, estimating the prior g, is made particularly simple by the use of a fixed grid of variances

in (2.3), which means that only the mixture proportions � need to be estimated. This is easily

done by maximizing the (marginal) likelihood p(y j g; �2). Indeed, exploiting the latent variable

representation (2.5), maximum likelihood estimation of � can be written as an optimization problem:

b� = argmax
�2S

pX
j=1

log
KX
k=1

�kLjk (2.9)

where each Ljk is each component (marginal) likelihood, i.e.

Ljk , p(yj j g; �2; 
j = k) = N (yj ; 0; �2(1 + �2
k)): (2.10)

The optimization of (2.9) is a convex optimization problem, which can be solved efficiently using

convex optimization methods [92, 88], or more simply by iterating the following Expectation
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Maximization (EM) algorithm [34] until convergence:

E�step : �jk  �k(yj ; g; �
2) , Pr(
j = k j yj ; g; �2) =

�kLjkPK
l=1 �lLjl

; j = 1; � � � ; p;

M�step : �k  
1

p

pX
j=1

�jk; k = 1; � � � ; K:
(2.11)

The posterior component assignment probabilities �jk are sometimes referred to as the “responsibil-

ities” (e.g. Hastie et al. [73]).

Step 2, computing the posteriors, is analytically tractable, essentially because of the independence

of the observations and the conjugacy of the normal (mixture) prior to the normal likelihood.

Specifically:

pNM
post(bj ; 
j = k j yj ; g; �2) = Pr(
j = k j y; g; �2) p(bj j y; g; �2; 
j = k)

= �k(yj ; g; �
2)N

�
bj ;�k(yj ; g; �

2); �2�2
k=(1 + �2

k)
�
;

(2.12)

where each component posterior mean is

�k(y; g; �2) , y�2
k=(1 + �2

k): (2.13)

Summing the component posterior (2.12) over k gives the following analytic expression of the

posterior for bj :

pNM
post(bj j yj ; g; �2) =

KX
k=1

�k(yj ; g; �
2)N

�
bj ;�k(yj ; g; �

2); �2�2
k=(1 + �2

k)
�
: (2.14)

2.2.3 Variational Inference for Linear Regression

We will use the Variational Approximation (VA) to perform approximate Bayesian inference for

multiple linear regression. The key idea of VA is to approximate the intractable posterior distribution,

ppost(b;
) , p(b;
 jy;X; g; �2) (2.15)
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by a best approximation (e.g. in terms of the Kullback-Leibler divergence) q of ppost in some family

Q that is chosen to make computations tractable. A common strategy is to take Q to be a set of

distributions that factorize in some way [16, 37, 124]. In particular, [27] follow this strategy with

the family:

Q =

�
q : q(b;
) =

pY
j=1

qj(bj ; 
j)

�
: (2.16)

(They also assume a specific parametric form of each variational factor qj , but this is unnecessary

and we do not assume this here. The parametric form of each qj will be automatically determined

as its optimal form when it is updated by the algorithms we present later.)

The VA then seeks

bq(g; �2) , argmin
q2Q

DKL(q k ppost)

= argmin
q2Q

Z
q(b;
) log

q(b;
)

ppost(b;
)
db

(2.17)

where DKL(q k p) denotes the Kullback-Leibler (KL) divergence from a distribution q to a distribu-

tion p [93], and the notation bq(g; �2) makes explicit the fact that bq depends on g; �2 (because ppost

does). In words, the VA attempts to find a best approximate posterior bq(g; �2) within the variational

family Q by miminizing the KL divergence.

Because DKL(q k ppost) is itself computationally intractable, the optimization problem (2.17)

is usually recast as the equivalent problem [84, 16, 17]

bq(g; �2) , argmax
q2Q

F (q; g; �2); (2.18)

where

F (q; g; �2) , log p(yjX; g; �2)�DKL(q k ppost) (2.19)

is called the “Evidence Lower Bound” (ELBO) because it is a lower-bound for the “evidence”

log p(yjX; g; �2), since the DKL term is always non-negative. Although each of the two terms
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on the right hand side of (2.19) are intractable, some cancellations occur that make F itself more

computationally tractable. [27] provide an algorithm to find bq when the prior g is a point-normal

distribution – that is, g(�) = �0�0(�) + (1� �0)N (�; 0; �2
b ). This can be viewed as a special case

our approach, with K = 2 and �2
1 = 0;�2

2 = �2
b , although they estimate �2

b rather than fixing it.

To deal with the fact that g; �2 are unknown, Carbonetto and Stephens [27] perform approximate

Bayesian inference for these parameters (equivalently, for �0; �
2
b ; �

2). They do this by treating

F (bq; g; �2) as a direct approximation to the evidence. That is, they use the approximation

p(yjX; g; �2) � exp
�
F (bq(g; �2); g; �2)

�
; (2.20)

and combine this approximate likelihood with a prior on g; �2 to compute approximate posterior

distributions. Carbonetto and Stephens [27] perform these posterior computations approximately

using importance sampling, which they found to perform well in their numeric studies; however, it

is computationally burdensome because it requires many optimizations of (2.18).

2.3 Variational Empirical Bayes Multiple Linear Regression

With these preliminaries in place, our approach is straightforward to describe. Essentially we

combine the EB methods from [146] for the normal means problem and the VA from [27] for the

multiple regression problem, to produce a new simple approach based on EB and VA. Specifically

we solve the following optimization problem:

maximize F (q; g; �2) subject to q 2 Q; g 2 G(�2
1; : : : ; �

2
K); �2 2 R+: (2.21)

and obtain the solution (bq; bg; b�2).

Step 1 (2.6) and Step 2 (2.7) are recast into the single optimization problem (2.21). The solution

bq serves as an approximate posterior for Step 2, and (bg; b�2) serves as an approximate maximum

likelihood estimate for Step 1.
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Algorithm 1 Coordinate Ascent algorithm for maximizing F (Outline).

Initialize: q1; � � � ; qp; g; �2.
repeat

for j = 1; � � � ; p do
qj  argmaxqj F (qj ; q�j ; g; �2).

end for
g  argmaxg2G F (q; g; �2).
�2  argmax�22R+

F (q; g; �2).
until convergence criteria met.
Output: (bq; bg; b�2) = (q; g; �2).

This approach is closely related to the variational approach in [27], but replaces the point-normal

prior with the more flexible scale mixture family G(�2
1; : : : ; �

2
K) and their numerical integration over

g and �2 with a maximization over g and �2 (as in conventional in EB methods). These modifications

lead to substantial algorithmic simplifications, and computational speed-up, without sacrificing

prediction accuracy (see Section 2.5).

We call this approach Variational Empirical Bayes (VEB). Note that the standard EB procedure

corresponds exactly to solving the optimization problem (2.21) with no constraint on q [164]. Thus

the difference between EB and VEB is the addition of the constraint q 2 Q, which turns the problem

from an intractable problem into a tractable problem.

2.3.1 A Coordinate Ascent Algorithm

To solve the optimization problem (2.21) we use a coordinate ascent (CA) algorithm, which optimizes

F with respect to each of its parameters in turn, at each step keeping the other parameters constant

(Algorithm 1).

The key result of this section – and, effectively, the key to the attractiveness of the VEB approach

– is that each step of Algorithm 1 involves only simple analytic computations from the Empirical

Bayes normal means model (Section 2.2.2). In particular, the update for qj involves computing a

posterior distribution under a normal means problem (see (2.14)), and the update for g involves

running one step of the EM algorithm (see (2.11)) for the Empirical Bayes normal means model
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(2.8, 2.2). These results are summarised in the following Proposition:

Proposition 2.3.1 (Coordinate Ascent Algorithm). Suppose xTj xj = 1. Let q�j denote all elements

of q except qj . Let srj denote the expectation, under q�j , of the residuals computed using all variables

except j:

srj , y �X�jsb�j 2 Rn; (2.22)

where X�j denote the matrix X excluding the jth column, and sb�j denotes the expectations (i.e.

first moments) of q�j . Let ebj denote the univariate ordinary least squares (OLS) estimator of bj

when regressing srj against xj: ebj , xTj srj 2 R: (2.23)

Then

1. The optimum bqj , argmaxqj F (qj ; q�j ; g; �2) is achieved by the posterior distribution

pNM
post(�jebj ; g; �2) (2.14) for bj ; 
j under the normal means model (2.8, 2.2), with data given

by ebj and variance �2:

bqj = pNM
post( � jebj ; g; �2): (2.24)

In particular, bqj is a mixture of normals, with component mixture proportions�jk = �k(ebj ; g; �2)

and component means �jk = �k(ebj ; g; �2).

2. The optimum bg , argmaxg2G(�2
1 ;:::;�

2
K) F (q; g; �2) is achieved by

bg =
KX
k=1

b�kgk; where b�k = (1=p)
nX
j=1

�jk for k = 1; � � � ; K: (2.25)

3. The optimum b�2 , argmax�22R+
F (q; g; �2) is achieved by:

b�2 =
1

n+ p(1� �1)

�
srTsr +

pX
j=1

(ebj �sbj)sbj + p(1� �1)�2
old

�
; (2.26)

where sr , y�Xsb 2 Rp is the expected residual vector and �2
old is the previous iterate of �2.
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Algorithm 2 Coordinate Ascent algorithm for maximizing F (Detailed).

Initialize: sb;�; �2

sr = y �Xsb (compute residuals)

repeat
for j = 1; � � � ; p doebj  sbj + xTj sr. (compute OLS estimate)

for k = 1; � � � ; K do
�jk  �k(ebj ; g; �2) (compute bqj)
�jk  �k(ebj ; g; �2)

end for
sbj  

P
k �jk�jk. (compute posterior mean)

sr y �Xsb. (done efficiently without recomputing Xsb)

end for
for k = 1; � � � ; K do
�k  p�1Pp

j=1 �jk. (compute bg)
end for
�2  n�1

h
ksrk2 +

Pp
j=1(ebj �sbj)sbj

i
. (estimate residual variance)

until convergence criteria met.
Output: (bb; b�; b�2) = (sb;�; �2) (one could also output �;� if desired)

Proof. See Appendix 2.7.2.

Inserting these results into Algorithm 1 gives Algorithm 2. Because this algorithm is based on

the exact coordinate ascent that sequentially updates each variable by its coordinate maximizer, every

iteration is guaranteed to increase F . The algorithm is also guaranteed to converge, as summarized in

the following Proposition (analogous to Proposition 1 of Breheny and Huang [23], which establishes

convergence of coordinate descent for SCAD and MCP penalties):

Proposition 2.3.2 (Convergence). The sequence fq(t); g(t); (�2)(t)g for t = 1; 2; : : : generated by

Algorithm 2 converges monotonically to a local maximum of F .

Proof. See Appendix 2.7.4.

We have written Algorithm 2 to mirror Algorithm 1, but in practice we rearrange computations

slightly to reduce run-time and memory requirements. Also, we do not need to assume xTj xj = 1
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in practice; it was assumed for simplifying the discussion. See Algorithm 4 in Appendix 2.7.2 for

actual implementation details.

This implementation is scalable, with computational complexity O((n+K)p) per iteration (i.e.

each single cycle of updating q1; � � � ; qp; g and �2), and memory requirements O(n+ p+K) (in

addition to O(np) required to store X, which could be avoided by an implementation that holds only

a subset of the columns of the X matrix in memory at any time). Note that to achieve these memory

requirements one must avoid storing the O(Kp) variational parameters (i.e. only stores sb and sr).

2.3.2 Accuracy of VEB; Exactness for Orthogonal Predictors

[27] note that their VA approach provides the exact posterior distribution when the columns of X

are orthogonal. The following is a natural extension of this result, showing that in this special case

our VEB approach is exactly the usual EB approach.

Proposition 2.3.3. When X has orthogonal columns solving the VEB problem (2.21) is equivalent

to the usual EB two-step procedure (2.6, 2.7).

Proof. See Appendix 2.7.4.

This result follows from the fact that, when X has orthogonal columns, the posterior distribution

for b does indeed factorize as (2.16), and thus the mean field “approximation” is actually exact.

That is, bq = arg maxq2Q F (q; g; �2) is equal to the true posterior ppost, and therefore the ELBO

maxq2Q F (q; g; �2) is equal to the marginal log-likelihood log p(yjX; g; �2) for g; �2. We note in

passing that the CML approach to approximate EB inference, used in [55, 176], is not exact even in

the case of orthogonal columns.

Proposition 2.3.3 suggests that our VEB method will be accurate when b is sparse and the

columns of X are close to orthogonal; e.g. when the columns are approximately independent. It also

suggests that the approximation may be less accurate for very highly correlated columns. However,

[27] discuss this issue in depth, and explain why, although the VA for b is inaccurate for highly

correlated columns, the estimated hyper-parameters (e.g., here the prior g) are nonetheless accurate.
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They also note that, when two predictors are very highly correlated with one another, and also

predictive of y, the VA tends to give just one of them an appreciable estimated coefficient. This is

similar to the behaviour of many PLR methods (including Lasso), but different from most MCMC

methods (at convergence). While this behaviour is undesirable when interest focuses on variable

selection for scientific interpretation, it does not adversely affect prediction accuracy [164]. Thus,

for prediction, the VEB approach may be expected to perform well even in settings with correlated

predictors. Our numerical studies (Section 2.5) confirm this.

2.3.3 Practical Issues and Extensions

The VEB method (Algorithm 2 solving (2.21)) with our specific choice G(�2
1; : : : ; �

2
K) of the prior

family will be called Mr.ASH (“Multiple Regression with Adaptive SHrinkage priors”). In what

follows, our practical considerations for the implementation of Mr.ASH will be provided.

Intercept: In multiple regression applications it is common to include an intercept term that is

not regularized in the same way as other variables. This is usually achieved by centering both y and

the columns of X, by subtracting their means respectively, before fitting the regression model [49].

After fitting, the intercept term is estimated by sy�
Pp
j=1 sxjsbj and is added to the prediction. This

is the strategy we take here.

Selection of grid for prior variances: As in [146], we suggest choosing a grid f�2
1; � � � ; �

2
Kg

that is sufficiently broad and dense that results do not change much if the grid is made broader and

denser. The goal here is that G(�2
1; : : : ; �

2
K) be made to approximate GSMN. We choose the lower

end of the grid to be �2
1 = 0, corresponding to point mass at 0. We choose the upper end �2

K � n,

so that the prior variance of xjbj is close to �2 at most (recall that we assumed xTj xj = 1, hence

Var(xj) � 1=n when xj is centered). We have found a grid of 20 points spanning this range to be

sufficient to achieve reliable prediction performance across many examples (see Section 2.5). Thus

our default grid is K = 20 and �2
k = n(2(k�1)=20 � 1)2.
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In principle, when Var(xjbj) is much larger than �2 for some j, then we need a larger �2
K not to

underestimate the effect size of bj by over-shrinking it. To this end, our software checks that the final

estimated weight �K on the largest grid point is negligible (i.e. less than convergence tolerance),

and emits a warning if not, since this suggest that the grid may need to be made wider.

Initialization: Maximizing F is generally a non-convex optimization problem, and so although

Algorithm 2 is guaranteed to converge, the solution obtained may depend on initialization of sb, �

and �2. The simplest initialization for sb is sbj = 0 for all j, which we call the “null” initialization.

Another initialization, used by [179] for example, is to initialize sb to the solution from the lasso

(after cross-validation), which we call bblasso. Given sb we initialize the algorithm with �2 =

(1=n)(y �Xsb)T (y �Xsb). We also initialize � = (1=K; � � � ; 1=K).

In numerical studies (Section 2.5) we find that initialization to bblasso can perform appreciably

better than the null initialization in settings where columns of X are highly correlated. In other

settings the two initializations perform similarly.

Convergence criterion: We terminate Algorithm 2 at iteration t if k�(t) � �(t�1)k1 = maxk j�
(t)
k �

�
(t�1)
k j is less than a convergence tolerance, whose default setting is 10�8.

Extension to other mixture prior families: Although G(�2
1; : : : ; �

2
K) is our focus of the pa-

per, Algorithm 2 can be modified to perform VEB with other mixture prior families G , fg =PK
k=1 �kgk : � 2 Sg, with fixed mixture component distributions g1; : : : ; gK . The only require-

ments are (i) the convolution of each gk with a normal likelihood is numerically tractable, and (ii)

the posterior mean can be computed for the normal means model with prior bj � gk. For example,

this holds if gk are point masses, or uniform or Laplace distributions.

However, computations for normal mixtures are particularly simple, fast and numerically stable.

Further, the family of scale mixtures of normals includes most prior distributions previously used

for multiple regression, so we believe these will suffice for most practical applications.
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Table 2.1: The parametric formulation of the penalty functions and their shrinkage operators.

Method & Name Penalty Function �(t) Shrinkage Operator S(t)

Normal shrinkage �
2 t

2 t2

1+�(Ridge, L2)

�jtj
0; if jtj � �
t� �; if � < t

t+ �; if b < ��

Soft-thresholding
(Lasso, L1)

(1� �)�2 t
2 + ��jtj

Ssoft;��=a(t=a);

a = 1 + (1� �)�:
Elastic Net

�Ifjtj > 0g
0; if jtj � �
t; if � < t

t; if b < ��

Hard-thresholding
(Best subset, L0)

�jtj; if jtj � 2�
��|t|−0:5(t2+�2)

�−1 ; if 2� < jtj � ��
�2(�+1)

2 ; if �� < jtj

Ssoft;�(t); if jtj � 2�
Ssoft,ηλ/(η�1)(t)

1−(1=(�−1)) ; if 2� < jtj � ��
t; if �� < jtj

Smoothly Clipped
Absolute Deviation

�jtj � t2

2� ; if jtj � ��
��2

2 ; if �� < jtj

Ssoft,λ(t)
1−(1=(�−1)) ; if jtj � ��
t; if �� < jtj

Minimax Concave
Penalty

2.4 Variational Empirical Bayes and Penalized Linear Regression

The VEB approach outlined above is closely related to the penalized linear regression (PLR) methods,

which fit the multiple regression model by minimizing the regularized squared loss function:

minimize b2Rp h�(b) ,
1

2
ky �Xbk2 +

pX
j=1

�(bj); (2.27)

for some penalty function �. Some common choices for the penalty function are given in Table

2.1, including L2 (Ridge; Hoerl and Kennard [76]), L0 (Miller [109]), L1 (Lasso; Tibshirani [153]),

Elastic Net (E-NET; Zou and Hastie [182]), Smoothly Clipped Absolute Deviation (SCAD; Fan

and Li [45]) and Minimax Concave Penalty (MCP; Zhang [178]). In this section we explain the
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connection between the VEB approach and penalized linear regression.

The PLR problem (2.27) is often tackled using the coordinate descent algorithm [e.g. 49, 171,

23, 74]; that is, by iterating over the coordinates of b sequentially, at each step solving (2.27) for one

coordinate while keeping the other coordinates fixed. Assuming the columns of X are standardized,

i.e. xTj xj = 1, the solution for the j-th coordinate is achieved by the update:

bj  S�

�
bj + xTj (y �Xb)

�
; j = 1; � � � ; p; (2.28)

where

S�(y) , argmin
b2R

1

2
(y � b)2 + �(b); (2.29)

is known as the shrinkage/thresholding operator corresponding to penalty � (also known as the

univariate proximal operator with respect to �; [117]). For commonly-used penalty functions, the

corresponding shrinkage operators are analytically available; see Table 2.1.

To connect the VEB approach to PLR methods, we initially restrict our attention to a special

case of the VEB approach (Algorithm 2) where g and �2 are fixed, rather than estimated, so only

q is estimated. The key computation in the inner loop of Algorithm 2, which maximizes F over

each qj in turn, is to compute the posterior mean �bj . (When (g; �2) is known and fixed, the other

computations in the inner loop – computing �jk and �jk – are required only to compute �bj .) Further,

from Proposition 2.3.1, this posterior mean is computed under a simple normal means model. It is

therefore helpful to introduce notation for this key computation:

Definition 2.4.1 (Normal Means Posterior Mean Operator). For prior g and variance �2, define the

“Normal means posterior mean operator”, Sg;�2 : R! R, to be the mapping

Sg;�2(y) , ENM(bj j yj = y; g; �2) (2.30)

where ENM denotes expectation under the normal means model (2.8,2.2).
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Algorithm 3 Coordinate Ascent Iterative Shrinkage Algorithm for Variational Posterior Mean (fixed
g; �2)

Initialize: sb

repeat
for j = 1; � � � ; p do

sbj  Sg;�2(sbj + xTj (y �Xsb))

end for
until convergence criteria met
Output: bb = sb

For g 2 G(�2
1; : : : ; �

2
K), it follows from (2.14) that Sg;�2 has a simple analytic form,

Sg;�2(y) =
KX
k=1

�k(y; g; �2)�k(y; g; �2): (2.31)

It is easy to show that the NM posterior mean operator Sg;� is an odd function, and is monotonic in

y. Also, Sg;�2 is a shrinkage operator, in that jSg;�2(y)j � jyj. See Lemma 2.7.4 for the proof.

With this notation, we can write the inner loop of Algorithm 2 – the coordinate updates of

q1; � � � ; qp given g and �2 – in simplified form as Algorithm 3. This simplified algorithm has exactly

the same form as the coordinate descent algorithm (2.28) for PLR, but with the shrinkage operator

S� in (2.28) replaced with the posterior mean operator Sg;�2 (2.30). We note, in passing, that this

algorithm also works for any prior g, and not only for g 2 G(�2
1; : : : ; �

2
K). The similarity of the two

algorithms, Algorithm 3 and (2.28), suggests that given g and �2 the variational posterior mean

under the model (2.1, 2.2) can be understood as solving a PLR problem (2.27) for some penalty �

depending on g and �2. The following Theorem formalizes this by constructing the penalty.

Theorem 2.4.1 (Variational Posterior Mean Solves Penalized Linear Regression). Let g; �2 be

such that the inverse, S�1
g;�, of the shrinkage operator Sg;� (2.30) exists. Let bb denote a variational

posterior mean, meaning a solution output by Algorithm 3. Then bb is a local minimizer of the PLR

objective function h� (2.27), for any penalty � = �g;� whose derivative �0 satisfies

�0(b) = S�1
g;�(b)� b: (2.32)
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Furthermore, if bq is a global maximizer of the ELBO (F ), then also bb is a global minimizer of h�.

Proof. See Appendix 2.7.4 for the proof. Note that for any penalty �g;� satisfying (2.32), the

corresponding shrinkage operator (2.29) is Sg;�.

Note that taking g 2 G(�2
1; : : : ; �

2
K) and �2 > 0 satisfies the conditions of Theorem 2.4.1,

because the corresponding shrinkage operator (2.31) is a strictly increasing function, and so its

inverse exists. Note also that adding a boundary condition �(0) = 0 ensures the existence of a

unique solution to (2.32) (by the Cauchy–Lipschitz theorem).

2.4.1 Remarks: Variational Bayes as Penalized Regression

Theorem 2.4.1 establishes that, with g and �2 fixed, the variational Bayes (VB) approach (Algorithm

3, without implementation of EB) is solving a PLR problem for a fixed penalty. We make the

following remarks.

Special case: normal prior and ridge regression: In the special case where the prior g is a single

zero-mean normal distribution, the NM posterior mean shrinkage operator Sg;� exactly matches the

ridge regression (or L2) shrinkage operator (Table 2.1). Thus in this special case Algorithm 3 is

solving the ridge regression problem (PLR with L2 penalty), which we note is a convex problem.

Furthermore, both are equivalent to finding the true posterior mean of b under this normal prior.

This is easy to see: Ridge regression finds the true posterior mode for b under the normal prior,

and in this special case the posterior mean is equal to the posterior mode because the posterior is

multivariate normal (whose mean and mode are the same). Thus in this special case, although the

variational posterior approximation q does not exactly match the true posterior (because the true

posterior does not factorize as in (2.16)), the variational posterior mean does exactly match the true

posterior mean.

Flexibility of the posterior mean shrinkage operator: The shape of the posterior mean shrinkage

operator Sg;� naturally depends on the prior g. Different choices of g can lead to quite different
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Figure 2.1: Examples of posterior mean shrinkage operators for various g 2 G(�2
1; : : : ; �

2
K) (Left),

chosen to mimic some shrinkage operators corresponding to well-known penalties (Right).

shapes of shrinkage operators. Further, by suitably selecting g 2 G(�2
1; : : : ; �

2
K) we can obtain

shrinkage operators that are qualitatively similar to well-known shrinkage operators of existing PLR

methods; see Figure 2.1 for illustration. Thus, although only Ridge regression is formally included

as a special case of our VEB approach, these results emphasise the flexibility of the VEB approach

compared with existing PLR methods, and suggest potential to mimic the behaviour of a wide range

of existing PLR methods. In other words, as Elastic Net includes Ridge and Lasso as special cases,

Mr.ASH includes several existing PLR methods (e.g. Table 2.1) as special cases approximately or

qualitatively.

Posterior mean versus posterior mode: Traditional PLR approaches are sometimes described

in Bayesian terms, as obtaining the posterior mode (or maximum a posterior, MAP) estimate for

b given a certain prior. For example, Lasso is the MAP under a Laplace prior. In contrast, the

variational approach seeks the posterior mean not the posterior mode. In particular, note that the

variational approach with a Laplace prior would not be the Lasso (it would be closer to the Bayesian

Lasso of [118], which is quite different).

From a Bayesian decision theoretic perspective (e.g. Chapter 4 of Berger [11]), the posterior
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mean for b has much better theoretical support: not only does it minimize the expected mean-

squared-error for estimating b, it also minimizes the expected mean-squared-error of predictions

(byi = xTi b). Also, the posterior mean is an admissible point estimate (e.g. Chapter 5 of [96]). In

contrast, the posterior mode has very little support as an estimator for b, particularly if prediction of

y is the ultimate goal. For example, with any sparse prior that has non-zero mass on 0 the posterior

mode is always b = 0, which will generally provide poor prediction performance. (Note also that

if bbmode denotes the posterior mode for b then xTi
bbmode is not generally the posterior mode of

byi = xTi b.)

2.4.2 Remarks: Estimating g; �2 by Empirical Bayes

We return now to the general case, where g; �2 are not fixed, but rather estimated by maximum

likelihood (Algorithm 2). Theorem 2.4.1 implies that the variational posterior mean bb obtained

from Algorithm 2 is a solution to the PLR with a penalty, � = �bg;b�, that is effectively estimated

during the fitting procedure. That is, VEB is solving a PLR, with the shape of the penalty function

being estimated from the data.

Estimating the shape of the penalty function from the data by VEB can be seen as analogous to

estimating the tuning parameters in regular PLR methods, which is usually done by cross-validation

(CV) [49, 23]. However our VEB approach considers a much more flexible set of penalty functions

than is usually considered (Figure 2.1). Indeed, traditional PLR methods use penalty functions

with just one or two tuning parameters, whereas ours is parameterized by K degrees of freedom

(�1; � � � ; �K and �2). CV requires to solve the PLR problem (2.27) for each tuning parameter value

and each validation set, and thus tuning more than one parameter by CV is cumbersome. Therefore,

tuning anything as flexible as our approach by CV seems impractical. However, the VEB approach

makes it straightforward; it is self-tuning (� and �2 are estimated together with q via solving the

single optimization problem (2.21)). Indeed the computational burden of the VEB approach is

similar to methods that tune a single tuning parameter by CV, and much lower than methods that

tune two tuning parameters (see Section 2.5.2 for empirical evidence).
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2.5 Numerical Studies

2.5.1 Experiment Settings

In this section we conduct extensive numerical experiments to compare our method with other

methods. We conduct a wide range of simulation settings determined by the following parameters:

n: the number of samples in training data.

p: the number of predictor variables.

X : the design matrix of predictor variables.

s: the sparsity level (number of predictors with non-zero coe�cients), which can vary from

1 (very sparse) top (very dense).

h: the signal distribution (underlying distribution of the non-zero coe�cients).

PVE: the \Proportion of variance explained", which is a number in[0; 1] that summarizes the

total proportion of variance iny that is explained by the predictors.

Given these parameters we generate both test and training data by �rst generatingX 2 R2n� p if

X is not a given real data set; by randomly selectings predictors to have non-zero coe�cients,

and generating theses non-zero regression coe�cients independently fromh; and by sampling

the response variablesy from y � N (Xb ; � 2I 2n), where� 2 = PVE � Var(Xb ) to achieve the

desired level of PVE (hereVar denotes sample variance of a vector). We then randomly divide the

2n samples into equal-sized test and training data,(X test; y test) and(X train ; y train ), respectively.

For the design matrix we consider three settings:

EquicorrGauss(� ): X � MN (0; I 2n; � � ), whereMN denotes the matrix normal distribution

and� � is the equi-correlated covariance matrix having unit diagonal entries

and constant o�-diagonal entries� .
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IndepGauss: Equivalent toX � EquicorrGauss(0), the entries ofX are independent

standard normal random variables.

RealGenotype: Human genotype data from 20 di�erent genes, from the Genotype-Tissue

Expression project [65].

The real genotypes are taken from Wang et al.[164], and exhibit complex patterns of correlations

among predictors, with some pairs of predictors being very highly-correlated (� � 1). Each dataset

contains the SNPs (genetic variants) with minor allele frequencies> 0:05within 1 Megabase of each

gene's transcription start site; see Wang et al.[164] for details. Under theRealGenotypescenario

the values ofn andp are determined directly by theX , rather than being speci�ed: the sample size

is 2n = 574 (son = 287) andp varies from4012to 8760.

We de�ne simulation scenarios by �rst de�ning a baseline simulation scenario, and then de�ning

additional simulation scenarios by specifying only how they vary from this baseline. The baseline

is:

Baseline : n = 500; p = 2000; s = 20; X � IndepGauss; PVE = 0:5; h = N (0; 1):

The six additional scenarios di�er from the baseline as follows:

Low-dimension: p = 200.

High-dimension: p = 10000.

PointConstant-signal: p = 200 andh = � 1 (point mass at 1).

Strong-signal: p = 200, PVE= 0:9.

Equicorr(� = 0:95) : X � EquicorrGauss(0:95).

RealGenotype: X � RealGenotype(son = 287 and 4012� p � 8760).
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Table 2.2: Summary of the 11 methods compared.

Method R Package Brief Description Reference

Mr.ASH mr.ash.alpha The proposed VEB method This paper

Ridge
glmnet

PLR with the ridge penalty.
Friedman et al. [49]Lasso PLR with the lasso penalty.

E-Net PLR with the elastic net penalty.

SCAD
ncvreg

PLR with the scad penalty.
Breheny and Huang [23]

MCP PLR with the minimax concave penalty.

L0Learn L0Learn PLR with theL 0 penalty. Hazimeh and Mazumder [74]

BayesB
BGLR

MCMC with � 0� 0 + (1 � � 0)� b t5 prior onb.
P�erez and de Los Campos [121]

B-Lasso MCMC with the scaled Laplace(� ) prior onb.

SuSiE susieR
VB with b =

P L
l =1 zl bl and multinomial

Wang et al. [164]
priors onzl 's and normal priors onbl 's.

varbvs varbvs
VB with � 0� 0 + (1 � � 0)N (0; � 2

b ) prior onb
Carbonetto and Stephens [27]

and discrete BMA with respect to� 0.

Comparing Prediction Accuracy We apply each method to the training data to obtain an estimate

bb for the regression coe�cient. We then assess predictive performance on the test data by calculating

by test := X testbb and computing the root-mean-squared-error (RMSE) divided by� to obtain a

scale-free performance measure (Pred.Err):

RMSE(y test; by test) ,
ky test � by testkp

n
;

Pred.Err(y test; by test) ,
RMSE(y test; by test)

�
:

(2.33)

Note that

1 � E� test [Pred.Err(y test; by test)] �

r
1

1 � PVE
;

provided thatX train , X test and� test are independent of one another.

Comparison methods We compare our method,Mr.ASH, with ten other methods: six penalized

linear regression methods (Ridge, Lasso, E-NET, SCAD, MCP, L0Learn) and four Bayesian regression

methods (BayesB, B-Lasso, SuSiE, varbvs). These methods were chosen to re
ect a range of di�erent
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penalties, priors and �tting procedures (e.g. MCMC vs Variational) among methods with R package

implementations. See Table 2.2 for the summary of competitors.

Each method has many ways that it could be applied. Even forLassoone has many decisions to

make, including what kind of cross-validation (CV) to use (e.g. 5-fold vs 10-fold), what criteria to

use for selecting the optimal tuning parameter, and whether to relax the �t or not. With so many

methods to compare we do not attempt to address the tricky issue of how best to tune each method.

Instead we attempt to apply them \out-of-the-box", largely following software default settings. We

note two minor exceptions to this: withE-NET we tune both tuning parameters by CV (rather than

tuning just one parameter, which is the software default); and forSuSiEwe set the upper limit on

the number of non-zero coe�cients toL = 20, replacing the default (L = 10), because most of

our simulations involve more than 10 non-zero coe�cients. All the R code used to perform the

comparisons is available athttps://doi.org/10.5281/zenodo.3754715 .

The following remarks summarise our prior expectations about the performance of these methods:

� RidgeandB-Lassoare well adapted to dense signals, and so should perform well for that case,

but may perform poorly for sparse signals.

� L0LearnandSuSiEare well adapted to sparse signals, and so should perform well for that

case, but may perform poorly for dense signals.

� Lassois a convex method that has a reputation for being fast but can su�er from bias in

parameter estimates, particularly overshrinking strong signals [e.g. 149, 79].

� E-NET is also convex, and more 
exible thanLassoandRidge, including both as a special

case. It may therefore perform well across a wider range of conditions at the expense of more

computation time.

� SCADandMCPare based on non-convex penalties designed to reduce the bias su�ered by

Lassoparameter estimates. They might therefore outperformLasso, possibly at a cost in some

additional computation. Since these methods were developed primarily for sparse regression

it is unclear how well they will adapt to dense signals.
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� BayesBis a Bayesian method with spike-and-slab prior (here, using at5 slab), which has the

potential to perform well for both sparse and dense signals provided the runs are long enough

for the MCMC �tting procedure to converge.

� varbvsandMr.ASHare variational approximation methods based on the same variational

approximation. The main di�erences are: (i)Mr.ASHuses a simple EB approach to estimate

prior, whereasvarbvsuses a more complex approach that, with software defaults, favors sparse

models; (ii)Mr.ASHuses theLassoinitialization to improve performance with correlated

predictors. We therefore expect to seeMr.ASHoutperformvarbvsin dense settings and cases

with correlated predictors.

2.5.2 Experiment Results

We conducted three main groups of simulations aimed at assessing how the performance of di�erent

methods varies with di�erent parameters:

Group 1 : Varying sparsity (s).

Group 2 : Varying sample size (n), signal strength (PVE), and signal shape (h).

Group 3 : Varying number of predictors (p).

We divide the simulations this way becauses has a particularly strong e�ect on the relative prediction

performance of many methods, andp has a strong e�ect on compute time.

For the Group 1, \varying-s", simulations we simulated data under each of the six \additional

scenarios" de�ned above, and alloweds to vary from1 to p. This involves four scenarios with

uncorrelated designs (Group 1a) and two with correlated design matrices (Group 1b). For the Group

2 simulations we took theBaselinescenario, and varied each parametern, PVE andh in turn.

Because the variation inh has di�erent e�ects depending ons, we did an additional simulation with

h varying when the signal is dense (p = 200 ands = 200). Note that in ourBaselinesetting, the
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Figure 2.2: Comparison of prediction error of penalized regression methods in simulations with
varying levels of sparsitys. Each panel shows a di�erent simulation setting ass varies from1 � p.
Each point is the average prediction error (2.33) over 20 independent simulations.
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Figure 2.3: Comparison of prediction error of Bayesian regression methods in simulations with
varying levels of sparsitys. Each panel shows a di�erent simulation setting ass varies from1 � p.
Each point is the average prediction error(2.33)over 20 independent simulations. These are the
same simulations as in Figure 2.2.
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signal is sparse (p = 2,000ands = 20). For Group 3, \varying-p", we took theBaselinescenario

and variedp from 20to 20,000.

The results for varyings are shown in Figures 2.2 and 2.3; results for varyingn, PVE, andh are

in Figure 2.4; and results for varyingp are in Figure 2.5. We summarize the main features of these

results in turn.

Performance with varying sparsity level (s): The comparison of penalized regression methods

(Figure 2.2) shows that, as expected, relative performance of some methods varies considerably

with s. As might be expected,L0Learn, performs competitively only in sparse settings, whereas

Ridgeis competitive only in dense settings. TheLassoandE-NET perform more consistently

across di�erents, with E-NET consistently slightly better, but there is a clear performance gap

between these and the best method in each setting. GenerallyMCPandSCADperform similarly, and

often competitively, with the exception of dense signals under some scenarios (e.g.Low-dimension,

PointConstant-signal). OverallMr.ASHperforms as well or better than all other methods in all

scenarios.

The comparison with Bayesian methods on the same scenarios (Figure 2.3) shows some analogous

patterns. Again, some methods are competitive only in sparse scenarios (SuSiE) or dense scenarios (B-

Lasso). TheBayesBmethod performs consistently poorly in the scenarios with correlated predictors,

presumably because the default MCMC run-lengths are too short to ensure reliable results for these

harder settings. And althoughvarbvsis based on the same variational approximation asMr.ASH,

its performance is generally worse thanMr.ASH. This is particularly evident in dense settings {

probably because thevarbvshyper-parameters are chosen to favor sparsity { and in correlated designs,

probably because, unlikeMr.ASH, varbvsdoes not exploit warm start from theLassosolution; see

also Section 2.5.4.

Overall Mr.ASH is consistently close to the best-performing method. The main places it is

outperformed are in scenarios with correlated designs, whereB-Lassois better for dense signals and

SuSiEis slightly better for sparse signals. This is presumably because the variational approximation
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Figure 2.4: Comparison of prediction performance for varying sample sizes (n), signal strength (PVE)
and signal shape (h). Each point shows average prediction error over 20 independent simulations.
In the varyingh simulations, thex axis is ordered from longer tail to shorter-tail distributions.
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Figure 2.5: Comparisons of prediction error(Top)and computation time(Bottom)for both penalized
regression methods(Left) and Bayesian regression methods(Right). Simulations are performed by
varyingp from 20to 20,000in theBaselinescenario (hences = 20). We disconnect the prediction
curves in the bottom left panel because the computation time of some penalized linear regression
methods behaves di�erently forp � n and forp > n . All points are averages over 20 independent
simulations. The compute time forMr.ASHincludes the compute time forLasso, which is used as
an initialization. Using a simple null initialization (Mr.ASH.null) is slightly fasterMr.ASH.null.

39



underlyingMr.ASH is sub-optimal in these settings, which exhibit very strong correlations (�

0:95) among predictors (in contrastB-Lassouses MCMC andSuSiEuses a di�erent variational

approximation that is speci�cally adapted to correlated designs).

These results demonstrate the versatility ofMr.ASH, and the e�ectiveness of the VEB approach

to adapt itself to the sparsity level by learning the prior (and hence penalty) from the data.

Performance with varying sample size (n), signal strength (PVE), and signal shape (h): The

results for this group of simulations (Figure 2.4) show that relative prediction accuracy of di�erent

methods does not vary so greatly withn, PVE or h as it does withs (e.g. there are fewer lines

crossing one another here than in results with varyings). The most notable exception is varying

h in the dense setting (p = 200, s = 200), where for exampleRidgeandB-Lassoperform well

for lighter-tailed signals, but poorly for heavier-tailed signals. Our explanation for this is that in

this settingh determines thee�ective sparsity. For example, whenh = t1 the e�ect sizes are very

long tailed, and so one or two coe�cient may have much larger absolute magnitude than the others.

Methods that are well adapted to sparse settings do well in this setting, but worse in settings where

e�ects are more similar across predictors (e.g.h = Constant).

Performance and computational scaling with varying dimension (p): For this group of sim-

ulations we show results for both prediction accuracy and computational time (Figure 2.5). The

computation time results show that, with the software settings used here, all the methods scale

similarly with increasingp. E-NET is substantially slower than the other methods because we

chose to tune both tuning parameters ofE-NET by cross-validation (CV), whereas for the other

CV-based methods we tune only one tuning parameter.E-NET could be run faster by tuning only

one parameter, but potentially at loss of prediction accuracy in some settings. AlthoughMr.ASH

estimates its prior from a very 
exible family { e�ectively tuning a large number of tuning parameters

{ it is approximately as fast as the methods that tune a single parameter by CV. This highlights a

computational advantage of tuning parameters by EB rather than by CV.

We note that theMr.ASHcomputation time here is dominated by the time spent computing the
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Table 2.3: Average computation time for each method across all simulations (Groups 1-3). Note: the
computation time ofMr.ASHincludes theLassocomputation time for initialization; computation
time with null initialization is shown asMr.ASH.null.

Mr.ASH Mr.ASH.null E-NET Lasso Ridge SCAD

20.37 15.05 223.66 18.79 33.76 35.04

MCP L0Learn varbvs SuSiE BayesB B-Lasso

22.00 7.78 54.98 23.59 24.80 16.07

Table 2.4: Boxplots of RRMSEs(2.34), which measure prediction accuracy relative to the best
performing method in each data set. Each panel shows results for a group of simulations. The
horizontal line and dot in each box indicates median and mean performance respectively, and the
limits of the box indicate the inter-quartile range.
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Lassosolution, which we use for initialization. However, runningMr.ASHfrom the null initialization

requires similar computation time compared toLasso. This is because theLassoinitialization

provides a \warm start" that not only helpsMr.ASH�nd a better solution, but also reduces the

number of iterations required for convergence.

It may seems surprising that the computation of the MCMC-based methods (B-Lasso, BayesB)

scales similarly to the other methods. However, this is simply because the software defaults for these

methods increase the number of MCMC updates linearly withp(and each update has cost independent

of p). Note that, asp increases, the prediction accuracy of these methods become substantially less

competitive. ForB� Lassothis may partly re
ect the fact that increasingp corresponds to increasing

sparsity (becauses is �xed here), andB-Lassois not well-adapted to sparse settings. However, for

BayesBit seems likely that the poorer prediction performance for largep re
ects a failure of the

MCMC to converge. If so then this could be recti�ed by increasing computation time. (Still, it is

interesting to note thatBayesBperformance is competitive here withLassofor roughly the same

computational e�ort.)

OverallMr.ASHshows consistently the best prediction accuracy, with the computational time

being competitive with other methods.

2.5.3 Overview of the Empirical Results

To provide a high level summary of the relative prediction accuracy of all methods across all

simulations we normalize the performance in each data set to the best-performing method. That is,

if RMSEmti denotes the RMSE for methodm under scenariot for data set (replicate)i , we de�ne

its relative prediction performance:

RRMSEmti =
RMSEmti

minm
�

RMSEmti
	 (2.34)

Thus a method performs similarly to the best method if its RRMSE value is close to1.

The results (Figure 2.4) emphasise the overall competitive performance ofMr.ASHcompared
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with all other methods. They also show thatMr.ASHperforms well not only on average in most

scenarios, but also consistently well across data sets in each scenario. Indeed, for Groups 1a, 3 and

4 its performance is very close to the best method for almost every data set (the box plots show very

little deviation from 1). This highly competitive prediction performance is obtained with similar

average computation time to the other methods (Table 2.3).

2.5.4 Impact of Initialization and Update Order

SinceMr.ASHis solving a non-convex optimization problem, the initialization of this coordinate

ascent algorithm can a�ect the solution obtained, and hence predictive performance. Also, the

order of the coordinate updates ofq1; � � � ; qp can also a�ect the solution obtained [124]. As

shown in the previous section, initializingMr.ASHat the (cross-validated)Lassoestimate ofb

produces consistently reliable prediction performance, and with only a minor increase in computation

compared withLasso. Here we illustrate the importance of this warm start in situations whereX

has highly correlated columns, and examine the impact of update order.

Speci�cally we assessed the following four di�erent initialization and update order combinations:

� Mr.ASH.init : LassoCV initialization, random update order. This is our default setting,

presented asMr.ASHabove.

� Mr.ASH.null: null initialization (b = 0), random update order.

� Mr.ASH.order: null initialization,Lassopath update order (i.e. the coordinates are updated in

the order that they enter theLassopath, from �rst to last).

� Mr.ASH.init&order: LassoCV initialization,Lassopath update order.

Note thatMr.ASH.orderreduces up-front computation compared withMr.ASH.initby avoiding the

cross-validation step in theLasso.

The main factor that in
uences the need for warm start is the correlations among the predictors

(columns ofX ). Therefore we conducted simulations under theBaselinescenario, but with increasing
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Figure 2.6: Prediction errors(2.33) (RMSE=� ) of Mr.ASH methods with di�erent settings for
initialization and update order.

correlations among the predictors (design set to Equicorr(� ) for � = 0; 0:1; : : : ; 0:9; 0:99). The

results (Figure 2.6) clearly demonstrates that usingLassoCV initialization can improve prediction

accuracy, speci�cally for settings where� > 0:6. For smaller values of� all methods perform

similarly, consistent with the expectation that the optimization objective function will typically be

better behaved { closer to convex { in such settings [23]. In these simulations use of theLassopath

update order did not improve accuracy.

2.6 Conclusions

We have presented a new Variational Empirical Bayes method for multiple linear regression, particu-

larly designed for fast and accurate prediction. This VEB method combines 
exible shrinkage priors

with variational methods for fast posterior approximation. Variational methods and Empirical Bayes

methods are sometimes disparaged because of their tendency to under-state uncertainty compared

with \fully Bayesian" methods ([111], [162] and references therein). However, in some applications

uncertainty is of secondary importance compared with speed and accuracy of point estimates. For
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example, this may occur when multiple regression is used simply to build an accurate predictor for

downstream use [e.g. 51], and our VEB approach seems particularly attractive for such settings.

A natural next step would be to produce similar VEB methods for non-Gaussian (generalized)

linear models [106]. Extension of our methods to logistic regression should be possible via additional

variational approximations [78]. Extension to other types of outcome distribution (e.g. Poisson)

may require more work.

More generally, our work here provides an example of the bene�ts of an EB approach in an

important statistical problem. While EB approaches have been argued to be attractive both in theory

[81] and in practice [41], ultimately they have not been widely used outside of the simple normal

means model and wavelet shrinkage [83], and for moderating variance estimates in gene expression

studies [140, 102]. Recent work has emphasized the potential for EB methods for several other

applications, including: smoothing non-gaussian data [173], multiple testing [146, 150, 159, 58],

matrix factorization and sparse factor analysis [166] and additive models [164]. We hope that

these examples, including our work here, may help spur the wider implementation and adoption of

convenient EB approaches for other problems.

2.7 Supplementary Material

2.7.1 Preliminaries: results for the normal means model

In the appendices we state and prove slightly more general results than those given in the main

chapter. In particular we generalize the results to relax the assumptionxT
j x j = 1. To do so we

need results for a more general version of the normal means model than we considered in the main

chapter. In this appendix we de�ne this NM model and state the main results.
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The normal means model

Let NMn(f; s 2
1; � � � ; s2

n) denote the normal means model with priorf and observation-speci�c

variancess2 = ( s2
1; � � � ; s2

n) 2 Rn
+ . That is, the model

yj j bj ; s2
j � N ( � ; bj ; s2

j ); j = 1; � � � ; n;

bj j f iid� f ( � ) j = 1; � � � ; n;
(2.35)

with yj ; bj 2 R.

We will make use of mixture priors,f 2 G(u2
1; : : : ; u2

K ); that is,

f ( � ) =
KX

k=1

� k f k( � )

f k( � ) , N ( � ; 0; u2
k):

(2.36)

As in (2.37), it is convenient to introduce the latent variable representation:

bj j f; 
 j = k � f k( � )

Pr( 
 j = k j f ) = � k :
(2.37)

We will write the joint prior forbj and
 j as

pprior (bj ; 
 j = k) , p(bj ; 
 j = k j f ) = � k f k(bj ): (2.38)

We will also writepprior (f ) for this distribution when we want to make explicit its dependence onf .
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Posterior distributions under normal means model

We letqNM ( � j y; f; s 2) denote the posterior distributions forb; 
 under the model with a single

observation NM1(f; s 2):

y j b; s2 � N ( � ; b; s2); bj j f iid� f ( � ):

For f 2 G(u2
1; : : : ; u2

K ) these posteriors can be written as:

qNM (b; 
 = k j y; f; s 2) = � k(y; f; s 2) N
�

b; � k(y; f; s 2);
s2u2

k
s2 + u2

k

�
;

qNM (bj y; f; s 2) =
KX

k=1

qNM (b; 
 = k j y; f; s 2);

(2.39)

where

� k(y; f; s 2) , u2
ky=(s2 + u2

k) (2.40)

`k(y; f; s 2) , p(y j f k ; s2) =
Z

p(y j b; s2)p(bj f k)db (2.41)

� k(y; f; s 2) ,
� k`k(y; f; s 2)

P K
l=1 � l ` l (y; f; s 2)

: (2.42)

are the operators for the mean, the component marginal log-likelihood, and the responsibility. We

also de�ne the NM posterior mean operator under the modelNMn(f; s 2
1; � � � ; s2

n).

De�nition 2.7.1 (Normal Means Posterior Mean Operator). We de�ne the NM posterior mean

operator,eSf;s 2 : R ! R, to be the mapping

eSf;s 2(y) , E(bj y; f; s 2) (2.43)

whereE denotes the expectation under the modelNM1(f; s 2). Therefore, from(2.40)and (2.42)
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we have:

eSf;s 2(y) =
KX

k=1

� k(y; f; s 2)� k(y; f; s 2):

Note that quantities de�ned in the main text, including(2.10), (2.11), and(2.13), can be obtained

from these de�nitions by settingsf = g� ands2 = � 2. Similarly,pNM
post(bj y; g; � 2) de�ned in (2.14)

is a special case ofqNM :

pNM
post( � j y; g; � 2) = qNM ( � j y; g� ; � 2): (2.44)

Also, Sg;� in De�nition 2.4.1 is equivalent toeSg� ;� 2 in De�nition 2.7.1.

Evidence Lower Bound

Let F NM denote the Evidence Lower Bound (ELBO) [e.g. 16] forNM1(f; s 2):

F NM (q; f; s2) = log p(y j f; s 2) � DKL (qk qNM)

= Eq logp(y j b; s2) � DKL (qk pprior (f ))

= �
1

2s2Eq(y � b)2 � DKL (qk pprior (f )) :

(2.45)

Hereq is an arbitrary probability density forb 2 R and
 2 f 1; � � � ; K g, and recallqNM denotes

the true posterior. From the equality condition of the Jensen's inequality [84], F NM is optimized

overq by the true posteriorqNM , which leads to the following lemma:

Lemma 2.7.1(NM Posterior as maximizer of ELBO). The posteriorqNM solves the following

optimization problem:

qNM ( � j y; f; s 2) = argmax
q

�
1

2s2Eq(y � b)2 � DKL (qk pprior (f )) :

Now, we consider the ELBO for the normal means model withn observations,NMn(f; s2 =

(s2
1; � � � ; s2

n)) . For q 2 Q (q = ( q1; : : : ; qn) say), the ELBO is simply the sum of the individual
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ELBOs:

F NM (q; f; s2) =
pX

j =1

F NM (qj ; f; s 2
j ): (2.46)

Consequently, the optimalqj is, by Lemma 2.7.1,qj (b; 
 ) = qNM (b; 
 j yj ; f; s 2
j ), and so from

(2.39) the optimalqj is of the parametric form:

qj (b; 
 = k) = � jk N (b; mjk ; vjk ); j = 1; � � � ; p: (2.47)

For anyq = ( q1; : : : ; qn) whereqj has the parametric form(2.47)the ELBO has an analytic

form, Speci�cally, exploiting the analytic expression of the Kullback-Leibler divergence between

two normal distributions [e.g. 73], we have

F NM (� ; m; v; � ; � 2) =
pX

j =1

F NM
j (� j ; m j ; v j ; � ; � 2)

with

F NM
j (� j ; m j ; v j ; � ; � 2) (2.48)

= �
1
2

log(2�s 2
j ) �

1

2s2
j

(y � sbj )2 �
1

2s2
j

� KX

k=1

� jk

�
m2

jk + vjk

�
� sb2

j

�
(2.49)

�
KX

k=1

� jk log
� jk

� k
+

1
2

X

k : u2
k> 0

� jk

"

1 + log
vjk

u2
k

�
m2

jk + vjk

u2
k

#

; (2.50)

with sbj =
P

k � jk mjk . The parametric expression in the �rst line is for the expected log-likelihood

Eqj logp(yj j bj ; � 2), and the expression in the second line is for the negative Kullback-Leibler

divergence term� DKL (qj k pprior (f )) .
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2.7.2 Derivation of Algorithm 2 (Proof of Proposition 2.3.1)

We now state and prove Proposition 10, a more general version of Proposition 2.3.1 that relaxes the

assumptionxT
j x j = 1. For notational simplicity, we letdj = xT

j x j for j = 1; � � � ; p.

Proposition 10. Let q� j denote all elements ofq exceptqj . Letsr j denote the expectation, under

q� j , of the residuals computed using all variables exceptj :

sr j , y � X � j sb � j 2 Rn; (2.51)

whereX � j denote the matrixX excluding thej th column, andsb � j denotes the expectation (i.e.

�rst moment) ofq� j . Letebj denote the univariate ordinary least squares (OLS) estimator ofbj when

regressingsr j againstx j :

ebj ,
xT

j sr j

dj
2 R (2.52)

wheredj , xT
j x j . Then

Part 1. The optimumbqj , argmaxqj
F (qj ; q� j ; g; � 2) is achieved bybqj = qNM ( � jebj ; g� ; � 2=dj )

de�ned in(2.39), which is the posterior distribution ofbunder the following NM model:

ebj j b; � 2 � N ( � ; b; � 2=dj ); bj g; � 2 � g� ( � ): (2.53)

Part 2. The optimumbg , argmaxg2G(� 2
1;:::;� 2

K ) F (q; g; �2) is achieved by

bg =
KX

k=1

b� kgk ; where b� k =
1
p

nX

j =1

qj (
 j = k) for k = 1; � � � ; K: (2.54)

In particular, if each variational factorqj is updated as Part 1 above, meaning thatqj ( � ) =

qNM ( � jebj ; g� ; � 2=dj ) for j = 1; � � � ; p, then eachqj (
 j = k) is equal to the responsibility

� k(ebj ; g� ; � 2=dj ) (2.42).

Part 3. The optimumb� 2 , argmax� 22R+
F (q; g; �2), under the parametrization(2.47)of q, is
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achieved by:

� 2  

h
ky � X sbk2 +

P p
j =1

P
k : � 2

k> 0 � jk
�
dj + (1 =� 2

k)
�
(m2

jk + vjk ) �
P p

j =1 dj sb2
j

i

n + p(1 � � 1)

In particular, if qj ( � ) = qNM ( � jebj ; g� ; � 2=dj ), we have a simpler update rule:

b� 2 =
1

n + p(1 � � 1)

�
ky � X sbk2 +

pX

j =1

dj (ebj � sbj )sbj + p(1 � � 1)� 2
�
; (2.55)

where eachsbj is the expectation ofqj , i.e.sbj = eSg� ;� 2=dj
(ebj ) (see De�nition 2.7.1.).

Proposition 10parses the coordinate ascent algorithm, which maximizes the ELBO:

F (q; g; �2) = Eq logp(y j X ; g; � 2) � DKL (qk ppost)

= Eq logp(y j X ; b; � 2) �
pX

j =1

DKL (qj k pprior (g� ))

= �
n
2

log(2�� 2) �
1

2� 2Eq ky � Xb k2 �
pX

j =1

DKL (qj k pprior (g� )) :

(2.56)

This follows from the Bayes rule

ppost(b; 
 ) =
p(y j X ; b; � 2)p(b; 
 j g; � 2)

p(y j X ; g; � 2)

and thatq(b; 
 ) =
Q p

j =1 qj (bj ; 
 j ) andp(b; 
 j g; � 2) =
Q p

j =1 pprior (bj ; 
 j ) factorize.

Each part of the Proposition 10is for the update ofq = ( q1; � � � ; qp), g and� 2 whose proof will

be provided in Appendix 2.7.2, 2.7.2 and 2.7.2, respectively.
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Update ofq

In each inner loop iteration, we updateqj one at a time while the rest is �xed. That is,

qj  argmax
qj

F (qj ; q� j ; g; � 2): (2.57)

In what follows, we will illustrate an high-level idea of how the variational factorqj will be updated.

In practice, this abstract update should be concretized in a tangible form, such as a closed-form

update formula for each variational parameter ofqj , which has not been speci�ed yet.

Once we extract the terms relevant toqj and remove the terms independent ofqj from the ELBO

F (q; g; �2), the inner loop update can be simplied using the univariate OLS estimatorebj (2.52) as

qj  qNM
j = argmax

qj
Eqj Eq� j logp(y j X ; bj ; b � j ; � 2) � DKL (qj k pprior )

= argmax
qj

�
dj

2� 2Eqj (bj � ebj )2 � DKL (qj k pprior ):
(2.58)

Note thatqNM
j only depends on the data(y; X ) throughebj (anddj , which is known and �xed). Also,

we note, in passing, thatebj = sbj + ( x j sr=dj ) can be also understood as an expected gradient step.

Now, Lemma 2.7.1 proves the �rst part of Proposition 10. Note that the right hand side of(2.58)

is the ELBO for the model (2.53). Therefore,

qNM
j ( � ) = qNM ( � j ebj ; g� ; � 2=dj ) =

KX

k=1

� jk N
�

� ;
dj ebj

dj + (1 =� 2
k)

;
� 2

dj + (1 =� 2
k)

�
; (2.59)

and, in particular, the posterior meansbj is updated by

sbj =
KX

k=1

� jk dj

dj + (1 =� 2
k)

ebj :
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Update ofg

The priorg will be updated by

g  argmax
g2G

F (q; g; �2):

Let us recall thatF is the sum of the expected likelihoodEq logp(y j X ; b; � 2) and the negative KL

divergence
P p

j =1 DKL (qj k pprior ). The only term involving the update ofg is the KL divergence

term, which can be written in parametric form using (2.47) as

pX

j =1

DKL (qj k pprior ) =
X

j;k

� jk log
� k
� jk

+ constant;

where the above constant term does not depend on� , and� jk , qj (
 j = k). Therefore, we have

� k  argmax
� k

�
X

j

� jk log� k =
1
p

pX

j =1

� jk

g  
KX

k=1

� kgk :

If qj = q( � j ebj ; g� ; � 2=dj ), then� jk is equal to the responsibility� k(ebj ; g� ; � 2=dj ), which is

de�ned in (2.42). Note that this is equal to the one-step EM update for �tting the NM model(2.35)

by EB [146], as discussed in Section 2.2.2. (Also, this is a typical Gaussian mixture EM step; see

Bishop [16], Hastie et al. [73]) This completes the proof for the second part of Proposition 10.

Update of� 2

The noise variance� 2 be updated by

� 2  argmax
� 22R+

F (q; g; �2):
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Note that the ELBO (2.56) can be written, using the optimal form (2.47), as:

F (� ; m; v; � ; � 2) (2.60)

= �
n
2

log(2�� 2) �
1

2� 2




 y � X sb




 2 �

1
2� 2

pX

j =1

dj

"
X

k

� jk

�
m2

jk + vjk

�
� sb2

j

#

(2.61)

�
pX

j =1

KX

k=1

� jk log
� jk

� k
+

1
2

pX

j =1

X

k> 1

� jk

"

1 + log
vjk

� 2� 2
k

�
vjk + m2

jk

� 2� 2
k

#

; (2.62)

with sbj =
P

k � jk mjk . The parametric expression(2.61) in the second line is for the expected

log-likelihoodEq logp(y j X ; b; � 2), and the expression(2.62)in the third line is for the negative

Kullback-Leibler divergence term�
P p

j =1 DKL (qj k pprior ).

Then, the coordinate update formula for� 2 is given by taking the partial derivative@F=@�2 of

F with respect to� 2 and �nd a unique zero of@F=@�2:

� 2  b� 2 such that
@

@�2
F (� ; m; v; � ; � 2)

�
�
�
� 2= b� 2

= 0:

A simple calculation shows that

� 2  
1

n + p(1 � � 1)

�
ky � X sbk2 +

pX

j =1

X

k> 1

� jk
�
dj + (1 =� 2

k)
�
(m2

jk + vjk ) �
pX

j =1

dj sb
2
j

�

(2.63)

Note that we can simpify (2.63) using the update (2.59) forqj 's:

vjk =
� 2

old
dj + (1 =� 2

k)
; mjk =

dj ebj

dj + (1 =� 2
k)

;

which yields

pX

j =1

X

k> 1

� jk
�
dj + (1 =� 2

k)
�
(m2

jk + vjk ) =
pX

j =1

KX

k=1

� jk mjk dj ebj +
pX

j =1

KX

k> 1

� jk � 2
old

= dj sbj ebj + p(1 � � 1)� 2
old:
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Therefore, we have:

b� 2 =
1

n + p(1 � � 1)

�
ky � X sbk2 +

pX

j =1

dj (ebj � sbj )sbj + p(1 � � 1)� 2
old

�
;

Here� 2
old highlights that� 2 is evaluated at the previous iterate in the right hand side. This proves

the third part of Proposition 10.

Actual Implementation of the Algorithm

We summarize the actual implementation of the algorithm when the assumptionsxT
j x j = 1 for

j = 1; � � � ; p are removed.

2.7.3 VEB as a PLR

Normal means as a penalized problem

In this subsection we draw a connection between the normal means problem and a penalized approach.

Speci�cally we write the posterior mean as a solution to a penalized least squares problem.

Consider the normal means model (2.35), i.e.

yj j bj ; s2
j � N ( � ; bj ; s2

j ); bj j f iid� f ( � ); j = 1; � � � ; n (2.64)

and letF NM denote the ELBO for this normal means model, i.e.

F NM (q; f; s2; y) = Eq logp(y j b; f; s2) � DKL (qk pprior (f )) (2.65)

whereEq denotes the expectation overb � q. To lighten the notation, we will omit the dependency

ony, and simply writeF NM (q; f; s2).
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Algorithm 4 Actual Implementation of Algorithm 2 forG(� 2
1; � � � ; � 2

K ).

Initialize: sb(0) ; � (0) ; (� 2)(0) .

sr (0)  y � X sb(0) (the expected residual).
0. Pre-computation

dj = xT
j x j = kx j k2; for j = 1; � � � ; p:

repeat
sr (t+1) = sr (t) , � (t+1) = 0.
for j = 1; � � � ; p do

1. The expected gradient step.

ebj  sb(t)
j + d� 1

j xT
j r

2. The computation of� jk 's and the update of� .
for k = 1; � � � ; K do

� jk  
� kp(ebj j 
 j = k; (� 2)(t))

P
k � kp(ebj j 
 j = k; (� 2)(t))

/
� (t)

k
1 + dj � 2

k
exp

 
d2

j
eb2

j

2(� 2)(t)(dj + (1 =� 2
k))

!

� (t+1)
k  � (t+1)

k + p� 1� jk

end for

3. The shrinkage step.

sb(t+1)
j  

KX

k=1

� jk dj

dj + (1 =� 2
k)

ebj ;

4. The update of the expected residual.

sr (t+1)  sr (t+1) + x j (sb(t)
j � sb(t+1)

j )

end for
5. The update of� 2.

(� 2)(t+1)  
1

n + p(1 � � 1)

2

4ksr (t+1) k2 +
pX

j =1

dj (ebj � sb(t+1)
j )sb(t+1)

j + p(1 � � 1)( � 2)(t)

3

5

6. Delete� from memory and proceed to the next iteration:t  t + 1.
until convergence criteria met
Output: sb(t) ; � (t) ; (� 2)(t)
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With slight abuse of notation, we also de�ne a function

F NM (sb; f; s2) , max
q: Eq(b)= sb

F NM (q; f; s2); (2.66)

wheresb2 R a free variable. Here the symbolF NM is overloaded, with its meaning being determined

by its �rst argument (sbor q), and theEq(b) = sbmeans that the expectation (i.e. the mean or the

�rst moment) ofq is constrained to besb. Thus,F NM (sb; f; s2) is an ELBO value evaluated at an

\optimal" q having the expectationsb.

We remark thatF NM (sb; f; s2) attains its global maximum atsb = eSf;s 2(y), andF (q; f; s2)

attains its global maximum atq = pNM
post. The relationship between them is

F (pNM
post; f; s 2) = max

q
F NM (q; f; s2) = max

sb2R
max

q: Eq(b)= sb
F NM (q; f; s2)

= max
sb2R

F NM (sb; f; s2) = F NM ( eSf;s 2(y); f; s 2):
(2.67)

Now, the following Lemma shows that� F NM (sb; f; s2) is the sum of theL2-loss and the explicitly

constructed penalty.

Lemma 2.7.2.The ELBOF NM (sb; f; s2) can be written as a penalized log-likelihood:

F NM (sb; g; �2) = �
1
2

log(2�s 2) �
1

2s2(y � sb)2 � e� f;s 2(sb) (2.68)

where the penalty term is

e� f;s 2(sb) , min
q: Eq(b)= sb

�
1

2s2 Var(q) + DKL (qk pprior (f ))
�
: (2.69)

Further, for anyy 2 R this penalty term satis�es

(e� f;s 2)0( eSf;s 2(y)) = (1 =s2)
�

y � eSf;s 2(y)
�

: (2.70)
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Assuming the inverse ofeSf;s 2 exists this implies that:

(e� f;s 2)0(b) = (1 =s2)
�

eS� 1
f;s (b) � b

�
: (2.71)

Proof. From (2.65) we have:

F NM (q; f; s2)

= �
1
2

log(2�� 2) �
1

2s2Eq(y � b)2 � DKL (qk pprior (f ))

= �
1
2

log(2�� 2) �
1

2s2

�
y � Eq(b)

� 2 �
�

1
2s2 Var(q) + DKL (qk pprior (f ))

�

The expressions (2.68, 2.69) then follow directly from the de�nition(2.66)of F NM (sb; f; s2). Ex-

pression(2.70)is a direct consequence of the fact thatF NM (sb; f; s2) is optimized atsb= eSf;s 2(y)

for anyy 2 R, i.e.

eSf;s 2(y) = argmax
sb2R

F NM (sb; f; s2);

hence the partial derivative of(2.68)with respect tosbevaluated atsb= eSf;s 2(y) must be0. Finally,

expression (2.71) comes from settingy = eS� 1
f;s 2(b) in (2.70).

VEB as a penalized regression problem

Next, we consider the ELBOF (2.19) for multiple linear regression and de�ne:

F (sb; g; � 2) , max
q: Eq(b)= sb

F (q; g; �2):

Again, the symbolF is overloaded, meaning thatF (sb; g; � 2) is an ELBOF (q; g; �2) value evaluated

at an optimalq such thatEq(b) = sb. Also, sb 2 Rp is a free parameter.

The following Proposition is a direct consequence of (2.56) and Lemma 2.7.2.
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Proposition 2.7.1.The ELBO(2.19)can be written as a penalized log-likelihood:

F (sb; g; � 2) = �
n
2

log(2�� 2) �
1

2� 2ky � X sbk2 �
pX

j =1

e� g� ;� 2=dj
(sbj ); (2.72)

where the penalty functione� is de�ned as in Lemma 2.7.2.

Proof. From (2.56), we have:

F (q; g; �2) = �
n � p

2
log(2�� 2) �

1
2� 2ky � X Eq(b)k2 +

1
2� 2

pX

j =1

dj (ebj � Eqj (bj ))2

+
pX

j =1

�
�

1
2

log(2�� 2) �
dj

2� 2Eqj (bj � ebj )2 � DKL (qj k pprior (g� ))
�

= �
n � p

2
log(2�� 2) �

1
2� 2ky � X Eq(b)k2 +

1
2� 2

pX

j =1

dj (ebj � Eqj (bj ))2

+
pX

j =1

F NM (qj ; g� ; � 2=dj ;ebj )

Threfore, the result directly follows from Lemma 2.7.2.

2.7.4 Proofs

Proof. of Proposition 2.3.2

By Proposition 2.7.1 of Bertsekas[12], the sequence of iteratesf q(t) ; g(t) ; (� 2)(t)g for t = 1; 2; � � �

from the coordinate updates converges monotonically to a local maximum ofF , provided thatF is

continuously di�erentiable and each coordinate update

q(t+1)
j = argmax

qj
F (q(t+1)

1 ; � � � ; q(t+1)
j � 1 ; qj ; q(t)

j +1 ; � � � ; q(t)
p ; g(t) ; (� 2)(t))

g(t+1) = argmax
g2G

F (q(t+1) ; g;(� 2)(t))

(� 2)(t+1) = argmax
� 22R+

F (q(t+1) ; g(t+1) ; � 2)
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is uniquely determined. Note thatF is continuously di�erentiable since its parametric form (2.60)

using the parametrization(2.47)is continuously di�erentiable in the feasibility set. Furthermore,

each coordinate update is uniquely determined by Proposition 2.3.1 (see proofs in Appendix 2.7.2),

under the mild assumption

0 � � 2
1 < � � � < � 2

K < 1 ; � 1; � � � ; � K ; � 2 > 0:

Note that when� k = 0, it remains0 along the iterations. If it is initialized at� k > 0, it can converge

to � k = 0 but remains positive along the iterations.

Thus, when initialized at� 1; � � � ; � K ; � 2 > 0, Algorithm 1 (hence Algorithm 2) converges

monotonically to a local maximum. This completes the proof.

Proof. of Proposition 2.3.3

Note that the ELBO

F (q; g; �2) =
X




Z
q(b; 
 ) log

p(y j X ; b; � 2)p(b; 
 j g; � 2)
q(b; 
 )

db

is maximized exactly whenq(b; 
 ) is proportional top(y j X ; b; � 2)p(b; 
 j g; � 2) as a function,

that is, for anyb 2 Rp and
 2 f 1; � � � ; K gp. This follows from the equality condition of Jensen's

inequality [84]. Note thatp(y j X ; b; � 2) andp(b; 
 j g; � 2) factorize into the product of the terms,

each of which involvesbj and
 j . This implies that the true posterior factorizes, i.e.

q(b; 
 ) / p(y j X ; b; � 2)p(b; 
 j g; � 2)

/
pY

j =1

"

exp
�

�
(bj � xT

j y)2

2� 2

�
p(bj ; 
 j j g; � 2)

#

:

Therefore, the variational approximation is exact, and �tting the multiple linear regression model is

equivalent to �tting the NM model wherexT
1 y; � � � ; xT

p y serve as data.

Proof. of Theorem 2.4.1
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We will prove a slightly more general version, Theorem 50below. The proof of Theorem 2.4.1

directly follows by lettingdj = 1 for all j , and by considering the simpli�ed notation� g;� such that

� g;� (b) = � 2 � e� g� ;� 2(b);

which satis�es

(� g;� )0(b) = S� 1
g;� (b) � b:

This completes the proof.

Theorem 50. Let bqbe any local maximizer of the ELBO giveng and� 2, and letbb be the �rst moment

of bq. In other words,bb is a variational posterior mean, meaning that it is an output by the following

iteration:

bj = eSg� ;� 2=dj

�
bj +

xT
j (y � Xb )

dj

�
; j = 1; � � � ; p: (2.73)

Thenbb is a local minimizer of the penalized linear regression objective

h(b) =
1
2

ky � Xb k2 +
pX

j =1

� 2 � e� g� ;� 2=dj
(bj ); (2.74)

wheree� is the penalty satisfying(2.71)as in Lemma 2.7.2. Furthermore, ifbq is a global maximizer

of the ELBO, thenbb is a global minimizer ofh.

Proof. Before proceeding, we would like to emphasize that we will focus on the case wheneSg� ;� 2=dj

and e� g� ;� 2=dj
are continuously di�erentiable, such as wheng 2 GSMN and � 2; d > 0. This

Theoreom will hold for a more general setting, with� 0replaced by a subgradient of� .

We will show thatbb is a local minimizer ofh (2.74). This follows from that ifbb is a �xed point
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of the iteration (2.73), the KKT optimality conditionr h(b) = 0 holds, i.e.

1
2

X T (y � Xb ) +
pX

j =1

� 2 � (e� g� ;� 2=dj
)0(bj )ej

=
1
2

X T (y � Xb ) +
pX

j =1

dj
� eS� 1

g� ;� 2=dj
(bj ) � bj

�
ej = 0;

(2.75)

whereej is thej -th standard basis vectorej = (0 ; � � � ; 0; 1; 0; � � � ; 0) having1 at j -th entry.

Next, we will show that ifbq is a global maximizer of the ELBO (F ), thenbb is a global minimizer

to the penalized regression problem (2.27). This is a direct consequence of (2.72), meaning that

h(bb) = � � 2 � F (sb; g; � 2) �
n� 2

2
log(2�� 2):

Therefore, a largerF value atbq corresponds to a smallerh value atbb. This completes the proof.

Remark 2.7.1. The penaltye� g;�;d in Theorem 50can be also written as

e� g;�;d (b) = � `g;�;d
�� eSg� ;� 2=d

� � 1(b)
�

�
d

2� 2

�� eSg� ;� 2=d
� � 1(b) � b

� 2; (2.76)

up to constant, wherèg;�;d (y) is the marginal log-likelihoodp(y j g; � 2; d) under the model(2.53).

For simplicity, letA = S� 1
g;�;d and` = `g;�;d . By di�erentiating the right hand side of(2.76),

we have

(� g;�;d )0(b) = � A0(b)`0(A(b)) � d(A0(b) � 1)(A(b) � b)=� 2

=
�

� dA0(b)(b� A(b)) � d(A0(b) � 1)(A(b) � b)
�
=� 2

= d(A(b) � b)=� 2;

by the Tweedie's formula(`g;�;d )0(t) = d
�
Sg;�;d (t) � t

�
=� 2 [e.g.127, 42] (our version is proved in

Lemma 2.7.3). This shows(2.76).

Lemma 2.7.3(Tweedie's formula for mean and variance). Let Sg;�;d (y) be the posterior mean ofb
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under the NM model:

y j b; � 2 � N ( � ; b; � 2=d); bj g; � 2 � g� : (2.77)

Let logp(y j g; � 2) be the marginal log-likelihood andSg;�;d (y) is the posterior mean ofbunder

the model(2.77). (Note thatSg;� in De�nition 2.4.1 is a special case of this whend = 1). Then we

have:

@
@y

logp(y j g; � 2) =
d
� 2

�
Sg;�;d (y) � y

�
; (2.78)

@
@�2

logp(y j g; � 2) =
d

2� 4y
�
y � Sg;�;d (y)

�
�

1
2� 2 : (2.79)

Proof. Applying the Leibniz's integral rule [e.g. 133, page 236] and the Bayes rule, we have

@
@y

logp(y j g; � 2) =
1

p(y j g; � 2)

Z
@
@y

p(y j b; � 2)p(bj g; � 2)db

=
1

p(y j g; � 2)

Z �
b� y
� 2=d

�
p(y j b; � 2)p(bj g; � 2)db

=
d
� 2

Z
b� p(y j b; � 2)p(bj g; � 2)

p(y j g; � 2)
db�

d
� 2y =

d
� 2

�
Sg;�;d (y) � y

�

This proves (2.78). For the proof of (2.79), we note that

logp(y j g; � 2) = log
Z

N (y; b; � 2=d)g� (b)db

= log
Z

N
�
(y=� ); (b=� ); (1=d)

�
g(b=�)d(b=�) �

1
2

log(� 2)

= log p
�
(y=� ) j g

�
�

1
2

log(� 2);

(2.80)

wherelogp
�
(y=� )jg

�
is the marginal likelihood of

(y=� ) j (b=� ) � N
�
(b=� ); (1=d)

�
; (b=� ) j g � g: (2.81)
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By di�erentiating the both hand sides of (2.80) with respect toy and apply (2.78), we obtain

Sg;�;d (y) = �S g;1;d(y=� ): (2.82)

Now, we have:

@
@�2

logp(y j g; � 2) =
@

@�2

�
logp

�
(y=� ) j g

�
�

1
2

log� 2
�

=
@(y=� )

@�2
@

@(y=� )
logp

�
(y=� )jg

�
�

1
2� 2

= �
d

2� 3y
�
Sg;1;d(y=� ) � (y=� )

�
�

1
2� 2

= �
d

2� 4y
�
Sg;�;d (y) � y

�
�

1
2� 2 :

The �rst equality comes from(2.80). The second equality is the well-known change-of-variable

formula or the chain rule [e.g.133, p.132]. The third equality is obtained by applying Tweedie's

formula for mean(2.78)to the� -scaled NM model(2.81). The last inequality is from(2.82). This

completes the proof.

Lemma 2.7.4(Property of Posterior Mean Shrinkage Operator). Supposeg be a symmetric unimodal

distribution having mode at0 and� 2 > 0. ThenSg;� is symmetric, non-negative, non-decreasing

andSg;� (b) � bon (0; 1 ). That is,Sg;� is a shrinkage operator towards 0.

Proof. By Khintchine's representation theorem [35], g can be represented by mixture of uniform

distributions, i.e.

g(b) =
Z 1

0

I fj bj < t g
2t

p(t)dt

for some (possibly improper) univariate mixing densityp(t). Let p(bj t) = I fj bj < t g=(2t) be the
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Unif(� t; t ) density. Then we have

p(y j g; � 2) =
Z

p(y j b; � 2)p(bj g; � 2)db

=
Z 1

0

Z
p(y j b; � 2)p(bj t)db p(t)dt

=
Z 1

0
p(y j � 2; t)p(t)dt

=
Z 1

0

1
2t

�
�

�
t � y

�

�
+ �

�
t + y

�

�
� 1

�
p(t)dt:

where� is the standard normal cdf. Since�( t + y) + �( t � y) is non-increasing iny 2 (0; 1 )

for any t � 0, p(y j � 2; t) is also non-increasing iny 2 (0; 1 ) for any t � 0. This implies that

eachp(y j � 2; t) is unimodal at0 and thusp(y j g; � 2) is also unimodal at0 since it is a mixture of

unimodal distributions at0. Again, this implies thatSg;� (y) = y + � 2`0
g;� (y) � y since`g;� (y) is

non-increasing iny 2 (0; 1 ), where`g;� , logp(y j g; � 2).

Also, sincep( � j g; � 2) is symmetric around0, we haveSg;� (y) = � Sg;� (� y).

Now it remains to show thatSg;� is non-decreasing onR+ . It is easy to show that

p(bj y; � 2; t) = T N (b; y; � 2; � t; t )

whereT N (b; y; � 2; � t; t ) be a truncated normal density, i.e. the normal distribution with meany

and variance� 2 is truncated to(� t; t ). The posterior mean ofp(bj y; � 2; t) or the truncated normal

distributionT N (b; y; � 2; � t; t ) is a non-decreasing function

ETN (y;� 2;� t;t )(b) = y +
N (y + t; 0; � 2) � N (y � t; 0; � 2)
�(( t � y)=� ) � �( � (t + y)=� )

�

of y 2 (0; 1 ) for all t > 0, since we have

@
@y

ETN (y;� 2;� t;t )(b) =
1

� 2VarTN (y;� 2;� t;t )(b) > 0:

ThusSg;� is a sum of non-decreasing functions onR+ . This completes the proof.
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CHAPTER 3

BAYESIAN MODEL SELECTION WITH GRAPH STRUCTURED

SPARSITY

3.1 Introduction

Bayesian model selection has been an important area of research for several decades. While the

general goal is to estimate the most plausible sub-model from the posterior distribution [9, 36, 126,

20] for a wide class of learning tasks, most of the developments of Bayesian model selection have

been focused on variable selection in the setting of sparse linear regression [71, 98, 61, 131, 164].

One of the main challenges of Bayesian model selection is its computational e�ciency. Recently,

Ro�ckov�a and George [131] discovered that Bayesian variable selection in sparse linear regression can

be solved by an EM algorithm [34, 114] with a closed-form update at each iteration. Compared with

previous stochastic search type of algorithms such as Gibbs sampling [56, 57], this deterministic

alternative greatly speeds up computation for large-scale and high-dimensional data sets.

The main thrust of this chapter is to develop of a general framework of Bayesian models

that includes sparse linear regression, change-point detection, clustering and many other models

as special cases. We will derive a general EM-type algorithm that e�ciently explores possible

candidates for Bayesian model selection. When applied to sparse linear regression, our model and

algorithmic frameworks naturally recover the proposal of [131]. The general framework proposed in

this chapter can be viewed as an algorithmic counterpart of the theoretical framework for Bayesian

high-dimensional structured linear models in [54]. While the work [54] is focused on optimal

posterior contraction rate and oracle inequalities, the current chapter pursues a general e�cient and

scalable computational strategy.

In order to study various Bayesian models from a uni�ed perspective, we introduce a spike-

and-slab Laplacian prior distribution on the model parameters. The new prior distribution is an

extension of the classical spike-and-slab prior [110, 56, 57] for Bayesian variable selection. Our new

2. This work is collaborated with Chao Gao [89].
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de�nition incorporates the graph Laplacian of the underlying graph representing the model structure,

and thus gives the name of the prior. Under this general framework, the problem of Bayesian model

selection can be recast as selecting a subgraph of some base graph determined by the statistical

task. Here, the base graph and its subgraphs represent the structures of the full model and the

corresponding sub-models, respectively. Various choices of base graphs lead to speci�c statistical

estimation problems such as sparse linear regression, clustering and change-point detection. In

addition, the connection to graph algebra further allows us to build prior distributions for even more

complicated models. For example, using graph products such as Cartesian product or Kronecker

product [77, 97], we can construct prior distributions for biclustering models from the Laplacian

of the graph products of row and column clustering structures. This leads to great 
exibility in

analyzing real data sets of complex structures.

Our Bayesian model selection follows the procedure of Ro�ckov�a and George [131] that evaluates

the posterior probabilities of sub-models computed from the solution path of the EM algorithm.

However, the derivation of the EM algorithm under our general framework is indeed nontrivial task.

When the underlying base graph of the model structure is a tree, the derivation of the EM algorithm

is straightforward by following the arguments in [131]. On the other hand, for a general base graph

that is not a tree, the arguments in [131] do not apply. To overcome this di�culty, we introduce a

relaxation through the concept of e�ective resistance [101, 60, 143] that adapts to the underlying

graphical structure of the model. The lower bound given by this relaxation is then used to derive a

variational EM algorithm that works under the general framework.

Model selection with graph structured sparsity has also been studied in the frequentist literature.

For example, generalized Lasso [156, 4] and its multivariate version network Lasso [70] encode

the graph structured sparsity with`1 regularization. Algorithms based on`0 regularization have

also been investigated recently [46, 175]. Compared with these frequentist methods, our proposed

Bayesian model selection procedure tends to achieve better model selection performance in terms

of false discovery proportion and power in a wide range of model scenarios, which will be shown

through an extensive numerical study under various settings.
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The rest of the chapter is organized as follows. In Section 3.2, we introduce the general framework

of Bayesian models and discuss the spike-and-slab Laplacian prior. The EM algorithm will be derived

in Section 3.3 for both the case of trees and general base graphs. In Section 3.4, we discuss how to

incorporate latent variables and propose a new Bayesian clustering models under our framework.

Section 3.5 introduces the techniques of graph products and several important extensions of our

framework. We will also discuss a non-Gaussian spike-and-slab Laplacian prior in Section 3.6 with

a natural application to reduced isotonic regression [136]. Finally, extensive simulated and real data

analysis will be presented in Section 3.7.

3.2 A General Framework of Bayesian Models

In this section, we describe a general framework for building Bayesian structured models on graphs.

To be speci�c, the prior structural assumption on the parameter� 2 Rp will be encoded by a

graph. Throughout the chapter,G = ( V; E) is an undirected graph withV = [ p] and some

E � f (i; j ) : 1 � i < j � pg. It is referred to as thebase graphof the model, and our goal is to

learn a sparse subgraph ofG from the data. We usep = jV j andm = jE j for the node size and edge

size of the base graph.

3.2.1 Model Description

We start with the Gaussian linear modelyj�; � 2 � N (X�; � 2I n) that models ann-dimensional

observation. The design matrixX 2 Rn� p is determined by the context of the problem. Given

some nonzero vectorw 2 Rp, the Euclidean spaceRp can be decomposed as a direct sum of the

one-dimensional subspace spanned byw and its orthogonal complement. In other words, we can

write

� =
1

kwk2wwT � +
�

I p �
1

kwk2wwT
�

�:

The structural assumption will be imposed by a prior on the second term above. To simplify

the notation, we introduce the space� w =
n

� 2 Rp : wT � = 0
o

. Then, any� 2 Rp can be
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decomposed as� = �w + � for some� 2 R and� 2 � w. The likelihood is thus given by

yj�; �; � 2 � N (X (�w + � ); � 2I n): (3.1)

The prior distribution on the vector�w + � will be speci�ed by independent priors on� and� .

They are given by

� j� 2 � N (0; � 2=� ); (3.2)

� j
; � 2 � p(� j
; � 2) /
Y

(i;j )2E

exp

 

�
(� i � � j )2

2� 2[v0
 ij + v1(1 � 
 ij )]

!

I f � 2 � wg: (3.3)

Under the prior distribution,� is centered at0 and has precision�=� 2. The parameter� is modeled

by a prior distribution on� w that encodes a pairwise relation between� i and� j . Here,v0 is a

very small scalar andv1 is a very large scalar. For a pair(i; j ) 2 E in the base graph, the prior

enforces the closedness between� i and� j when
 ij = 1. Our goal is then to learn the most probable

subgraph structure encoded byf 
 ij g, which will be estimated from the posterior distribution.

We �nish the Bayesian modeling by putting priors on
 and� 2. They are given by


 j� � p(
 j� ) /
Y

(i;j )2E

� 
 ij (1 � � )1� 
 ij I f 
 2 � g; (3.4)

� � Beta(A; B ); (3.5)

� 2 � InvGamma(a=2; b=2): (3.6)

Besides the standard conjugate priors on� and� 2, the independent Bernoulli prior on
 is restricted

on a set� � f 0; 1gm. This restriction is sometimes useful for particular models, but for now we

assume that� = f 0; 1gm until it is needed in Section 3.4.

The Bayesian model is now fully speci�ed. The joint distribution is

p(y; �; �; 
; �; � 2) = p(yj�; �; � 2)p(� j� 2)p(� j
; � 2)p(
 j� )p(� )p(� 2): (3.7)
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Among these distributions, the most important one isp(� j
; � 2). To understand its properties, we

introduce theincidence matrixD 2 Rm� p for the base graphG = ( V; E). The matrixD has entries

Dei = 1 andDej = � 1 if e = ( i; j ), andDek = 0 if k 6= i; j . We note that the de�nition ofD

depends on the order of edgesf (i; j )g even ifG is an undirected graph. However, this does not

a�ect any application that we will need in the chapter. We then de�ne the Laplacian matrix

L 
 = DT diag
�

v� 1
0 
 + v� 1

1 (1 � 
 )
�

D:

It is easy to see thatL 
 is the graph Laplacian of the weighted graph with adjacency matrix

f v� 1
0 
 ij + v� 1

1 (1 � 
 ij )g. Thus, we can write (3.3) as

p(� j
; � 2) / exp
�

�
1

2� 2 � T L 
 �
�

I f � 2 � wg: (3.8)

Given its form, we name (3.8) thespike-and-slab Laplacian prior.

Proposition 3.2.1. SupposeG = ( V; E) is a connected base graph. For any
 2 f 0; 1gm and

v0; v1 2 (0; 1 ), the graph LaplacianL 
 is positive semi-de�nite and has rankp � 1. The only

eigenvector corresponding to its zero eigenvalue is proportional to1p, the vector with all entries1.

As a consequence, as long as1T
p w 6= 0, the spike-and-slab Laplacian prior is a non-degenerate

distribution on� w. Its density function with respect to the Lebesgue measure restricted to� w is

p(� j
; � 2) =
1

(2�� 2)(p� 1)=2

q
detw(L 
 ) exp

�
�

1
2� 2 � T L 
 �

�
I f � 2 � wg;

wheredetw(L 
 ) is the product of all nonzero eigenvalues of the positive semi-de�nite matrix
�

I p � 1
kwk2 wwT

�
L 


�
I p � 1

kwk2 wwT
�

.

The proposition reveals two important conditions that lead to the well-de�nedness of the spike-

and-slab Laplacian prior: the connectedness of the base graphG = ( V; E) and1T
p w 6= 0. Without

either condition, the distribution would be degenerate on� w. Extensions to a base graph that is not

necessarily connected is possible. We leave this task to Section 3.4 and Section 3.5, where tools
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from graph algebra are introduced.

3.2.2 Examples

The Bayesian model (3.7) provides a very general framework. By choosing a di�erent base graph

G = ( V; E), a design matrixX , a grounding vectorw 2 Rp and a precision parameter� , we then

obtain a di�erent model. Several important examples are given below.

Example 3.2.1(Sparse linear regression). The sparse linear regression modelyj�; � 2 � N (X�; � 2I n)

is a special case of (3.1). To put it into the general framework, we can expand the design matrix

X 2 Rn� p and the regression vector� 2 Rp by [0n; X ] 2 Rn� (p+1) and[� 0; � ] 2 Rp+1 . With the

grounding vectorw = [1; 0p], the sparse linear regression model can be recovered from (3.1). For the

prior distribution, the base graphG consists of nodesV = f 0; 1; :::; pg and edgesf (0; i ) : i 2 [p]g.

We set� = 1 , so that� 0 = 0 with prior probability one. Then, (3.3) is reduced to

� j
; � 2 � p(� j
; � 2) /
pY

i =1

exp

 

�
� 2
i

2� 2[v0
 0i + v1(1 � 
 0i )]

!

:

That is,� i j
; � 2 � N (0; � 2[v0
 0i + v1(1� 
 0i )]) independently for alli 2 [n]. This is recognized as

the spike-and-slab Gaussian prior for Bayesian sparse linear regression considered by [56, 57, 131].

Example 3.2.2(Change-point detection). Setn = p, X = I n, andw = 1n. We then haveyi j�; � 2 �

N (� + � i ; � 2) independently for alli 2 [n] from (3.1). For the prior distribution on� and� , we

consider� = 0 and a one-dimensional chain graphG = ( V; E) with E = f (i; i + 1) : i 2 [n � 1]g.

This leads to a 
at prior on� , and the prior on� is given by

� j
; � 2 � p(� j
; � 2) /
n� 1Y

i =1

exp

 

�
(� i � � i +1 )2

2� 2[v0
 i;i +1 + v1(1 � 
 i;i +1 )]

!

I f 1T
p � = 0g:

A more general change-point model on a tree can also be obtained by constructing a tree base graph

G.
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Example 3.2.3(Two-dimensional image denoising). Consider a rectangular set of observations

y 2 Rn1� n2. With the same construction in Example 3.2.2 applied tovec(y), we obtainyij j�; � 2 �

N (� + � ij ; � 2) independently for all(i; j ) 2 [n1] � [n2] from (3.1). To model images, we consider

a prior distribution that imposes closedness to nearby pixels. Consider� = 0 and a base graph

G = ( V; E) shown in the picture below.

� n11

...

� 21

� 11

� n12

...

� 22

� 12

� � �

. . .

� � �

� � �

� n1n2

...

� 2n2

� 1n2

We then obtain a 
at prior on� , and

� j
; � 2 � p(� j
; � 2) /
Y

(ik;jl )2E

exp

 

�
(� ik � � jl )2

2� 2[v0
 ik;jl + v1(1 � 
 ik;jl )]

!

I f 1T
n1

� 1n2 = 0g:

Note thatG is not a tree in this case.

3.3 EM Algorithm

In this section, we will develop e�cient EM algorithms for the general model. It turns out that the

bottleneck is the computation of detw(L 
 ) given some
 2 f 0; 1gm.

Lemma 3.3.1.Let spt(G) be the set of all spanning trees ofG. Then

detw(L 
 ) =
(1T

p w)2

kwk2

X

T2spt(G)

Y

(i;j )2T

h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i
:

In particular, if G is a tree, thendetw(L 
 ) =
(1T

p w)2

kwk2

Q
(i;j )2E

h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i
.

The lemma suggests that the hardness of computingdetw(L 
 ) depends on the number of spanning

trees of the base graphG. When the base graph is a tree,detw(L 
 ) is factorized over the edges
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of the tree, which greatly simpli�es the derivation of the algorithm. We will derive a closed-form

EM algorithm in Section 3.3.1 whenG is a tree, and the algorithm for a generalG will be given in

Section 3.3.2.

3.3.1 The Case of Trees

We treat
 as latent. Our goal is to maximize the marginal distribution after integrating out the latent

variables. That is,

max
�;� 2 � w ;�;� 2

log
X



p(y; �; �; 
; �; � 2); (3.9)

wherep(y; �; �; 
; �; � 2) is given by (3.7). Since the summation over
 is intractable, we consider

an equivalent form of (3.9), which is

max
q

max
�;� 2 � w ;�;� 2

X



q(
 ) log

p(y; �; �; 
; �; � 2)
q(
 )

: (3.10)

Then, the EM algorithm is equivalent to iteratively updatingq; �; � 2 � w; �; � 2 [114].

Now we illustrate the EM algorithm that solves (3.10). The E-step is to updateq(
 ) given the

previous values of�; �; � . In view of (3.7), we have

qnew(
 ) / p(y; �; �; 
; �; � 2) / p(� j
; � 2)p(
 j� ): (3.11)

According to (3.3.1),p(� j
; � 2) can be factorized when the base graphG = ( V; E) is a tree.

Therefore, with a simpler notationqij = q(
 ij = 1) , we haveqnew(
 ) =
Q

(i;j )2E (qnew
ij )
 ij (1 �

qnew
ij )1� 
 ij , where

qnew
ij =

�� (� i � � j ; 0; � 2v0)

�� (� i � � j ; 0; � 2v0) + (1 � � )� (� i � � j ; 0; � 2v1)
: (3.12)

Here,� (�; �; � 2) stands for the density function ofN (�; � 2).
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To derive the M-step, we introduce the following function

F (�; � ; q) = ky � X (�w + � )k2 + �� 2 + � T Lq�; (3.13)

whereLq is obtained by replacing
 with q in the de�nition of the graph LaplacianL 
 . The M-step

consists of the following three updates,

(� new; � new) = argmin
�;� 2 � w

F (�; � ; qnew); (3.14)

(� 2)new = argmin
� 2

�
F (� new; � new; qnew) + b

2� 2 +
p + n + a + 2

2
log(� 2)

�
; (3.15)

� new = argmax
�

[(A � 1 + qnew
sum) log � + ( B � 1 + p � 1 � qnew

sum) log(1 � � )] ;(3.16)

where the notationqnew
sum stands for

P
(i;j )2E qnew

ij . While (3.14) is a simple quadratic programming,

(3.15) and (3.16) have closed forms, which are given by

(� 2)new =
F (� new; � new; qnew) + b

p + n + a + 2
and � new =

A � 1 + qnew
sum

A + B + p � 3
: (3.17)

We remark that the EMVS algorithm [131] is a special case for the sparse linear regression

problem discussed in Example 3.2.1. WhenG is a tree, the spike-and-slab graph Laplacian prior

(3.8) is proportional to the product of individual spike-and-slab priors

p(� j
; � 2) /
Y

(i;j )2E

exp

 

�
(� i � � j )2

2� 2[v0
 ij + v1(1 � 
 ij )]

!

;

supported on� w, as we have seen in Example 3.2.1 and 3.2.2. In this case, the above EM algorithm

we have developed can also be extended to models with alternative prior distributions, such as the

spike-and-slab Lasso prior [132] and the �nite normal mixture prior [146].
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3.3.2 General Graphs

When the base graphG is not a tree, the E-step becomes computationally infeasible due to the lack

of separability ofp(� j
; � 2) in 
 . In fact, given the form of the density function in Proposition 3.2.1,

the main problem lies in the term
p

detw(L 
 ), which cannot be factorized over(i; j ) 2 E when

the base graphG = ( V; E) is not a tree (Lemma 3.3.1). To overcome the di�culty, we consider

optimizing a lower bound of the objective function (3.10). This means we need to �nd a good

lower bound forlog detw(L 
 ). Similar techniques are also advocated in the context of learning

exponential family graphical models [161].

By Lemma 3.3.1, we can write

logdetw(L 
 ) = log
X

T2spt(G)

Y

(i;j )2T

h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i
+ log

(1T
p w)2

kwk2 : (3.18)

We only need to lower bound the �rst term on the right hand side of the equation above, be-

cause the second term is independent of
 . By Jensen's inequality, for any non-negative sequence

f � (T)gT2spt(G) such that
P

T2spt(G) � (T) = 1 , we have

log
X

T2spt(G)

Y

(i;j )2T

h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i

�
X

T2spt(G)

� (T) log
Y

(i;j )2T

h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i
�

X

T2spt(G)

� (T) log � (T)

=
X

(i;j )2E

0

@
X

T2spt(G)

� (T)I f (i; j ) 2 Tg

1

A log
h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i
�

X

T2spt(G)

� (T) log � (T):

One of the most natural choices of the weightsf � (T)gT2spt(G) is the uniform distribution

� (T) =
1

jspt(G)j
:
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This leads to the following lower bound

log
X

T2spt(G)

Y

(i;j )2T

h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i

�
X

(i;j )2E

r ij log
h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i
+ log jspt(G)j; (3.19)

where

r ij =
1

jspt(G)j

X

T2spt(G)

I f (i; j ) 2 Tg: (3.20)

The quantityr ij de�ned in (3.20) is recognized as thee�ective resistancebetween thei th and

thej th nodes [101, 60]. Given a graph, we can treat each edge as a resistor with resistance1. Then,

the e�ective resistance between thei th and thej th nodes is the resistance betweeni andj given

by the whole graph. That is, if we treat the entire graph as a resistor. LetL be the (unweighted)

Laplacian matrix of the base graphG = ( V; E), andL+ its pseudo-inverse. Then, an equivalent

de�nition of (3.20) is given by the formula

r ij = ( ei � ej )T L+ (ei � ej );

whereej is the basis vector with thei th entry1 and the remaining entries0. Therefore, computation

of the e�ective resistance can leverage fast Laplacian solvers in the literature [144, 99]. Some

important examples of e�ective resistance are listed below:

� WhenG is the complete graph of sizep, thenr ij = 2=pfor all (i; j ) 2 E.

� WhenG is the complete bipartite graph of sizesp andk, thenr ij = p+ k� 1
pk for all (i; j ) 2 E.

� WhenG is a tree, thenr ij = 1 for all (i; j ) 2 E.

� WhenG is a two-dimensional grid graph of sizen1 � n2, thenr ij 2 [0:5; 0:75]depending on

how close the edge(i; j ) is from its closest corner.

� WhenG is a lollipop graph, the conjunction of a linear chain with sizep and a complete graph
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with sizek, thenr ij = 1 or 2=k depending on whether the edge(i; j ) belongs to the chain or

the complete graph.

By (3.19), we obtain the following lower bound for the objective function (3.10),

max
q

max
�;� 2 � w ;�;� 2

X



q(
 ) log

p(yj�; �; � 2)p(� j� 2)ep(� j
; � 2)p(
 j� )p(� )p(� 2)
q(
 )

; (3.21)

where the formula ofep(� j
; � 2) is obtained by applying the lower bound (3.19) in the formula of

p(� j
; � 2) in Proposition 3.2.1. Sinceep(� j
; � 2) can be factorized over(i; j ) 2 E, the E-step is

given byqnew(
 ) =
Q

(i;j )2E (qnew
ij )
 ij (1 � qnew

ij )1� 
 ij , where

qnew
ij =

�v
�

r ij
2

0 e
� 1

2� 2v0
(� i � � j )2

�v
�

r ij
2

0 e
� 1

2� 2v0
(� i � � j )2

+ (1 � � )v
�

r ij
2

1 e
� 1

2� 2v1
(� i � � j )2

: (3.22)

Observe that the lower bound (3.19) is independent of�; �; �; � 2, and thus the M-step remains the

same as in the case of a tree base graph. The formulas are given by (3.14)-(3.16), except that (3.16)

needs to be replaced by

� new =
A � 1 + qnew

sum
A + B + m � 2

:

The EM algorithm for a general base graph can be viewed as a natural extension of that of a tree

base graph. WhenG = ( V; E) is a tree, it is easy to see from the formula (3.20) thatr ij = 1 for all

(i; j ) 2 E. In this case, the E-step (3.22) is reduced to (3.12), and the inequality (3.19) becomes an

equality.

3.3.3 Bayesian Model Selection

The output of the EM algorithmbq(
 ) can be understood as an estimator of the posterior distribution

p(
 jb�; b�; b� 2; b� ), whereb�; b�; b� 2; b� are obtained from the M-step. Then, we get a subgraph according

to the thresholding ruleb
 ij = I f bqij � 1=2g. It can be understood as a model learned from the

data. The sparsity of the model critically depends on the values ofv0 andv1 in the spike-and-slab
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Laplacian prior. With a �xed large value ofv1, we can obtain the solution path ofb
 = b
 (v0) by

varyingv0 from 0 to v1. The question then is how to select the best model along the solution path of

the EM algorithm.

The strategy suggested by [131] is to calculate the posterior scorep(
 jy) with respect to the

Bayesian model ofv0 = 0. While the meaning ofp(
 jy) corresponding tov0 = 0 is easily

understood for the sparse linear regression setting in [131], it is less clear for a general base graph

G = ( V; E).

In order to de�ne a version of (3.7) forv0 = 0, we need to introduce the concept ofedge

contraction. Given a
 2 f 0; 1gm, the graph corresponding to the adjacency matrix
 induces a

partition of disconnected componentsfC1; :::;Csg of [p]. In other words,f i; j g � C l for somel 2 [s]

if and only if there is some path betweeni andj in the graph
 . For notational convenience, we

de�ne a vectorz 2 [s]n so thatzi = l if and only if i 2 Cl . A membership matrixZ
 2 f 0; 1gp� s

is de�ned with its(i; l )th entry being the indicatorI f zi = lg.

We let eG = ( eV ; eE) be a graph obtained from the base graphG = ( V; E) after the operation of

edge contraction. In other words, every node ineG is obtained by combining nodes inG according to

the partition offC1; :::;Csg. To be speci�c,eV = [ s], and(k; l ) 2 eE if and only if there exists some

i 2 Ck and somej 2 Cl such that(i; j ) 2 E.

Now we are ready to de�ne a limiting version of (3.3) asv0 ! 0. Let eL 
 = DT diag(v� 1
1 (1 �


 ))D, which is the graph Laplacian of the weighted graph with adjacency matrixf v� 1
1 (1 � 
 ij )g.

Then, de�ne

p(e� j
; � 2) =
1

(2�� 2)(s� 1)=2

r
detZ T


 w(Z T



eL 
 Z
 ) exp

 

�
e� T Z T



eL 
 Z
 e�

2� 2

!

I f e� 2 � Z T

 wg:

(3.23)

With eG = ( eV ; eE) standing for the contracted base graph, the prior distribution (3.23) can also

be written as

p(e� j
; � 2) / exp

0

B
@�

X

(k;l )2 eE

! kl (e� k � e� l )
2

2� 2v1

1

C
A If e� 2 � Z T


 wg; (3.24)
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where! kl =
P

(i;j )2E I f z(i ) = k; z(j ) = lg, which means that the edgesf (i; j )gz(i )= k;z(j )= l in

the base graphG = ( V; E) are contracted as a new edge(k; l ) in eG = ( eV ; eE) with ! kl as the weight.

Proposition 3.3.1.SupposeG = ( V; E) is connected and1T
p w 6= 0. LetZ
 be the membership

matrix de�ned as above. Then for any
 2 f 0; 1gm, (3.23) is a well-de�ned density function on the

(s � 1)-dimensional subspacef e� 2 Rs : wT Z
 e� = 0g. Moreover, for an arbitrary design matrix

X 2 Rn� p, the distribution of� that follows (3.3) weakly converges to that ofZ
 e� asv0 ! 0.

Motivated by Proposition 3.3.1, a limiting version of (3.7) forv0 = 0 is de�ned as follows,

yj�; e�; 
; � 2 � N (X (�w + Z
 e� ); � 2I n): (3.25)

Then,p(e� j
; � 2) is given by (3.23), andp(� j� 2), p(
 j� ), p(� ), p(� 2) are speci�ed in (3.2) and

(3.4)-(3.6). The posterior distribution of
 has the formula

p(
 jy) /
Z Z Z Z

p(y; �; e�; 
; �; � 2)d�d e�d�d� 2

=
Z

p(� 2)
Z

p(� j� 2)
Z

p(yj�; e�; 
; � 2)p(e� j
; � 2)de�d�d� 2
Z

p(
 j� )p(� )d�:

A standard calculation using conjugacy gives

p(
 jy) /

0

@
detZ T


 w(Z T



eL 
 Z
 )

detZ T

 w(Z T


 (X T X + eL 
 )Z
 )

1

A

1=2 �
�

� + wT X T (I n � R
 )Xw

� 1=2

�

 

yT (I n � R
 )y �
jwT X T (I n � R
 )yj2

� + wT X T (I n � R
 )Xw
+ b

! � n+ a
2

�
Beta

� P
(i;j )2E 
 ij + A � 1;

P
(i;j )2E (1 � 
 ij ) + B � 1)

�

Beta(A; B )
;

(3.26)

where

R
 = XZ 
 (Z T

 (X T X + eL 
 )Z
 )� 1Z T


 X T :

This de�nes the model selection scoreg(
 ) = log p(
 jy) up to a universal additive constant. The
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Bayesian model selection procedure evaluatesg(
 ) on the solution pathf b
 (v0)g0<v 0� v1 and selects

the best model with the highest value ofg(
 ).

3.3.4 Summary of Our Approach

The parameterv0 plays a critical role in our Bayesian model selection procedure. Recall that the

joint distribution of our focus has the expression

p(yj� )pv0(� j
 )p(
 ); (3.27)

wherep(yj� ) is the linear model parametrized by� , pv0(� j
 ) is the spike-and-slab prior with tuning

parameterv0, andp(
 ) is the prior on the graph1. The tuning parameterv0 is the variance of the

spike component of the prior. Di�erent choices ofv0 are used as di�erent components in our entire

model selection procedure.

1. The ideal choice ofv0 = 0 models exact sparsity in the sense that
 ij = 1 implies� i = � j . In

this case, the exact posterior

pv0=0 (
 jy) /
Z

p(yj� )pv0=0 (� j
 )p(
 )d�

can be calculated according to the formulas that we derive in Section 3.3.3. Then the ideal

Bayes model selection procedure would be the one that maximizes the posteriorpv0=0 (
 jy)

over all
 . However, since this would require evaluatingpv0=0 (
 jy) for exponentially many


 's, it is sensible to maximizepv0=0 (
 jy) only over a carefully chosen subset of
 that has a

reasonable size for computational e�ciency.

2. The choice ofv0 > 0 models approximate sparsity in the sense that
 ij implies � i � � j .

Thoughv0 > 0 does not o�er interpretation of exact sparsity, a nonzerov0 leads to e�cient

1. We have ignored other parameters such as�; �; � 2 in order to make the discussion below clear and concise.
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computation via the EM algorithm. That is, for av0 > 0, we can maximize

max
q

max
�

X



q(
 ) log

p(yj� )pv0(� j
 )p(
 )
q(
 )

;

which is the objective function of EM. Denote the output of the algorithm byqv0(
 ) =
Q

ij qij;v 0, we then obtain our model byb
 ij (v0) = I f qij;v 0 > 0:5g. As we varyv0 on a grid

from 0 to v1, we obtain a path of modelsf b
 (v0)g0<v 0� v1. It covers models that ranges from

very parsimonious ones to the fully saturated one.

The proposed model selection procedure in Section 3.3.3 is

max

 2f b
 (v0)g0<v 0� v1

pv0=0 (
 jy); (3.28)

wherepv0=0 (
 jy) /
R

p(yj� )pv0=0 (� j
 )p(
 )d� . That is, we optimize the posterior distribution

pv0=0 (
 jy) only over the EM solution path. The best one among all the candidate models will be

selected according topv0=0 (
 jy), which is the exact/full posterior of
 . There are two ways to

interpret our model selection procedure (3.28):

1. The procedure (3.28) can be understood as a computationally e�cient approximation strategy

to the ideal Bayes model selection proceduremax
 pv0=0 (
 jy) that is infeasible to compute.

The EM algorithm with various choices ofv0 simply provides a short list of candidate models.

From this perspective, the proposed procedure (3.28) is fully Bayes.

2. The procedure (3.28) can be also understood as a method for selecting the tuning parameter

v0, because the maximizer of (3.28) must be in the form ofb
 (bv0) for some data-drivenbv0. In

this way, the solutionb
 = b
 (bv0) also has a non-Bayesian interpretation since it is obtained

by post-processing the EM solution with the tuning parameterbv0 selected by (3.28). In this

regard,b
 also can be thought of as an empirical Bayes estimator.

In summary, our proposed procedure (3.28) is motivated by both statistical and computational

considerations.
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3.4 Clustering: A New Deal

3.4.1 A Multivariate Extension

Before introducing our new Bayesian clustering model, we need a multivariate extension of the

general framework (3.7) to model a matrix observationy 2 Rn� d. With a design matrixX 2 Rn� p,

the dimension of� is nowp � d. We denote thei th row of � by � i . With the grounding vector

w 2 Rp, the distributionp(yj�; �; � 2)p(� j� 2)p(� j
; � 2) is given by

yj�; �; � 2 � N (X (w� T + � ); � 2I n 
 I d); (3.29)

� j� 2 � N
�

0;
� 2

�
I d

�
; (3.30)

� j
; � 2 � p(� j
; � 2) /
Y

(i;j )2E

exp

 

�
k� i � � j k2

2� 2[v0
 ij + v1(1 � 
 ij )]

!

I f � 2 � wg; (3.31)

where� w = f � 2 Rp� d : wT � = 0g. The prior distributions on
; �; � 2 are the same as

(3.4)-(3.6). Moreover, the multivariate spike-and-slab Laplacian prior (3.31) is supported on a

d(p � 1)-dimensional subspace� w, and is well-de�ned as long as1T
p w 6= 0 for the same reason

stated in Proposition 3.2.1.

The multivariate extension can be understood as the task of learningd individual graphs for each

column of� . Instead of modeling thed graph separately by
 (1) ; :::; 
 (d) using (3.7), we assume the

d columns of� share the same structure by imposing the condition
 (1) = ::: = 
 (d) .

An immediate example is a Bayesian multitask learning problem with group sparsity. It can be

viewed as a multivariate extension of Example 3.2.1. With the same argument in Example 3.2.1,

(3.29)-(3.31) is specialized to

yj�; � 2 � N (X�; � 2I n 
 I d);

� j
; � 2 � p(� j
; � 2) /
pY

i =1

exp
�

�
k� i k2

2� 2[v0
 i + v1(1 � 
 i )]

�
:
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To close this subsection, let us mentions that the model (3.29)-(3.31) can be easily modi�ed to

accommodate a heteroscedastic setting. For example, one can replace the� 2I n 
 I d in (3.29) by a

more generalI n 
 diag(� 2
1; :::; � 2

d), and then make corresponding changes to (3.30) and (3.31) as

well.

3.4.2 Model Description

Consider the likelihood

yj�; �; � 2 � N (1n � T + �; � 2I n 
 I d); (3.32)

with the prior distribution of� j� 2 speci�ed by (3.30). The clustering model uses the following form

of (3.31),

p(�; � j
; � 2) /
nY

i =1

kY

j =1

exp

 

�
k� i � � j k2

2� 2[v0
 ij + v1(1 � 
 ij )]

!

I f 1T
n � = 0g: (3.33)

Here, both vectors� i and� j are inRd. The prior distribution (3.33) can be derived from (3.31) by

replacing� in (3.31) with(�; � ) and specifying the base graph as a complete bipartite graph between

� and� . We impose the restriction that

kX

j =1


 ij = 1; (3.34)

for all i 2 [n]. Then,� 1; :::; � k are latent variables that can be interpreted as the clustering centers,

and each� i is connected to one of the clustering centers.

To fully specify the clustering model, the prior distribution of
 is given by (3.4) with� being

the set of allf 
 ij g that satis�es (3.34). Equivalently,

(
 i 1; :::; 
 ik ) � Uniform(f ej gk
j =1 ); (3.35)

independently for alli 2 [n], whereej is a vector with1 on thej th entry and0 elsewhere. Finally,
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the prior of� 2 is given by (3.6).

3.4.3 EM Algorithm

The EM algorithm can be derived by following the idea developed in Section 3.3.2. In the current

setting, the lower bound (3.19) becomes

log
X

T2spt(K n;k )

nY

i =1

kY

j =1

[v� 1
0 
 ij + v� 1

1 (1 � 
 ij )]

�
nX

i =1

kX

j =1

r ij log
h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i
+ log jspt(K n;k )j; (3.36)

whereK n;k is the complete bipartite graph. By symmetry, the e�ective resistancer ij = r is a

constant independent of(i; j ). Thus, (3.36) can be written as

r
nX

i =1

kX

j =1

log
h
v� 1

0 
 ij + v� 1
1 (1 � 
 ij )

i
+ log jspt(K n;k )j (3.37)

= r log(v� 1
0 )

nX

i =1

kX

j =1


 ij + r log(v� 1
1 )

nX

i =1

kX

j =1

(1 � 
 ij ) + log jspt(K n;k )j

= rn log(v� 1
0 ) + rn (k � 1) log(v� 1

1 ) + log jspt(K n;k )j; (3.38)

where the last equality is derived from (3.34). Therefore, for the clustering model, the lower bound

(3.19) is a constant independent off 
 ij g. As a result, the lower bound of the objective function of

the EM algorithm becomes

X



q(
 ) log

p(yj�; �; � 2)p(� j� 2)ep(�; � j
; � 2)p(
 )p(� 2)
q(
 )

; (3.39)

with

ep(�; � j
; � 2) = const�
1

(2�� 2)(n+ k� 1)d=2

nY

i =1

kY

j =1

exp

 

�
k� i � � j k2

2� 2[v0
 ij + v1(1 � 
 ij )]

!

;
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and the algorithm is to maximize (3.39) overq; �; � 2 f � : 1T
n � = 0g and� 2.

Maximizing (3.39) overq, we obtain the E-step as

qnew
ij =

exp
�

�
k� i � � j k2

2� 2�v

�

P k
l=1 exp

�
� k� i � � l k2

2� 2�v

� ; (3.40)

independently for alli 2 [n], where�v� 1 = v� 1
0 � v� 1

1 , and we have used the notation

qij = q
�
(
 i 1; :::; 
 ik ) = ej

�
:

It is interesting to note that the E-step only depends onv0 andv1 through�v. Maximizing (3.39) over

�; � 2 f � : 1T
n � = 0g; �; � 2, we obtain the M-step as

(� new; � new; � new) = argmin
�; 1T

n � =0 ;�
F (�; �; � ; qnew); (3.41)

(� 2)new =
F (� new; � new; � new; qnew) + b

(2n + k)d + a + 2
;

where

F (�; �; � ; q) = ky � 1n � T � � k2
F + � k� k2 +

nX

i =1

kX

j =1

�
qij

v0
+

1 � qij

v1

�
k� i � � j k2:

Note that for all� such that1T
n � = 0, we have

ky � 1n � T � � k2
F = kn� 11n1T

n y � 1n � T k2
F + ky � n� 11n1T

n y � � k2
F;

and thus the M-step (3.41) can be solved separately for� and(�; � ).
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3.4.4 A Connection to Bipartite Graph Projection

The clustering model (3.33) involves latent variables� that do not appear in the likelihood (3.32).

This allows us to derive an e�cient EM algorithm in Section 3.4.3. To better understand (3.33), we

connect the bipartite graphical structure between� and� to a graphical structure on� alone. Given

a 
 = f 
 ij g that satis�es (3.34), we call it non-degenerate if
P n

i=1 
 ij > 0 for all j 2 [k]. In other

words, none of thek clusters is empty.

Proposition 3.4.1.Let the conditional distribution of�; � j
; � 2 be speci�ed by (3.33) with some

non-degenerate
 . Then, the distribution of� j
; � 2 weakly converges to

p(� j
; � 2) /
Y

1� i<l � n

exp
�

�
� il k� i � � lk

2

2� 2v0

�
I f 1T

n � = 0g; (3.42)

asv1 ! 1 , where� il =
P k

j =1 
 ij 
 lj =nj with nj =
P n

i=1 
 ij being the size of thej th cluster.

The formula (3.42) resembles (3.3), except that� encodes a clustering structure. By the de�nition

of � il , if � i and� l are in di�erent clusters,� il = 0, and otherwise,� il takes the inverse of the size of

the cluster that both� i and� l belong to. The relation between (3.33) and (3.42) can be understood

from the operations of graph projection and graph lift, in the sense that the weighted graph� , with

nodes� , is a projection of
 , a bipartite graph between nodes� and nodes� . Conversely,
 is said to

be a graph lift of� . Observe that the clustering structure of (3.42) is combinatorial, and therefore it

is much easier to work with the bipartite structure in (3.33) with latent variables.

3.4.5 A Connection to Gaussian Mixture Models

We establish a connection to Gaussian mixture models. We �rst give the following result.

Proposition 3.4.2.Let the conditional distribution of�; � j
; � 2 be speci�ed by (3.33). Then, as

v0 ! 0, this conditional distribution weakly converges to the distribution speci�ed by the following
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sampling process:� = 
� and� j
; � 2 is sampled from

p(� j
; � 2) /
Y

1� j<l � k

exp

 

�
(nj + nl )k� j � � lk

2

2� 2v1

!

I f 1T
n 
� = 0g; (3.43)

wherenj =
P n

i=1 
 ij being the size of thej th cluster.

With this proposition, we can see that asv0 ! 0, the clustering model speci�ed by (3.32), (3.30)

and (3.33) becomes

yj�; �; 
; � 2 � N (1n � T + 
�; � 2I n 
 I d); (3.44)

with � j� 2 distributed by (3.30) and� j
; � 2 distributed by (3.43). The likelihood function (3.44) is

commonly used in Gaussian mixture models, which encodes an exact clustering structure. Therefore,

with a �nite v0, the model speci�ed by (3.32), (3.30) and (3.33) can be interpreted as a relaxed

version of the Gaussian mixture models that leads to an approximate clustering structure.

3.4.6 Adaptation to the Number of Clusters

The numberk in (3.33) should be understood as an upper bound of the number of clusters. Even

though the EM algorithm outputsk cluster centersf b� 1; :::; b� kg, thesek cluster centers will be

automatically grouped according to their own closedness as we vary the value ofv0. Generally

speaking, for a very smallv0 (the Gaussian mixture model in Section 3.4.5, for example),f b� 1; :::; b� kg

will take k vectors that are not close to each other. As we increasev0, the clustering centers

f b� 1; :::; b� kg start to merge, and eventually for a su�ciently largev0, they will all converge to a

single vector. In short,v0 parametrizes the solution path of our clustering algorithm, and on this

solution path, thee�ective number of clusters increases as the value ofv0 increases.

We illustrate this point by a simple numerical example. Let us consider the observationy =

(4; 2; � 2; 4)T 2 R4� 1. We �t our clustering model withk 2 f 2; 3; 4g. Figure 3.1 visualizes the

output of the EM algorithm(b�; b� ) asv0 varies. It is clear that the solution path always starts at

f b� 1; :::; b� kg of di�erent values. Then, asv0 increases, the solution path has various phase transitions
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where the closest twob� j 's merge. In the end, for a su�ciently largev0, the clustering centers

f b� 1; :::; b� kg all merge to a common value.

Figure 3.1: (Top) Solution paths ofb� with di�erent choices ofk; (Bottom) Model selection scores
on the solution paths.

To explain this phenomenon, it is most clear to investigate the casek = 2. Then, the M-step

(3.41) updates� according to

� new
1 = argmin

� 1

nX

i =1

�
qi 1
v0

+
1 � qi 1

v1

�
k� i � � 1k2

� new
1 = argmin

� 2

nX

i =1

�
qi 2
v0

+
1 � qi 2

v1

�
k� i � � 2k2:

Observe that both� new
1 and� new

1 are weighted averages off � 1; :::; � ng, and the only di�erence
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between� new
1 and� new

1 lies in the weights. According to the E-step (3.40),

qi 1 =
exp

�
� k� i � � 1k2

2� 2�v

�

exp
�

� k� i � � 1k2

2� 2�v

�
+ exp

�
� k� i � � 2k2

2� 2�v

�

qi 2 =
exp

�
� k� i � � 2k2

2� 2�v

�

exp
�

� k� i � � 1k2

2� 2�v

�
+ exp

�
� k� i � � 2k2

2� 2�v

� ;

and we recall that�v� 1 = v� 1
0 � v� 1

1 . Therefore, asv0 ! 1 , qi 1 ! 1=2 andqi 2 ! 1=2, which

results in the phenomenon that� new
1 and� new

2 merge to the same value. The same reasoning also

applies tok � 2.

3.4.7 Model Selection

In this section, we discuss how to select a clustering structure from the solution path of the EM

algorithm. According to the discussion in Section 3.4.6, we should understandk as an upper bound

of the number of clusters, and the estimator of the number of clusters will be part of the output of

the model selection procedure. The general recipe of our method follows the framework discussed

in Section 3.3.3, but some nontrivial twist is required in the clustering problem. To make the

presentation clear, the model selection procedure will be introduced in two parts. We will �rst

propose our model selection score, and then we will describe a method that extracts a clustering

structure from the output of the EM algorithm.

The model selection score. For any
 2 f 0; 1gn� k that satis�es (3.34), we can calculate the

posterior probabilityp(
 jy) with v0 = 0. This can be done by the connection to Gaussian mixture

models discussed in Section 3.4.5. To be speci�c, the calculation follows the formula

p(
 jy) =
Z Z Z

p(yj�; �; 
; � 2)p(� j� 2)p(� j
; � 2)p(� 2)p(
 )d�d�d� 2;
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wherep(yj�; �; 
; � 2), p(� j� 2), p(� j
; � 2), p(� 2), andp(
 ) are speci�ed by (3.32), (3.30), (3.43),

(3.6) and (3.35). A standard calculation gives the formula

p(
 jy) /

 
�

� + n
�

det
 T 1n
( �L 
 )

det
 T 1n
( �L 
 + 
 T 
 )

! d=2

�

"
�n

� + n
kn� 11nyk2

+ Tr
�

(y � n� 11n1T
n y)T (I n � 
 ( �L 
 + 
 T 
 )
 T )(y � n� 11n1T

n y)
�

#� nd+ a
2

;

(3.45)

where �L 
 = ( 1k� n 
 + 
 T 1n� k � 2
 T 
 )=v1 is the graph Laplacian of the weighted adjacency

matrix, which satis�es

Tr(� T �L 
 � ) =
X

1� j<l � k

nj + nl

v1
k� j � � lk

2:

Recall thatnj =
P n

i=1 
 ij is the size of thej th cluster.

However, the goal of the model selection is to select a clustering structure, and it is possible that

di�erent 
 's may correspond to the same clustering structure due to label permutation. To overcome

this issue, we need to sum over all equivalent
 's. Given a
 2 f 0; 1gn� k that satis�es (3.34), de�ne

a symmetric membership matrix�( 
 ) 2 f 0; 1gn� n by

� il (
 ) = I

8
<

:

kX

j =1


 ij 
 lj = 1

9
=

;
:

In other words,� il (
 ) = 1 if and only if i andl are in the same cluster. It is easy to see that every

clustering structure can be uniquely represented by a symmetric membership matrix. We de�ne the

posterior probability of a clustering structure� by

p(� jy) =
X


 2f 
 :�( 
 )=� g

p(
 jy):

The explicit calculation of the above summation is not necessary. A shortcut can be derived from the
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fact thatp(
 jy) = p(
 0jy) if �( 
 ) = �( 
 0). This immediately implies thatp(� jy) = j� jp(
 jy) for

any
 that satis�es�( 
 ) = � . Suppose� encodes a clustering structure withek nonempty clusters,

and then we havej� j =
� k
ek

� ek!. This leads to the model selection score

g(
 ) = log p(�( 
 )jy) = log p(
 jy) + log
��

k
ek

�
ek!

�
; (3.46)

for any
 2 f 0; 1gn� k that satis�es (3.34), andek above is calculated byek =
P k

j =1 max1� i � n 
 ij ,

the e�ective number of clusters.

Extraction of clustering structures from the EM algorithm. Let b� andbq be outputs of the EM

algorithm, and we discuss how to obtainb
 that encodes a meaningful clustering structure to be

evaluated by the model selection score (3.46). It is very tempting to directly thresholdbq as is done

in Section 3.3.3. However, as has been discussed in Section 3.4.6, the solution paths off � 1; :::; � kg

merge at some values ofv0. Therefore, we should treat the clusters whose clustering centers merge

together as a single cluster.

Givenb� 1; :::; b� k output by the M-step, we �rst mergeb� j andb� l wheneverkb� j � b� lk � � . The

number� is taken as10� 8, the square root of the machine precision, in our code. This forms a

partition[k] = [
bk
l=1 Gl for somebk � k. Then, by taking average within each group, we obtain a

reduced collection of clustering centerse� 1; :::; e� bk . In other words,e� l = jGl j
� 1 P

j 2Gl
b� j .

Thebq 2 [0; 1]n� k output by the E-step should also be reduced toeq 2 [0; 1]n� bk as well. Note

thatbqij is the estimated posterior probability that thei th node belongs to thej th cluster. This means

thateqil is the estimated posterior probability that thei th node belongs to thelth reduced cluster. An

explicit formua is given byeqil =
P

j 2Gl
bqij .

With the reduced posterior probabilityeq, we simply apply thresholding to obtainb
 . We have

(b
 i 1; :::; b
 ik ) = ej if j = argmax1� l � bk eqil . Recall thatej is a vector with1 on thej th entry and0

elsewhere. Note that according to this construction, we always haveb
 ij = 0 wheneverj > bk. This

does not matter, because the model selection score (3.46) does not depend on the clustering labels.

Finally, theb
 constructed according to the above procedure will be evaluated byg(b
 ) de�ned by
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(3.46).

In the toy example with four data pointsy = (4 ; 2; � 2; 4)T , the model selection score is computed

along the solution path. According to Figure 3.1, the model selection procedure suggests that a

clustering structure with two clustersf 4; 2g andf� 2; � 4g is the most plausible one. We also note

that the curve ofg(
 ) has sharp phase transitions whenever the solution paths� merge.

3.5 Extensions with Graph Algebra

In many applications, it is useful to have a model that imposes both row and column structures on a

high-dimensional matrix� 2 Rp1� p2. We list some important examples below.

1. Biclustering.In applications such as gene expression data analysis, one needs to cluster both

samples and features. This task imposes a clustering structure for both rows and columns of

the data matrix [72, 29].

2. Block sparsity.In problems such as planted clique detection [47] and submatrix localization

[68], the matrix can be viewed as the sum of a noise background plus a submatrix of signals

with unknown locations. Equivalently, it can be modeled by simultaneous row and column

sparsity [103].

3. Sparse clustering.Suppose the data matrix exhibits a clustering structure for its rows and a

sparsity structure for its columns, then we have a sparse clustering problem [168]. For this

task, we need to select nonzero column features in order to accurately cluster the rows.

For the problems listed above, the row and column structures can be modeled by graphs
 1 and
 2.

Then, the structure of the matrix� is induced by a notion of graph product of
 1 and
 2. In this

section, we introduce tools from graph algebra including Cartesian product and Kronecker product

to build complex structure from simple components.

We �rst introduce the likelihood of the problem. To cope with many useful models, we assume

that the observation can be organized as a matrixy 2 Rn1� n2. Then, the speci�c setting of a certain
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problem can be encoded by design matricesX 1 2 Rn1� p1 andX 2 2 Rn2� p2. The likelihood is

de�ned by

yj�; �; � 2 � N (X 1(�w + � )X T
2 ; � 2I n1 
 I n2): (3.47)

The matrixw 2 Rp1� p2 is assumed to have rank one, and can be decomposed asw = w1wT
2 for

somew1 2 Rp1 andw2 2 Rp2. The prior distribution of the scalar is simply given by

� j� 2 � N (0; � 2=� ): (3.48)

We then need to build prior distributions of� that is supported on� w = f � 2 Rp1� p2 : Tr(w� T ) =

0g using Cartesian and Kronecker products.

3.5.1 Cartesian Product

We start with the de�nition of the Cartesian product of two graphs.

De�nition 3.5.1. Given two graphsG1 = ( V1; E1) andG2 = ( V2; E2), their Cartesian product

G = G1� G2 is de�ned with the vertex setV1 � V2. Its edge set contains((x1; x2); (y1; y2)) if and

only if x1 = y1 and(x2; y2) 2 E2 or (x1; y1) 2 E1 andx2 = y2.

According to the de�nition, it can be checked that for two graphs of sizesp1 andp2, the adjacency

matrix, the Laplacian and the incidence matrix of the Cartesian product enjoy the relations

A1� 2 = A2 
 I p1 + I p2 
 A1;

L1� 2 = L2 
 I p1 + I p2 
 L1;

D1� 2 = [ D2 
 I p1; I p2 
 D1]:

Given graphs
 1 and
 2 that encode row and column structures of� , we introduce the following
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prior distribution

p(� j
 1; 
 2; � 2) /
Y

(i;j )2E1

exp

 

�
k� i � � � j � k2

2� 2[v0
 1;ij + v1(1 � 
 1;ij )]

!

(3.49)

�
Y

(k;l )2E2

exp

 

�
k� � k � � � lk

2

2� 2[v0
 2;kl + v1(1 � 
 2;kl )]

!

I f � 2 � wg:

Here,E1 andE2 are the base graphs of the row and column structures. According to its form, the

prior distribution (3.49) models both pairwise relations of rows and those of columns based on
 1

and
 2, respectively. To better understand (3.49), we can write it in the following equivalent form,

p(� j
 1; 
 2; � 2) / exp
�

�
1

2� 2vec(� )T �
L 
 2 
 I p1 + I p2 
 L 
 1

�
vec(� )

�
I f � 2 � wg; (3.50)

whereL 
 1 2 Rp1� p1 andL 
 2 2 Rp2� p2 are Laplacian matrices of the weighted graphsf v0
 1;ij +

v1(1� 
 1;ij )gandf v0
 2;kl + v1(1� 
 2;kl )g, respectively. Therefore, by De�nition 3.5.1,p(� j
 1; 
 2; � 2)

is a spike-and-slab Laplacian priorp(� j
; � 2) de�ned in (3.3) with 
 = 
 1� 
 2, and the well-

de�nedness is guaranteed by Proposition 3.2.1.

To complete the Bayesian model, the distribution of(
 1; 
 2; � 2) are speci�ed by


 1; 
 2j� 1; � 2 �
Y

(i;j )2E1

�

 1;ij
1 (1 � � 1)1� 
 1;ij

Y

(i;j )2E2

�

 2;kl
2 (1 � � 2)1� 
 2;kl ; (3.51)

� 1; � 2 � Beta(A1; B1)
O

Beta(A2; B2); (3.52)

� 2 � InvGamma(a=2; b=2): (3.53)

We remark that it is possible to constrain
 1 and
 2 in some subsets� 1 and� 2 like (3.4). This extra

twist is useful for a biclustering model that will be discussed in Section 3.5.3.

Note that in general the base graphG = G1� G2 is not a tree, and the derivation of the EM

algorithm follows a similar argument in Section 3.3.2. Using the same argument in (3.19), we lower
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boundlog
P

T2spt(G)
P

e2T [v� 1
0 
 e + v� 1

1 (1 � 
 e)] by

X

e2E1� E2

re log[v� 1
0 
 e + v� 1

1 (1 � 
 e)] + log jspt(G)j: (3.54)

Since

E1� E2 = f (( i; k ); (j; k )) : ( i; j ) 2 E1; k 2 V2g [ f (( i; k ); (i; l )) : i 2 V1; (k; l ) 2 E2g;

and
 = 
 1� 
 2, we can write (3.54) as

X

(i;j )2E1

p2X

k=1

r (i;k );(j;k ) log[v� 1
0 
 1;ij + v� 1

1 (1 � 
 1;ij )]

+
X

(k;l )2E2

p1X

i =1

r (i;k );(i;l ) log[v� 1
0 
 2;kl + v� 1

1 (1 � 
 2;kl )]

=
X

(i;j )2E1

r1;ij log[v� 1
0 
 1;ij + v� 1

1 (1 � 
 1;ij )] +
X

(k;l )2E2

r2;kl log[v� 1
0 
 2;kl + v� 1

1 (1 � 
 2;kl )];

where

r1;ij =
p2X

k=1

r (i;k );(j;k ) =
1

jspt(G)j

p2X

k=1

X

T2spt(G)

I f (( i; k ); (j; k )) 2 Tg;

andr2;kl is similarly de�ned.

Using the lower bound derived above, it is direct to derive the an EM algorithm, which consists
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of the following iterations,

qnew
1;ij =

� 1v
�

r 1;ij
2

0 e
� 1

2� 2v0
k� i � � � j � k2

� 1v
�

r 1;ij
2

0 e
� 1

2� 2v0
k� i � � � j � k2

+ (1 � � 1)v
�

r 1;ij
2

1 e
� 1

2� 2v1
k� i � � � j � k2

; (3.55)

qnew
2;kl =

� 2v
�

r 2;kl
2

0 e
� 1

2� 2v0
k� � k � � � l k2

� 2v
�

r 2;kl
2

0 e
� 1

2� 2v0
k� � k � � � l k2

+ (1 � � 2)v
�

r 2;kl
2

1 e
� 1

2� 2v1
k� � k � � � l k2

; (3.56)

(� new; � new) = argmin
�;� 2 � w

F (�; � ; qnew
1 ; qnew

2 ); (3.57)

(� 2)new =
F (� new; � new; qnew

1 ; qnew
2 ) + b

n1n2 + p1p2 + a + 2
;

� new
1 =

A1 � 1 +
P

(i;j )2E1
qnew
1;ij

A1 + B1 � 2 + m1
;

� new
2 =

A2 � 1 +
P

(k;l )2E2
qnew
2;ij

A2 + B2 � 2 + m2
: (3.58)

The de�nition of the functionF (�; � ; q1; q2) is given by

F (�; � ; q1; q2) = ky � X 1(�w + � )X T
2 k2

F + �� 2 + vec(� )T �
Lq2 
 I p1 + I p2 
 Lq1

�
vec(� )

Though the E-steps (3.55) and (3.56) are straightforward, the M-step (3.57) is a quadratic

programming of dimensionp1p2, which may become the computational bottleneck of the EM

algorithm when the size of the problem is large. We will introduce a Dykstra-like algorithm to solve

(3.57) in Appendix 3.8.5.

The Cartesian product model is useful for simultaneous learning the row structure
 1 and the

column structure and
 2 of the coe�cient matrix � . Note that whenX 1 = X , X 2 = I d, andE2 = ? ,

the Cartesian product model becomes the multivariate regression model described in Section 3.4.1.

In this case, the model only regularizes the row structure of� . Another equally interesting example

is obtained whenX 1 = X , X 2 = I d, andE1 = ? . In this case, the model only regularizes the

column structure of� , and can be interpreted as multitask learning with task clustering.
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3.5.2 Kronecker Product

The Kronecker product of two graphs is de�ned below.

De�nition 3.5.2. Given two graphsG1 = ( V1; E1) andG2 = ( V2; E2), their Kronecker product

G = G1 
 G2 is de�ned with the vertex setV1 � V2. Its edge set contains((x1; x2); (y1; y2)) if and

only if (x1; y1) 2 E1 and(x2; y2) 2 E2.

It is not hard to see that the adjacency matrix of two graphs has the formulaA1
 2 = A1 
 A2,

which gives the name of De�nition 3.5.2. The prior distribution of� given row and column graphs


 1 and
 2 that we discuss in this subsection is

p(� j
 1; 
 2; � 2) /
Y

(i;j )2E1

Y

(k;l )2E2

exp

 

�
(� ik � � jl )2

2� 2[v0
 1;ij 
 2;kl + v1(1 � 
 1;ij 
 2;kl )]

!

I f � 2 � wg:

(3.59)

Again,E1 andE2 are the base graphs of the row and column structures. According to its form, the

prior imposes a nearly block structure on� based on the graphs
 1 and
 2. Moreover,p(� j
 1; 
 2; � 2)

can be viewed as a spike-and-slab Laplacian priorp(� j
; � 2) de�ned in (3.3) with
 = 
 1 
 
 2. The

distribution of(
 1; 
 2; � 2) follows the same speci�cation in (3.51)-(3.53).

To derive an EM algorithm, we follow the strategy described in Section 3.3.2 and the lower

boundlog
P

T2spt(G)
P

e2T [v� 1
0 
 e + v� 1

1 (1 � 
 e)] by

X

(i;j )2E1

X

(k;l )2E2

r (i;k );(j;l ) log[v� 1
0 
 1;ij 
 2;kl + v� 1

1 (1 � 
 1;ij 
 2;kl )]: (3.60)

Unlike the Cartesian product, the Kronecker product structure has a lower bound (3.60) that is not

separable with respect to
 1 and
 2. This makes the E-step combinatorial, and does not apply to a

large-scale problem. To alleviate this computational barrier, we consider a variational EM algorithm

that �nds the best posterior distribution of
 1; 
 2 that can be factorized. In other words, instead of

maximizing over all possible distributionq, we maximize over the mean-�led classq 2 Q , with
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Q = f q(
 1; 
 2) = q1(
 1)q2(
 2) : q1; q2g. Then, the objective becomes

max
q1;q2

max
�;� 2 � 2;�;�;� 2

X


 1;
 2

q1(
 1)q2(
 2) log
ep(y; �; �; �; 
 1; 
 2; �; � 2)

q1(
 1)q2(
 2)
;

whereep(y; �; �; �; 
 1; 
 2; �; � 2) is obtained by replacingp(� j
 1; 
 2; � 2) with ep(� j
 1; 
 2; � 2) in the

joint distributionp(y; �; �; �; 
 1; 
 2; �; � 2). Here,log ep(� j
 1; 
 2; � 2) is a lower bound forlogp(� j
 1; 
 2; � 2)

with (3.60). The E-step of the variational EM is

qnew
1 (
 1) / exp

 
X


 2

q2(
 2) log ep(y; �; �; �; 
 1; 
 2; �; � 2)

!

;

qnew
2 (
 2) / exp

 
X


 1

qnew
1 (
 1) log ep(y; �; �; �; 
 1; 
 2; �; � 2)

!

:

After some simpli�cation, we have

qnew
1;ij =

1

1 +
(1� � 1)

Q
(k;l )2 E2

 

v
�

r ( i;k );(j;l )
2

1 e
� 1

2� 2v1
(� ik � � jl )2

! q2;kl

� 1
Q

(k;l )2 E2

 

v
�

r ( i;k );(j;l )
2

0 e
� 1

2� 2v0
(� ik � � jl )2

! q2;kl

; (3.61)

qnew
2;kl =

1

1 +
(1� � 2)

Q
(i;j )2 E1

 

v
�

r ( i;k );(j;l )
2

1 e
� 1

2� 2v1
(� ik � � jl )2

! qnew
1;kl

� 2
Q

(i;j )2 E1

 

v
�

r ( i;k );(j;l )
2

0 e
� 1

2� 2v0
(� ik � � jl )2

! qnew
1;kl

: (3.62)

The M-step can be derived in a standard way, and it has the same updates as in (3.57)-(3.58),

with a new de�nition ofF (�; � ; q1; q2) given by

F (�; � ; q1; q2) = ky � X 1(�w + � )X 2k2 + �� 2

+
X

(i;j )2E1

X

(k;l )2E2

�
q1;ij q2;kl

v0
+

1 � q1;ij q2;kl

v1

�
(� ik � � jl )2:
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3.5.3 Applications in Biclustering

When both row and column graphs encode clustering structures discussed in Section 3.4.2, we have

the biclustering model. In this section, we discuss both biclustering models induced by Kronecker

and Cartesian products. We start with a special form of the likelihood (3.47), which is given by

yj�; �; � 2 � N (� 1n11T
n2

+ �; � 2I n1 
 I n2);

and the prior distribution on� is given by (3.48). The prior distribution on� will be discussed in

two cases.

Cartesian product
� � 2

� 1

� il � � � � il 0 � 2;ih

... � � � ...
...

� i 0l � � � � i 0l 0 � 2;i 0h

� 1;jl � 1;jl 0

Kronecker product
�

�

� il � il 0

� i 0l � i 0l 0

� � �

� � �...
...

� jh

� � �

Figure 3.2: Structure diagrams for the two biclustering methods. The Cartesian product biclustering
model(Left) and the Kronecker product biclustering model(Right)have di�erent latent variables
and base graphs. While the Cartesian product models the row and column clustering structures by
separate latent variable matrices� 1 2 Rk1� n2 and� 2 2 Rn1� k2, the Kronecker product directly
models the checkerboard structure by a single latent matrix� 2 Rk1� k2.

Cartesian product biclustering model. Let k1 2 [n1] andk2 2 [n2] be upper bounds of the

numbers of row and column clusters, respectively. We introduce two latent matrices� 1 2 Rk1� n2

and� 2 2 Rn1� k2 that serve as row and column clustering centers. The prior distribution is then

99



speci�ed by

p(�; � 1; � 2j
 1; 
 2; � 2) /
n1Y

i =1

k1Y

j =1

exp

 

�
k� i � � � 1;j � k2

2� 2[v0
 1;ij + v1(1 � 
 1;ij )]

!

�
n2Y

l=1

k2Y

h=1

exp

 

�
k� � l � � 2;� hk2

2� 2[v0
 2;lh + v1(1 � 
 2;lh )]

!

I f 1T
n1

� 1n2 = 0g;

which can be regarded as an extension of (3.33) in the form of (3.49). The prior distributions on
 1

and
 2 are independently speci�ed by (3.35) with(k; n) replaced by(k1; n1) and(k2; n2). Finally,

� 2 follows the inverse Gamma prior (3.6).

We follow the framework of Section 3.3.2. The derivation of the EM algorithm requires lower

boundinglog
P

T2spt(G)
P

e2T [v� 1
0 
 e + v� 1

1 (1 � 
 e)]. Using the same argument in Section 3.5.1,

we have the following lower bound

n1X

i =1

k1X

j =1

r1;ij log[v� 1
0 
 1;ij + v� 1

1 (1� 
 1;ij )]+
n2X

l=1

k2X

h=1

r2;lh log[v� 1
0 
 2;lh + v� 1

1 (1� 
 2;lh )]: (3.63)

By the symmetry of the complete bipartite graph,r1;ij is a constant that does not depend on(i; j ).

Then use the same argument in (3.37)-(3.38), and we obtain the fact that
P n1

i =1
P k1

j =1 r1;ij log[v� 1
0 
 1;ij +

v� 1
1 (1 � 
 1;ij )] is independent off 
 1;ij g, and the same conclusion also applies to the second term

of (3.63).

Since the lower bound (3.63) does not dependent on
 1; 
 2, the determinant factor in the density

functionp(�; � 1; � 2j
 1; 
 2; � 2) does not play any role in the derivation of the EM algorithm. With
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some standard calculations, the E-step is given by

qnew
1;ij =

exp
�

�
k� i � � � 1;j � k2

2� 2�v

�

P k1
u=1 exp

�
�

k� i � � � 1;u� k2

2� 2�v

� ;

qnew
1;lh =

exp
�

�
k� � l � � 2;� hk2

2� 2�v

�

P k2
v=1 exp

�
�

k� � l � � 2;� vk2

2� 2�v

� ;

where�v� 1 = v� 1
0 � v� 1

1 . The M-step is given by

(� new; � new; � new
1 ; � new

2 ) = argmin
�; 1T

n1
� 1n2=0 ;� 1;� 2

F (�; �; � 1; � 2; qnew
1 ; qnew

2 );

(� 2)new =
F (� new; � new; � new

1 ; � new
2 ; qnew

1 ; qnew
2 ) + b

2n1n2 + n1k2 + n2k1 + a + 2
;

where

F (�; �; � 1; � 2; q1; q2) = ky � � 1n11T
n2

� � k2
F + � k� k2

+
n1X

i =1

k1X

j =1

�
q1;ij

v0
+

1 � q1;ij

v1

�
k� i � � � 1;j � k2

+
n2X

l=1

k2X

h=1

�
q2;lh

v0
+

1 � q2;lh

v1

�
k� � l � � 2;� hk2:

Kronecker product biclustering model. For the Kronecker product structure, we introduce a

latent matrix� 2 Rk1� k2. Since the biclustering model implies a block-wise constant structure for

� . Each entry of� serves as a center for a block of the matrix� . The prior distribution is de�ned by

p(�; � j
 1; 
 2; � 2) /
n1Y

i =1

k1Y

j =1

n2Y

l=1

k2Y

h=1

exp

 

�
(� il � � jh )2

2� 2[v0
 1;ij 
 2;lh + v1(1 � 
 1;ij 
 2;lh )]

!

I f 1T
n1

� 1n2 = 0g:
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The prior distribution is another extension of (3.33), and it is in a similar form of (3.59). To �nish

the Bayesian model speci�cation, we consider the same priors for
 1; 
 2; � 2 as in the Cartesian

product case.

Recall that the lower bound oflog
P

T2spt(G)
P

e2T [v� 1
0 
 e + v� 1

1 (1 � 
 e)] is given by (3.60)

for a general Kronecker product structure. In the current setting, a similar argument gives the lower

bound
n1X

i =1

k1X

j =1

n2X

l=1

k2X

h=1

r (i;l );(j;h ) log[v� 1
0 
 1;ij 
 2;lh + v� 1

1 (1 � 
 1;ij 
 2;lh )]:

Sincer (i;l );(j;h ) is independent of(i; l ); (j; h ) by the symmetry of the complete bipartite graph, the

above lower bound can be written as

r
n1X

i =1

k1X

j =1

n2X

l=1

k2X

h=1

log[v� 1
0 
 1;ij 
 2;lh + v� 1

1 (1 � 
 1;ij 
 2;lh )]

= r log(v� 1
0 )

n1X

i =1

k1X

j =1

n2X

l=1

k2X

h=1


 1;ij 
 2;lh + r log(v� 1
1 )

n1X

i =1

k1X

j =1

n2X

l=1

k2X

h=1

(1 � 
 1;ij 
 2;lh )

= rn 1n2 log(v� 1
0 ) + rn 1n2(k1k2 � 1) log(v� 1

1 ); (3.64)

which is independent of
 1; 
 2. The inequality (3.64) is because both
 1 and
 2 satisfy (3.34).

Again, the determinant factor in the density functionp(�; � j
 1; 
 2; � 2) does not play any role in

the derivation of the EM algorithm, because the lower bound (3.64) does not depend on(
 1; 
 2).

Since we are working with the Kronecker product, we will derive a variational EM algorithm with

the E-step �nding the posterior distribution in the mean �led classQ = f q(
 1; 
 2) = q1(
 1)q2(
 2) :
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q1; q2g. By following the same argument in Section 3.5.2, we obtain the E-step as

qnew
1;ij =

exp
�

�
P n2

l=1
P k2

h=1
q2;lh (� il � � jh )2

2� 2�v

�

P k1
u=1 exp

�
�

P n2
l=1

P k2
h=1

q2;lh (� il � � uh )2

2� 2�v

� ;

qnew
2;lh =

exp
�

�
P n1

i =1
P k1

j =1
qnew

1;ij (� il � � jh )2

2� 2�v

�

P k2
v=1 exp

�
�

P n1
i =1

P k1
v=1

qnew
1;ij (� il � � lv )2

2� 2�v

�

where�v� 1 = v� 1
0 � v� 1

1 . The M-step is given by

(� new; � new; � new) = argmin
�; 1T

n1
� 1n2=0 ;�

F (�; �; � ; qnew
1 ; qnew

2 );

(� 2)new =
F (� new; � new; � new; qnew

1 ; qnew
2 ) + b

2n1n2 + n1k2 + n2k1 + a + 2
;

where

F (�; �; � 1; � 2; q1; q2) = ky � � 1n11T
n2

� � k2
F + � k� k2

+
n1X

i =1

k1X

j =1

n2X

l=1

k2X

h=1

�
q1;ij q2;lh

v0
+

1 � q1;ij q2;lh

v1

�
(� il � � jh )2:

3.6 Reduced Isotonic Regression

The models that we have discussed so far in our general framework all involve Gaussian likelihood

functions and Gaussian priors. It is important to develop a natural extension of the framework to

include non-Gaussian models. In this section, we discuss a reduced isotonic regression problem with

a non-Gaussian prior distribution, while a full extension to non-Gaussian models will be considered

as a future project.

Given a vector of observationy 2 Rn, the reduced isotonic regression seeks the best piecewise

constant �t that is nondecreasing [136, 52]. It is an important model that has applications in problems
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with natural monotone constraint on the signal. With the likelihoodyj�; �; � 2 � N (� 1n + �; � 2I n),

we need to specify a prior distribution on� that induces both piecewise constant and isotonic

structures. We propose the following prior distribution,

� j
; � 2 � p(� j
; � 2) /
n� 1Y

i =1

exp
�

�
(� i +1 � � i )2

2� 2[v0
 i + v1(1 � 
 i )]

�
I f � i � � i +1 gI f 1T

n � = 0g: (3.65)

We call (3.65) the spike-and-slab half-Gaussian distribution. Note that the support of the distribution

is the intersection of the conef � : � 1 � � 2 � ::: � � ng and the subspacef � : 1T
n � = 0g. The

parametersv0 andv1 play similar roles as in (3.3), which model the closedness between� i and� i +1

depending on the value of
 i .

Proposition 3.6.1.For any
 2 f 0; 1gn� 1 andv0; v1 2 (0; 1 ), the spike-and-slab half-Gaussian

prior (3.65) is well de�ned onf � : � 1 � � 2 � ::: � � ng \ f � : 1T
n � = 0g, and its density function

with respect to the Lebesgue measure restricted on the support is given by

p(� j
; � 2) = 2 n� 1 1

(2�� 2)(n� 1)=2

vu
u
t n

n� 1Y

i =1

[v� 1
0 
 i + v� 1

1 (1 � 
 i )]

� exp

 

�
n� 1X

i =1

(� i +1 � � i )2

2� 2[v0
 i + v1(1 � 
 i )]

!

I f � 1 � � 2 � ::: � � ngI f 1T
n � = 0g:

Note that the only place that Proposition 3.6.1 deviates from Proposition 3.2.1 is the extra factor

2n� 1 due to the isotonic constraintf � : � 1 � � 2 � ::: � � ng and the symmetry of the density. We

complete the model speci�cation by put priors on�; 
; �; � 2 that are given by (3.2), (3.4), (3.5) and

(3.6).

Now we are ready to derive the EM algorithm. Since the base graph is a tree, the EM algorithm

for reduced isotonic regression is exact. The E-step is given by

qnew
i =

�� (� i � � i � 1; 0; � 2v0)
�� (� i � � i � 1; 0; � 2v0) + (1 � � )� (� i � � i � 1; 0; � 2v1)

:

104



The M-step is given by

(� new; � new) = argmin
�;� 1� � 2� :::� � n ;1T

n � =0
F (�; � ; qnew); (3.66)

where

F (�; � ; q) = ky � � 1n � � k2 + �� 2 +
n� 1X

i =1

�
qi
v0

+
1 � qi

v1

�
(� i � � i � 1)2;

and the updates of� 2 and� are given by (3.17) withp = n. The M-step (3.66) can be solved by a

very e�cient optimization technique. Sinceky � � 1n � � k2 = k(�y � � )1nk2 + ky � �y1n � � k2

by 1T
n � = 0, � and� can be updated independently. It is easy to see that� new = n

n+ � �y. The update

of � can be solved by SPAVA [25].

Similar to the Gaussian case, the parameterv0 determines the complexity of the model. For each

v0 between0 andv1, we apply the EM algorithm above to calculatebq, and then letb
 i = b
 i (v0) =

I f bqi � 1=2g form a solution path. The best model will be selected from the EM-solution path by

the limiting version of the posterior distribution asv0 ! 0.

Given a
 2 f 0; 1gn� 1, we writes = 1 +
P n� 1

i=1 (1 � 
 i ) to be the number of pieces, and

Z
 2 f 0; 1gn� s is the membership matrix de�ned in Section 3.3.3. Asv0 ! 0, a slight variation of

Proposition 3.3.1 implies that� that follows (3.65) weakly converges toZ
 e� , wheree� is distributed

by

p(e� j
; � 2) / exp

 

�
sX

l=1

(e� l � e� l+1 )2

2� 2v1

!

I f e� 1 � e� 2 � ::: � e� sgI f 1T
n Z
 e� = 0g: (3.67)

The following proposition determines the normalizing constant of the above distribution.

Proposition 3.6.2.The density function of (3.67) is given by

p(e� j
; � 2) = 2 s� 1(2�� 2)� (s� 1)=2
r

detZ T

 1n

(Z T



eL 
 Z
 )�

exp

 

�
sX

l=1

(e� l � e� l+1 )2

2� 2v1

!

I f e� 1 � e� 2 � ::: � e� sgI f 1T
n Z
 e� = 0g;

(3.68)
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whereZ
 and eL 
 are de�ned in Section 3.3.3.

Interestingly, compared with the formula (3.23), (3.68) has an extra2s� 1 due to the isotonic

constraintf e� 1 � ::: � e� sg.

Following Section 3.3.3, we consider a reduced version of the likelihoodyj�; e�; 
; � 2 � N (� 1n+

Z
 e�; � 2I n). Then, with the prior distributions on�; e�; 
; � 2 speci�ed by (3.2), (3.68), (3.4), (3.5)

and (3.6), we obtain the joint posterior distributionp(�; e�; 
; � 2jy). Ideally, we would like to

integrate out�; e�; � 2 and usep(
 jy) for model selection. However, the integration with respect toe�

is intractable due to the isotonic constraint. Therefore, we propose to maximize out�; e�; � 2, and

then the model selection score for reduced isotonic regression is given by

g(
 ) = max
�; e� 1� :::� e� s;1T

n Z 
 e� =0 ;� 2
logp(�; e�; 
; � 2jy):

For each
 , the optimization involved in the evaluation ofg(
 ) can be done e�ciently, which is very

similar to the M-step updates.

3.7 Numerical Results

In this section, we test the performance of the methods proposed in the paper and compare the

accuracy in terms of sparse signal recovery and graphical structure estimation with existing methods.

We name our method BayesMSG (Bayesian Model Selection on Graphs) throughout the section.

All simulation studies and real data applications were conduced on a standard laptop (2.6 GHz Intel

Core i7 processor and 16GB memory) using R/Julia programming language. Detailed codes for

implementation of the algorithm are available online athttps://github.com/youngseok-kim/

BayesMSG-paperfor reproduction of the results.

Our Bayesian method outputs a subgraph de�ned by

b
 = argmax
�

g(
 ) : 
 2 f b
 (v0)g0<v 0� v1

	
;
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which is a sub-model selected by the model selection scoreg(
 ) on the EM solution path (see

Section 3.3.3 for details). Suppose
 � is the underlying true subgraph that generates the data, we

measure the performance ofb
 by false discovery proportion and power. The de�nitions are

FDP =

P
(i;j )2E (1 � b
 ij )
 �

ijP
(i;j )2E (1 � b
 ij )

and POW = 1 �

P
(i;j )2E (1 � 
 �

ij )b
 ij
P

(i;j )2E (1 � 
 �
ij )

;

where we adopt the convention that0=0 = 1. Note that the aboveFDPandPOWare not suitable

for the clustering/biclustering model, because clustering structures are equivalent up to arbitrary

clustering label permutations.

The sub-model indexed byb
 also induces a point estimator for the model parameters. This can

be done by calculating the posterior mean of the reduced model speci�ed by the likelihood (3.25)

and priors (3.2) and (3.23). With notationsp(yj�; e�; 
; � 2), p(� j� 2) andp(e� j
; � 2) for (3.25), (3.2)

and (3.23), the point estimator is de�ned byb� = � estw + Zb

e� est, whereZ
 is the membership

matrix de�ned in Section 3.3.3, and the de�nition of(� est; e� est) is given by

(� est; e� est) = argmax
�; e� 2f e� :wT Zb


e� =0g
log

h
p(yj�; e�; b
; � 2)p(� j� 2)p(e� jb
; � 2)

i
;

which is a simple quadratic programming whose solution does not depend on� 2. Note that the

de�nition implies thatb� is the posterior mode of the reduced model. Since the posterior distribution

is Gaussian,b� is also the posterior mean. The performance ofb� will be measured by the mean

squared error

MSE=
1
n

kX ( b� � � � )k2;

where� � is the true parameter that generates the data.

The hyper-parametersa; b; A; B in (3.5) and (3.6) are all set as the default value1. The same

rule is also applied to the extensions in Sections 3.4-3.6.
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Figure 3.3: Three di�erent signals for the linear chain graph. All signals have 20 pieces. Signal
1 has evenly spaced changes (each piece has length50), Signal 2 has unevenly spaced changes (a
smaller piece has length10), and Signal 3 has very unevenly spaced changes (a smaller one has
length2).

Figure 3.4: Visualization of typical solutions of the three methods when� = 0:5. Since`0-pen
is very unstable, we plot contrasting solutions from two independent replicates.(Top) Evenly
spaced signal;(Center)Unequally spaced signal;(Bottom)Very unevenly spaced signal;(Far Left)
BayesMSG;(Left)GenLasso;(Right and Far Right)Two independent replicates of`0-pen.

3.7.1 Simulation Studies

In this section, we compare the proposed Bayesian model selection procedure with existing methods

in the literature. There are two popular generic methods for graph-structured model selection in the
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literature. The �rst method is the generalized Lasso (or simlply GenLasso henceforth) [154, 138, 156],

de�ned by

b� =
1
2

ky � X� k2 + �
X

(i;j )2E

j� i � � j j: (3.69)

The second method is the`0-penalized least-squares [8, 50, 46], de�ned by

b� =
1
2

ky � X� k2 + �
X

(i;j )2E

I f � i 6= � j g: (3.70)

For both methods, an estimated subgraph is given by

b
 ij = I fj b� i � b� j j � � g;

for all (i; j ) 2 E. Here, the number� is taken as10� 8. The two methods are referred to by

GenLasso and̀0-pen from now on. In addition to GenLasso and`0-pen, various other methods

[121, 19, 64, 151, 53, 30, 105, 52, 155] that are speci�c to di�erent models will also be compared

in our simulation studies.

Linear Chain Graph

We �rst consider the simplest linear chain graph, which corresponds to the change-point mdoel

explained in Example 3.2.2. We generate data according toy � N (� � ; � 2I n) with n = 1000 and

� 2 f 0:1; 0:2; 0:3; 0:4; 0:5g. The mean vector� � 2 Rn is speci�ed in three di�erent cases as shown

in Figure 3.3.

We compare the performances of the proposed Bayesian method, GenLasso and`0-pen. For the

linear chain graph, GenLasso is the same as fused Lasso [154]. Its tuning parameter� in (3.69) is

selected by cross validation using the default method of the R packagegenlasso [4]. For `0-pen,

the� in (3.70) is selected using the method suggested by [46].

The results are summarized in Table 3.1. Some typical solutions of the three methods are plotted

in Figure 3.4. In terms ofMSE, our Bayesian method achieves the smallest error among the three
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Table 3.1: Comparisons of the three methods for the linear chain graph.

�
Even Uneven Very uneven

MSE FDP POW MSE FDP POW MSE FDP POW

BayesMSG

0:1 0.00019 0.00 1.00 0.00949 0.00 1.00 0.00217 0.00 0.80
0:2 0.00585 0.00 0.98 0.01010 0.00 0.97 0.00279 0.00 0.81
0:3 0.01620 0.01 0.96 0.01116 0.01 0.97 0.00349 0.00 0.81
0:4 0.01940 0.05 0.95 0.01693 0.02 0.96 0.00837 0.00 0.79
0:5 0.04667 0.10 0.95 0.03682 0.02 0.96 0.01803 0.05 0.78

GenLasso

0:1 0.00094 0.81 1.00 0.00116 0.90 1.00 0.00570 0.96 1.00
0:2 0.00374 0.81 1.00 0.00458 0.90 1.00 0.01152 0.94 1.00
0:3 0.00842 0.81 0.98 0.01024 0.89 1.00 0.02084 0.93 0.99
0:4 0.01494 0.81 0.98 0.01813 0.88 0.98 0.03376 0.92 0.98
0:5 0.02345 0.82 0.98 0.02818 0.89 0.98 0.04984 0.92 0.97

`0-pen

0:1 0.00505 0.00 0.98 0.00288 0.00 0.97 0.02042 0.00 0.81
0:2 0.00545 0.00 0.98 0.00888 0.00 0.94 0.06049 0.00 0.63
0:3 0.00399 0.01 0.98 0.00918 0.02 0.94 0.06121 0.00 0.63
0:4 0.00826 0.02 0.97 0.01119 0.02 0.93 0.06250 0.00 0.63
0:5 0.06512 0.03 0.92 0.04627 0.02 0.93 0.06452 0.00 0.63

methods when� is small, and GenLasso has the best performance when� is large. For model

selection performance measured byFDPandPOW, the Bayesian method is the best, and`0-pen is

better than GenLasso. We also point out that the solutions of`0-pen is highly unstable, as shown in

Figure 3.4. In terms of computational time, BayesMSG, GenLasso and`0-pen require 5.2, 11.8 and

19.0 seconds on average.

It is not surprising that GenLasso achieves the lowestMSEin the low signal strength regime.

This is because Lasso is known to produce estimators with strong bias towards zero, and therefore it

is favored when the true parameters are close to zero. The other two methods, BayesMSG and`0

are designed to achieve nearly unbiased estimators when the signals are strong, and therefore show

their advantages over GenLasso when the signal strength is large.

An interesting question would be if it is possible to design a method that works well in all of the

three criteria (MSE, POW, FDP) with both low and strong signal? Unfortunately, a recent paper

[141] proves that this is impossible. The result of [141] rigorously establishes the incompatibility

phenomenon between selection consistency and rate-optimality in high-dimensional sparse regres-

sion. We therefore believe our proposed BayesMSG, which performs very well in terms of the three
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criteria (MSE, POW, FDP) except for theMSEin the low signal regime is a very good solution in

view of this recent impossibility result.

Regression with Graph-structured Coe�cients

For this experiment, we consider a linear regression setting with graph structured sparsity on the

regression coe�cients. We sample random Gaussian measurementsX ij � N (0; 1) and measure-

ment errors� i � N (0; 1). Then we construct a design matrixX 2 Rn� p and a response vector

y = X� + � 2 Rn, where� is a vector of node attributes of an underlying graphG.

We �x n = 500 throughout this simulation study, and consider three di�erent graph settings

listed in Table 3.2. WhenG is a star graph with the center node at0, our proposed model in

Section 3.2 corresponds to the sparse linear regression problem. We compare our proposed approach

BayesMSG with the following baseline methods implemented in R programming language: Lasso

(glmnet R package) [49], and Bayesian Spike-And-Slab linear regression (BSAS) via MCMC (BGLR

R package) [121]. All the R packages listed here are implemented using their default setting and

their recommended model selection methods.

Next, whenG is a linear chain graph, the model corresponds to the linear regression problem

with a sparse graph di�erence vector(� 2 � � 1; � � � ; � p � � p� 1). This problem setting is particularly

studied for fused Lasso [154] and the approximatè0 regression setting (ITALE) [175]. Therefore,

we compare BayesMSG with the above baseline approaches: fused Lasso (genlasso R package)

and ITALE (ITALER package) on the linear chain graph.

Finally, whenG is a complete graph, the model corresponds to the linear regression problem

with clustered coe�cients, i.e.� j 's may be clustered together. This particular problem setting is

also considered in the studies of GenLasso [157] and OSCAR [19]. We compare BayesMSG with

the following baseline methods: GenLasso and OSCAR (lqa R package). In brief, OSCAR seeks to

solve

minimize�
1
2

ky � X� k2
2 + �

pX

j =1

(c(j � 1) + 1) j� j(j ) :
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Table 3.2: Simulation Settings for Gaussian Design.

Graph # of nodesp # of edgesm # of �xed nodes Description

Star 1,001 1,001 1 regression with sparse coe�cients
Linear chain 1,000 999 0 regression with gradient-sparse signals
Complete 200 19,900 0 regression with clustered coe�cients

Table 3.3: Simulation Results for Gaussian DesignC = 0:5 (above)C = 1 (below).

Graph Star Graph Linear Chain Graph Complete Graph
Method BMSG Lasso BSAS BMSG GenLasso ITALE BMSG GenLasso OSCAR

MSE 0.579 0.792 0.530 0.099 0.276 0.159 0.399 0.472 0.438
Time 5.425 1.663 11.32 3.161 5.791 6.543 27.52 50.62 18.18
FDP 0.324 0.662 - 0.000 0.953 0.106 0.224 0.614 0.467
POW 0.978 0.995 - 0.954 0.980 0.988 0.996 1.000 1.000

Graph Star Graph Linear Chain Graph Complete Graph
Method BMSG Lasso BSAS BMSG GenLasso ITALE BMSG GenLasso OSCAR

MSE 0.624 0.789 0.592 0.099 0.274 0.176 0.403 0.472 0.442
Time 5.396 1.721 12.75 3.436 5.904 6.554 22.85 51.42 15.80
FDP 0.319 0.658 - 0.000 0.930 0.032 0.205 0.290 0.208
POW 0.983 0.982 - 0.994 0.988 0.996 0.998 1.000 0.994

A true graph-structured sparse signal is constructed as follows. For the case of star graphs,

� �
j = 0:5C for j = 1; � � � ; 40and0 otherwise. For the cases of linear change graphs and complete

graphs,� �
j = C for j = 1; � � � ; 0:4p, � �

j = 2C for j = 0:4p + 1; � � � ; 0:7p, � �
j = 3C for j =

0:7p + 1; � � � ; 0:9p and4C otherwise. Tables 3.3 displays the estimation error (MSEs)k� � � b� k2

on the test data sets, and computation times. BMSG, BSAS and GenLasso are abbreviations for

BayesMSG, Bayesian Spike-And-Slab regression and Generalized Lasso. Each reported error value

is averaged across 10 independent simulations with di�erent random seeds.

The results show that our proposed BayesMSG method is the overall winners across all models in

both estimation error (MSE) and model selection error (FDPandPOW). The advantage is especially

obvious for the linear chain graph and the complete graph. The only case where BayesMSG cannot

beat its competitor (BSAS) is the estimation error in the star graph case (sparse linear regression).

However, we note that BSAS is an MCMC-based method that does not involve model selection but

perform Bayesian model averaging. Thus, the solution of BSAS is not sparse. On the other hand,

BayesMSG is designed for model selection, and therefore performs much better in terms of model
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selection error (FDPandPOW).

Two-Dimensional Grid Graph

We consider the two-dimensional grid graph described in Example 3.2.3. The data is generated

according toyij � N (�� �
ij ; 1) for i = 1; :::; 21andj = 1; :::; 21, where

� �
ij =

&

2:8 cos

 p
i2 + j 2

2�

!

� 0:2

'

;

and� 2 f 1; 2; :::; 10g is used to control the signal strength. Note that� �
ij has a piecewise constant

structure because of the operation byd�ethat denotes the integer part. In fact,� �
ij only takes5

possible values as shown in Figure 3.6.

Since the R packagegenlasso does not provide a tuning method for the� in (3.69) for the

two-dimensional grid graph setting, we reportMSEbased on the� selected by cross validation, and

FDPandPOWare reported based on the� that minimizes theFDP. The� in `0-pen is tuned by the

method in [46].

The results are shown in Figure 3.5. It is clear that our method outperforms the other two in terms

of all the evaluation criteria when the signal strength is not very small. When the signal strength is

very small, GenLasso achieves the lowestMSEbut shows poor model selection performance. We

also illustrate the solution path of our method in Figure 3.6. Typical solutions of GenLasso and

`0-pen are visualized in Figure 3.7. We observe that`0-pen tends to oversmooth the data, while

GenLasso tends to undersmooth. In terms of the computational time, BayesMSG, GenLasso and

`0-pen require 21.2, 26.7 and 8.4 seconds on average.

Generic Graphs

In this section, we consider some graphical structures that naturally arise in real world applications.

The three graphs to be tested are the Chicago metropolitan area road network2, the Enron email

2. http://www.cs.utah.edu/ ~lifeifei/SpatialDataset.htm
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Figure 3.5: Comparison of the three methods for the two-dimensional grid graph. (Left) MSE;
(Center) FDP; (Right) POW.

Figure 3.6: (Top panels) True signal, noisy observations, model selection score, and �nal estimate;
(Bottom panels) A regularization path fromv0 = 10� 3 to v0 = 10� 1.

Figure 3.7:(Far Left) `0-pen with� selected using the method in [46]; (Left) `0-pen with� that
minimizesFDP; (Right)GenLasso with� selected by cross validation;(Far Right)GenLasso with
� that minimizesFDP.
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Table 3.4: Graph properties of the three real networks.

Name # of nodes # of edges mean.ER sd.ER diameter # of CC

Chicago roadmap 4126 4308 0.9575 0.0499 324 1
Enron email 4112 14520 0.2831 0.2341 14 1
Facebook egonet 4039 88234 0.0457 0.0608 8 1

Table 3.5: Important features of the signals on the three networks.

Name # of clust # of nodes in each clusters# of cuts total variation

Chicago roadmap 4 (576; 678; 835; 2037) 31 31� �
Enron email 4 (384; 538; 1531; 1659) 4570 5047� �
Facebook egonet 4 (750; 753; 778; 1758) 651 1220� �

Figure 3.8: The Chicago roadmap network with signals exhibiting four clusters.

network3, and the Facebook egonet network4. For all the three networks, we extract induced

subgraphs of sizes about4000. Graph properties for the three networks are summarized in Table 3.4.

For each network, we calculate its number of nodes, number of edges, mean and standard deviation

of e�ective resistances, diameter, and number of connected components. We observe that the three

networks behave very di�erently. The Chicago roadmap network is locally and globally tree-like,

since its number of edges is very close to its number of nodes, and the distribution of its e�ective

resistances highly concentrates around1. The other two networks, the Enron email network and the

Facebook egonet, are denser graphs but their e�ective resistances behave in very di�erent ways.

For each network, we generate data according toyi � N (�� �
i ; 1) on its set of nodes, with the

signal strength varies according to� 2 f 1; 2; :::; 5g. The signal� � for each graph is generated as

3. http://snap.stanford.edu/data/email-Enron.html

4. http://snap.stanford.edu/data/ego-Facebook.html
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follows:

1. Pick four anchor nodes from the the set of all nodes uniformly at random.

2. For each node, compute the the length of the shortest path to each of the four anchor nodes.

3. Code thei th node byj if the j th anchor node is the closest one to thei th node. This gives

four clusters for each graph.

4. Generate a piecewise constant signal� �
i = j .

Some properties of the signals are summarized in Table 3.5, where the number of cuts of� � with

respect to the base graphG = ( V; E) is de�ned by
P

(i;j )2E I f � �
i 6= � �

j g, and the total variation of

� � means
P

(i;j )2E j� �
i � � �

j j. We also plot the signal on the Chicago roadmap network in Figure

3.8.

Since the R packagegenlasso does not provide a tuning method for the� in (3.69) for a generic

graph, we reportMSEbased on the� selected by cross validation, andFDPandPOWare reported

based on the� that minimizes theFDP. The� in `0-pen is tuned by the method in [46].

The results are shown in Figure 3.9. It is clear that our method outperforms the other two. When

the signal strength� is small, we observe that GenLasso sometimes has the smallestMSE, but its

MSEgrows very quickly as� increases. For most� 's, our method and̀0-pen are similar in terms of

MSE. In terms of the model selection performance, GenLasso is not competitive, and our method

outperforms̀ 0-pen.

Comparison of Di�erent Base Graphs

One key ingredient of our Bayesian model selection framework is the speci�cation of the base

graph. For the same problem, there can be multiple ways to specify the base graph that lead to

completely di�erent models and methods. In this section, we consider an example and compare the

performances of di�erent Bayesian methods with di�erent base graphs.
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Figure 3.9: Comparison of the three methods on generic graphs. (Top) Chicago Roadmap network;
(Center) Enron Email network; (Bottom) Facebook Ego network.

We consider observationsyij � N (� �
ij ; 1) for i 2 [n1] andj 2 [n2]. We �x n2 = 12 and vary

n1 from 24to 144. The signal matrix� � 2 Rn1� n2 has a checkerboard structure as shown in Figure

3.10. That is, then1 � n2 matrix is divided into6 � 6 equal-sized blocks. On the(u; v)th block,

� �
ij = 2( u + v � 6).

The following models are considered to �t the observations:

1. Vector clustering.We regard the matrixy 2 Rn1� n2 as an1n2-dimensional vector and apply

the clustering model described in Section 3.4.2 withn = k = n1n2.
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Figure 3.10: (Top left) True signal; (Top center) Computational time; (Top right) MSE; (Bottom)
Heatmaps of estimators using di�erent models (n1 = 72).

2. Two-dimensional grid graph.The two-dimensional image denoising model described in

Example 3.2.3 is �t to the observations.

3. Row clustering.We regard the matrixy 2 Rn1� n2 asn = n1 observations inRd with d = n2,

and then �t the clustering model described in Section 3.4.2 to the rows ofy with n = k = n1.

4. Cartesian product biclustering.The biclustering model induced by the Cartesian product

described in Section 3.5.3 is �t to the observations.

5. Kronecker product biclustering.The biclustering model induced by the Kronecker product

described in Section 3.5.3 is �t to the observations.

Figure 3.10 summarizes the results. In terms ofMSE, the vector clustering and the two-

dimensional grid graph do not fully capture the structure of the data and thus perform worse

than all other methods. Both the biclustering models are designed for the checkerboard structure,

and they therefore have the best performances. Between the two biclustering models, the one induced

by the Kronecker product has a smallerMSEat the cost of a higher computational time.

To summarize the comparisons, we would like to emphasize that the right choice of the base
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Figure 3.11: Comparisons of the 5 biclustering methods for the checkerboard data. (Left) Time;
(Right) MSE.

graph has an enormous impact to the result. This also highlights the 
exibility of our Bayesian

model selection framework that is able to capture various degrees of structures of the data.

Biclustering

To evaluate performance of our biclustering methods in comparison to existing methods, we provide

a simulation study using the same data in Section 3.7.1. The true parameter� 2 Rn1� n2 has a

checkerboard structure and is visualized in Figure 3.10. More precisely, we consider observations

yij � N (� �
ij ; 1) for i 2 [n1] andj 2 [n2]. We �x n2 = 12 and varyn1 from 24to 144. The signal

matrix � � 2 Rn1� n2 has a checkerboard structure as shown in Figure 3.10. That is, then1 � n2

matrix is divided into6 � 6 equal-sized blocks. On the(u; v)th block,� �
ij = 2( u + v � 6).

For comparison, we consider the three competitors, blockBC [64], sparseBC [151], and COBRA

[30], with the implementation via R packagesblockcluster , sparseBCandcvxbiclustr . In

summary, blockBC and sparseBC are based on the minimization of
P

i;j (yij � � z1(i )z2(j ))
2 given

the numberk1 andk2 of row and column clusters, respectively, where� 2 Rk1� k2 is a matrix of

latent hidden bicluster means andz1 andz2 are row and column cluster assignments, respectively.

The methods blockBC and sparseBC use di�erent approaches for the estimation of row and column

clusters, i.e. blockBC uses a block EM algorithm. sparseBC solves a penalized linear regression
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Figure 3.12: The solution path (smallerv0 at top left and largerv0 at bottom right) for Bayesian
reduced isotonic regression.

Figure 3.13: Comparison of various isotonic regression methods. (Left) The estimated isotonic
signals (PAVA, DP, BayesMSG, NearIso); let us mention that DP and BayesMSG signals exactly
coincide. (Right) The estimated di�erences between the two adjacent years; the only years (x-axis)
with at least one nonzero di�erences are reported.

with the`1-penalty� k� k1. COBRA is an alternating direction method of multipliers (ADMM)

algorithm based on the minimization of
P

i;j (yij � � ij ))+ penrow(� )+ pencol(� ) wherepenrow(� ) =
P

i<j wij k� i � � � j � k2 and pencol is de�ned similarly.
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The result is displayed in Figure 3.11. The result shows that BayesMSG Kronecker outperforms

other methods in terms ofMSE. BayesMSG Cartesian also produces competitive solutions in

terms ofMSE within short amount of computation time. Note that BayesMSG and COBRA

are regularization path based methods, and require less computation time than other approaches

(blockBC and sparseBC) based on cross validation.

3.7.2 Real Data Applications

In this section, we apply our methods to three di�erent data sets.

Global warming data

The global warming data has been studied previously by [172, 155]. It consists of 166 data points in

degree Celsius from 1850 to 2015. Here we �t the Bayesian reduced isotonic regression discussed

in Section 3.6. Our results are shown in Figure 3.12.

Whenv0 is nearly zero, the solution is very close to the regular isotonic regression that can be

solved e�ciently by the pool-adjacent-violators algorithm (PAVA) [105]. Whenv0 = 0:005, we

obtain a �t with 24 pieces. The PAVA outputs a very similar �t also with 24 pieces. In contrast, the

Bayesian model selection procedure suggests a model withv0 = 0:06, which has only6 pieces, a

signi�cantly more parsimonious and a more interpretable �t. This may suggest global warming is

accelerating faster in recent years. The same conclusion cannot be obtained from the suboptimal �t

with 24pieces.

To compare with existing methods, we have implemented reduced isotonic regression with

dynamic programming (DP) algorithm introduced by [52] and the near isotonic (NearIso) regression

[155]. Figure 3.13 shows the estimated signals (left panel) and the estimated di�erencesf � i +1 � � i :

i = 1; � � � ; n � 1g between the two adjacent years (right panel). Since the DP algorithm does

not have a practical model selection procedure, we use the number of piecesk = 9 selected by

BayesMSG. NearIso uses Mallow'sCp for model selection [155]. The left panel of Figure 3.13

shows that BayesMSG outputs a more sparse but still reasonable isotonic �t. On the other hand,
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NearIso relaxes the isotonic constraint, allowing non-monotone signals but penalizing the decreasing

portion of variations. Indeed, one can see from the right panel of Figure 3.13 that the changepoints

of NearIso contain those of PAVA. The PAVA solution is the least parsimonious isotonic �t by

de�nition, and thus we can conclude that NearIso does not seem to �nd a more parsimonious �t.

Lung cancer data

We illustrate the Bayesian biclustering models by a gene expression data set from a lung cancer study.

The same data set has also been used by [14, 95, 139, 30]. Following [30], we study a subset with

56samples and100genes. The56samples comprise20pulmonary carcinoid samples (Carcinoid),

13 colon cancer metastasis samples (Colon),17 normal lung samples (Normal) and6 small cell

lung carcinoma samples (SmallCell). We also apply the row and column normalizations as has been

done in [30].

Our goal is to identify sets of biologically relevant genes, for example, that are signi�cantly

expressed for certain cancer types. We �t both Bayesian biclustering models (Section 3.5.3) induced

by the Cartesian and Kronecker products to the data withn1 = 56, n2 = 100, k2 = 10, and

k2 = 20. Recall thatk1 andk2 are upper bounds of the numbers of row and column clusters, and

the actual numbers of row and column clusters will be learned through Bayesian model selection.

To pursue a more 
exible procedure of model selection, we use two independent pairs of(v0; v1)

for the row structure and the column structure. To be speci�c, let(v0; v1) be the parameters for

the row structure, and the parameters for the column structure are set as(cv0; cv1) with some

c 2 f 1=10; 1=5; 1=2; 1; 2; 5; 10g. Then, the model selection scores are computed with bothv0 andc

varying in their ranges.

The results are shown in Figure 3.14. The two methods select di�erent models with di�erent

interpretations. The Cartesian product �t gives4 row clusters and8 column clusters, while the

Kroneker product �t gives6 row clusters and11column clusters. Even though we have not used

the information of the row labels for both biclustering methods, the row clustering structure output

by the Cartesian product model almost coincides with these labels except one. On the other hand,
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Figure 3.14: Results of biclustering for the lung cancer data5.

Figure 3.15: Comparison of existing biclustering methods.

Figure 3.16: A correlation plot of the selected genes.
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Table 3.6: Description or GenBank ID of the selected gene clusters of size at least2 and at most5

Cluster labels Gene description/GenBank ID
(2; 7) \proteoglycan 1, secretory granule", \AI932613: Homo sapiens cDNA, 3 end"

(3; 4)
\AI147237: Homo sapiens cDNA, 3 end", \S71043: Ig A heavy chain allotype 2",
\advanced glycosylation end product-speci�c receptor",
\leukocyte immunoglobulin-like receptor, subfamily B"

(5; 5) `immunoglobulin lambda locus", \glypican 3"

(5; 6)
\glutamate receptor, ionotropic, AMPA 2", \small inducible cytokine subfamily A",
\W60864: Homo sapiens cDNA, 3 end", \secreted phosphoprotein 1",
\LPS-induced TNF-alpha factor"

(6; 2) \interleukin 6", \carcinoembryonic antigen-related cell adhesion molecule 5"

(6; 11) \secretory granule, neuroendocrine protein 1", \alcohol dehydrogenase 2",
\neuro�lament, light polypeptide"

(8; 3) \fmajor histocompatibility complex, class II", \glycoprotein (transmembrane) nmb"
(8; 5) \N90866: Homo sapiens cDNA, 3 end", `receptor (calcitonin) activity modifying protein 1"

the Kronecker product model leads to a �ner row clustering structure, with potential discoveries of

subtypes of both normal lung samples and pulmonary carcinoid samples.

Using the same lung cancer data set, we have also compared the BayesMSG Cartesian product

method with several existing biclustering methods implemented via R packagesblockcluster ,

sparseBCandcvxbiclustr . Figure 3.11 displays the �nal estimates of the four competitors,

blockBC [64], sparseBC [151], kmeansBC [53] and COBRA [30]. One can qualitatively compare

these results with the BayesMSG solutions in Figure 3.15.

The results show that BayesMSG and all the competitors select models withbk1 = 4 row clusters.

However, BayesMSG selects a smallest number of column clusters. This implies that BayesMSG

favors a more parsimonious model compared to the others. Also, the selected BayesMSG Cartesian

model achieves a lowest misclassi�cation error for the row (cancer type).

An important goal of biclustering is to simultaneously identify gene and tumor types. To be

speci�c, we seek to �nd genes that show di�erent expression levels for di�erent types of samples.

To this end, we report those genes that are clustered together by both the Cartesian and Kronecker

product structures. Groups of genes with size between2 and5 are reported in Table 3.6. Note that

our gene clustering is assisted by the sample clustering in the biclustering framework, which is

di�erent from gene clustering methods that are only based on the correlation structure [14]. As a

sanity check, the correlation matrix of the subset of the selected genes is plotted in Figure 3.16, and
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Figure 3.17: Visualization of the Chicago crime data after preprocessing.

Figure 3.18: Visualization of Bayesian model selection for the Chicago crime data. (Left) The
overall geographical pattern; (Right) Four di�erent patterns from2003to 2018.

we can observe a clear pattern of block structure.

Chicago crime data

The Chicago crime data is publicly available at Chicago Police Department website6. The report

in the website contains time, type, district, community area, latitude and longitude of each crime

occurred. After removing missing data, we obtain6:0 millions of crimes that occurred in22police

districts from 2003 to 2018 (16 years). Here we restrict ourselves to the analysis of the spatial and

5. The rows of the four heatmaps are ordered in the same way according to the labels of tumor types.

6. https://data.cityofchicago.org/Public-Safety/Crimes-2001-to-present/
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