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ABSTRACT

High dimensional data is prevalent in modern and contemporary science, and many statistics and
machine learning problems can be framed as high dimensional regression — predicting response
variables and selecting relevant features among candidates. One of the most commonly used
Bayesian approaches is based on the i.i.d. two component mixture prior, which comprises a point
mass component at 0 (“spike”) and a nonzero component (“slab”’), on the regression coefficients.
By computing the posterior probability that coefficients are zero, these Bayesian approaches allows
us to measure the amount of shrinkage we need for individual regression coefficients and to identify
relevant subsets of predictors. However, the above posterior inference can be done only approximately,
and approximate inference procedures such as MCMC does not scale well to high dimensional and
large data sets.

In this dissertation, we primarily focus on developing reliable Bayesian inferential tools that
scale efficiently to dimensionality. Our first work proposes novel Variational Empirical Bayes (VEB)
approaches to multiple linear regression based on a flexible scale mixture of normal distributions.
The proposed approach (called Mr.ASH) is not only an approximate posterior inference procedure,
but also a clever implementation of penalized regression where flexible EB replaces expensive cross
validation. Our second work generalizes the two component mixture prior to the graph Laplacian
prior, which accounts for graph structured sparsity. The general framework for Bayesian models,
including sparse linear regression, change-point detection, clustering and more complex linear
models with graph structured sparsity, will be presented. Our third work develops a fast algorithm
for estimating mixture proportions, which serves as a central algorithmic routine in empirical
Bayesian approaches to the normal means model and their applications such as linear regression

and matrix factorization.
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CHAPTER 1
INTRODUCTION

1.1 Perspectives on High-dimensional Regression

Recent advances in science and technology have made a breakthrough in collecting and storing large
information from the world. Proliferation of massive data sets has revolutionized statistical theories
and methodologies/machine learning techniques. A series of works has formed an important line
of researches called high dimensional statistics, an area of attempting to understand data with a
specific property characterized by high dimensionality, where the number of features (attributes
which ought to explain the samples) far exceeds the number of samples (response variables subject
to be predicted) collected.

High dimensional data is prevalent in modern and contemporary science, and many statistics and
machine learning problems face challenges in predicting response variables from massive features
and selecting relevant features among those massive candidates. Statistical modeling is one of the
mainstream approaches for understanding and simulating how complex data sets are likely to be
generated from the real world. The statistical model simplifies and emulates the real-world data
generating process, based on the underlying statistical assumptions. The model will be learned from
the data, usually by estimating the model parameters.

Statistical procedures for high dimensional data can be evaluated in many aspects. In particular,
two important aspects are prediction and variable selection. The former involves predicting the
unobserved future once the model is learned, and the latter involves understanding the contributions
of individual features to prediction of the response variables. Achieving both accurately and
simultaneously is typically not possible for high dimensional data, since prediction accuracy is often
compromised by the parsimony of the model. Optimal prediction will not be usually achieved by a
single parsimonious model without some form of model averaging [130].

Bayesian approaches are well-suited for these two particular aspects, since the full posterior

naturally provides answers to the two primary goals: prediction and variable selection. That
1



is, both predicting the unobserved variables and identifying relevant subsets of features can be
done by computing the posterior predictive distributions and the posterior inclusion probabilities,
respectively. However, (fully) Bayesian approaches pose another challenge: posterior computation is
computationally intractable in general since it involves Bayesian model averaging over exponentially
many possible models. Although the intractability of the posterior precludes exact Bayesian inference,
approximate procedures have been proposed with the assistance of Markov Chain Monte Carlo
(MCMC) methods [129] or variational methods [84], which have become pervasive in Bayesian
statistics.

Variational Bayes (VB) methods yield an estimate of the full posterior by optimizing an approx-
imate posterior over a class of distributions for which it is easier to do inference. The quality of
the approximation is usually measured by the Kullback-Leibler divergence. Compared to MCMC,
variational methods tend to be faster and easier to scale to gigantic data in practice. In this thesis we

focus on developing variational Bayes inference procedures that
scale efficiently with the dimensionality;
achieve prediction performance and/or variable selection accuracy on the acceptable level.

Accuracy of approximation will trade-off the above two main goals.

Numerous studies of complex models have emerged from fundamental studies of the multiple
linear regression model. In high dimensional settings, the goal is to find a linear predictor for a
Nn-dimensional response vector Y in terms of a linear combinations of candidate predictors X1 ; » Xp.
Animportant line of research is based on penalized linear regression, solving regularized least squares
problems such as [76, 153, 109, 182, 45, 178]. Also, Bayesian approaches [56, 118, 108, 28, 27, 37]
have been extensively studied in parallel, developing different priors (e.g. spike-and-slab priors) on
the regression coeflicients and different algorithms (e.g. MCMC and VB). Despite considerable
work, linear regression still remains an active research area as a cornerstone of many fields.

Penalized regression attempts to minimize the penalized log-likelihood function, hence is nat-

urally understood as Maximum A Posteriori (MAP) estimation where the prior on the regression

2



coeflicients serves as the penalty. By optimizing the penalized likelihood function, prediction and
variable selection can be simultaneously performed, hoping the two terms (the squared loss and the
penalty) correctly account for bias-variance trade-offs. The remaining part is to select the penalty by
choosing parametric forms of the penalty (e.g. Lasso or L1 penalty [153]) and by tuning parameters
for the penalty. The recent few decades of abundant statistical researches in-depth ([45, 178, 48], to
name a few) have witnessed asymptotic theoretical properties and practical usefulness of penalized
likelihood approaches in high dimensional settings.

On the other hand, the Bayes estimator minimizing the posterior expected Ly loss is the posterior
mean [119] while the MAP estimator (i.e. the posterior mode) maximizes the posterior probability.
The posterior mean of the regression coeflicients, therefore, is an optimal estimator when the prior is
correctly specified. Arguably, the posterior mean is understood as a more reasonable point estimator
than the posterior mode (MAP). Nonetheless, when it comes to high dimensional regression, it is
impossible to derive the posterior distribution analytically and is computationally intractable to

develop an efficient algorithm to find the exact posterior mean.

1.2 Chapter 2: Flexible Empirical Bayes Approach to Multiple Regression

In Chapter 2, we introduce a new Empirical Bayes (EB) approach for fitting large-scale multiple
linear regression, with a particular focus on predictive performance [90]. This approach combines
two key ideas: (i) the use of flexible “adaptive shrinkage” priors, which approximate any scale
mixture of normal distributions using a finite mixture of normals; and (ii) the use of variational
methods to estimate the prior hyper-parameters and compute approximate posterior distributions.
We present a simple coordinate ascent algorithm to implement this “Variational EB” (VEB) method,
and show that this algorithm can be interpreted as fitting a penalized linear regression in which
the form of the penalty function is learned from the data. The flexible priors, and correspondingly
flexible implied penalty function, can capture a wide range of different scenarios, from very sparse
to very dense regression coefficients. And yet, estimating this highly flexible prior from the data by

VEB is approximately as fast as methods that penalized regression methods that tune a single tuning
3



parameter by cross-validation (e.g. the lasso). By adapting the prior to the data the VEB method
predicts consistently well across different scenarios, typically performing as well as the best existing

method for each scenario.

1.3 Chapter 3: Bayesian Variable Selection for Complex Models

Our next goal to develop of a unified framework — a basic structure of statistical procedures including
models, methods and algorithms — for numerous Bayesian models. Our work stems from the study
of linear regression, and covers change-point detection, clustering and many other models in the end.

In Chapter 3, we propose a general algorithmic framework for Bayesian model selection [89]. A
spike-and-slab Laplacian prior is introduced to model the underlying structural assumption. Using
the notion of effective resistance, we derive an EM-type algorithm with closed-form iterations to
efficiently explore possible candidates for Bayesian model selection. The deterministic nature of the
proposed algorithm makes it more scalable to large-scale and high-dimensional data sets compared
with existing stochastic search algorithms. When applied to sparse linear regression, our framework
recovers the EMVS algorithm [131] as a special case. We also discuss extensions of our framework
using tools from graph algebra to incorporate complex Bayesian models such as biclustering and
submatrix localization.

Many interesting Bayesian models can be framed as linear regression models with the graph-
structured model parameters. To study Bayesian models from this unified perspective, we introduce a
spike-and-slab Laplacian prior distribution on the model parameters, as an extension of the classical
spike-and-slab prior [110, 56, 57] for Bayesian variable selection. Then the problem of Bayesian
model selection can be recast as selecting a most promising subgraph from the base graph. Various
choices of base graphs lead to specific statistical estimation problems such as sparse linear regression,
clustering and change-point detection. In addition, the connection to graph algebra further allows us
to build prior distributions for even more complicated models.

We will derive a variational EM algorithm that efficiently explores possible candidates of

structural parameters. Our variational EM approach builds on top of previous work on variable
4



selection in linear regression [131]. The general framework proposed in this chapter can be viewed
as an algorithmic counterpart of the theoretical framework for Bayesian high-dimensional structured

linear models in [54].

1.4 Chapter 4: Maximum Likelihood Estimation of Mixture Proportions

Maximum likelihood estimation of mixture proportions has a long history, and continues to play
an important role in modern statistics, including in development of nonparametric empirical Bayes
methods. Maximum likelihood of mixture proportions has traditionally been solved using the
expectation maximization (EM) algorithm, but recent work by Koenker & Mizera shows that modern
convex optimization techniques—in particular, interior point methods—are substantially faster and
more accurate than EM.

In Chapter 4, we develop a new solution based on sequential quadratic programming (SQP)
[88]. It is substantially faster than the interior point method, and just as accurate. Our approach
combines several ideas: first, it solves a reformulation of the original problem; second, it uses an
SQP approach to make the best use of the expensive gradient and Hessian computations; third,
the SQP iterations are implemented using an active set method to exploit the sparse nature of the
quadratic subproblems; fourth, it uses accurate low-rank approximations for more efficient gradient
and Hessian computations. We illustrate the benefits of the SQP approach in experiments on synthetic
data sets and a large genetic association data set. In large data sets (n 10% observations, m 103
mixture components), our implementation achieves at least 100-fold reduction in runtime compared
with a state-of-the-art interior point solver. Our methods are implemented in Julia and in an R

package available on CRAN.

1.5 Summary of Accomplishments

The main contribution of the thesis is three-fold.

First of all, the proposed approaches can be framed as part of a broad research program that
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seeks scalable Bayesian inference for high dimensional regression. Chapter 2 [90] focuses on the
prediction accuracy in multiple linear regression, which serves as a fundamental problem in statistics
and machine learning. Chapter 3 [89] attempts to extend a Bayesian variable selection tool in
multiple linear regression to a model selection framework in highly structured linear regression,
such as change-point regression, biclustering, isotonic regression and so forth. [54] describes a
theoretical counterpart for Bayesian structured linear models.

Second, the proposed approaches address computational challenges in Bayesian high dimensional
regression problems. For reliable prediction performance the prior should be flexible enough to
cover a wide range of signal shapes but this flexibility increases computational burden in calculating
the posterior. Chapter 2 [90] proposes a VEB approach to tackle this computational challenge. Next,
Bayesian model selection in high dimensional regression chooses a best one among the exponentially
many candidate models, which is impractical without some form of approximation. Chapter 3
[89] proposes a novel Bayesian approach based on a carefully designed prior on the graph. Lastly,
Chapter 4 [88] develops a fast algorithm for estimating the mixture proportions, which frequently
appears in compound decision theory work, as well as Empirical Bayes literature (normal means
problem [146], linear regression, matrix factorization [166]).

Third, we provide the accompanying packages in R and Julia programming language. The R
package mr.ash.alpha for Chapter 2, the Julia package BayesMSG for Chapter 3 and the R package

mixsgp and the Julia package mixsqp-paper for Chapter 4 available online for public use.



CHAPTER 2
A FAST AND FLEXIBLE EMPIRICAL BAYES APPROACH FOR
PREDICTION IN LINEAR REGRESSION

2.1 Introduction

Multiple linear regression is one of the oldest statistical methods for relating an outcome variable
to predictor variables, dating back at least to the eighteenth century [e.g., 148]. In recent decades,
data sets have grown rapidly in size, with the number of predictor variables often exceeding the
number of observations. Fitting even simple models such as multiple linear regression to large
data sets raises interesting research challenges; among these challenges, a key question is how to
estimate parameters to avoid overfitting. A great variety of approaches have been proposed, including
approaches based on penalized least-squares criteria [e.g., 76, 153, 45, 109, 182, 178, 74], and many
Bayesian approaches [e.g., 110, 56, 107, 118, 28, 66, 67, 27, 181, 164]. The approaches differ in the
choice of penalty function or prior distribution for the regression coefficients, and in the algorithm
used to arrive at estimates of the coefficients. Despite considerable past work, fitting multiple linear
regression models remains an active research area.

The many different approaches to this problem naturally have strengths and weaknesses. For
example, ridge regression [L, penalty; 76, 158] has the advantages of simplicity, and competitive
prediction accuracy in “dense” settings that involve many predictors with non-zero effects. However,
itis not well-adapted to “sparse” settings, where a small number of non-zero predictors dominate. The
Lasso [L1 penalty; 153] is also computationally convenient, involving a simple convex optimization
problem and a single tuning parameter, and behaves better in sparse settings than ridge regression.
However, prediction accuracy of the Lasso is limited by its tendency to overshrink large effects [e.g.
149]. The Elastic Net [182] combines some of the advantages of ridge regression and the Lasso —

and includes both as special cases — but at the cost of an additional tuning parameter, limiting its

1. This work is collaborated with Wei Wang, Peter Carbonetto and Matthew Stephens, and builds upon the preliminary
work by the second author Wei Wang [165]. This work will be submitted to a journal for peer review: Y. Kim et. al., A
Fast and Flexible Empirical Bayes Approach for Prediction in Multiple Regression, 2020.

7



application to large data sets. Non-convex penalties — examples include the L penalty [109, 74],
SCAD [45] and MCP [178] — can also give better prediction performance in sparse settings, but
this comes with the cost of solving a non-convex optimization problem. Bayesian methods, by using
flexible priors, have the potential to achieve excellent prediction accuracy in sparse and dense settings
[e.g., 66, 177, 181], but their practical drawbacks are well-known; model fitting typically involves a
Markov chain Monte Carlo (MCMC) scheme with high computational burden, and convergence
of the Markov chain can be difficult to diagnose, particularly for non-expert users. In summary,
when choosing among existing methods, one must confront trade-offs between prediction accuracy,
flexibility, and computational convenience.

In this paper, we develop an approach to multiple linear regression that aims to combine the
best features of existing methods: it is fast, comparable in speed to the cross-validated Lasso; it
is flexible, capable of adapting to sparse and dense settings; it is self-tuning, with no need for
user-specified hyper-parameters; and, in our numerical studies, its prediction accuracy is competitive
with the best methods against which we compared, and in regression settings ranging from very
sparse to very dense. Furthermore, we show that our method has a dual interpretation as either a
penalized regression method or as a Bayesian regression method, thereby providing a conceptual
bridge between these two distinct approaches.

Our method is based on an empirical Bayes approach to multiple regression, which assumes
that the regression coeflicients are independently drawn from some prior distribution that is to be
estimated as part of the fitting procedure. Empirical Bayes is, in many ways, a natural candidate for
attempting to attain the benefits of Bayesian methods while reducing some of their computational
challenges. However, previous EB work on multiple regression has either focused on relatively
inflexible priors, or has been met with considerable computational challenges. For example, [115]
develop an EB approach with a normal prior — effectively EB Ridge regression — which makes com-
putations easy, but is not well adapted to sparse settings. In contrast [55] consider the point-normal
prior (sometimes called a “spike-and-slab” prior), which is considerably more flexible, but makes

computation difficult. [55] make several approximations, including use of “conditional maximum



likelihood” (CML), which conditions on a single best model (i.e. which predictors have non-zero
coefficients) instead of summing over all models as a conventional likelihood would. However, even
the CML approximation is intractable, because finding the best model is intractable, and further
approximations are required. Building on this work, [176] also uses the CML approximation to
perform EB estimation for spike and slab priors, but they replace the normal slab with a Laplace
(double Exponential) slab. They then improve computation by reducing flexibility: specifically, they
constrain the two parameters of this prior in a way that creates interesting connections with the
Lasso, which they then exploit to make the CML computation more tractable.

Here we take a different EB approach that is both more flexible than previous EB approaches
and also computationally scalable. This new approach has two key components. First, to increase
flexibility we exploit the “adaptive shrinkage” priors used in [146]; specifically we use the scale
mixture of normals version of these priors. This prior family includes most of popular choices of the
priors that have been used in Bayesian regression, including Normal, Laplace, Point-Normal, Point-
Laplace, Point-t, Normal-Inverse-Gamma and Horseshoe [76, 57, 107, 108, 67] priors. Notably,
while increasing flexibility usually comes at the computational expense, in this case the use of
the adaptive shrinkage priors actually simplifies many computations, essentially because the scale
mixture family is a convex family. Second, to make computations tractable, we exploit the variational
approximation (VA) methods for multiple regression from [27]. Although these VA methods are
approximations, they improve on the CML approximation because they sum over a large set of
plausible models rather than simply selecting a single best model. The main limitation of this VA
approach is that, in sparse settings with very highly correlated predictors, it will give only one of
the correlated predictors a non-negligible coefficient [27]. This limitation, which is shared by the
Lasso and Lg-penalized regression as they tend to select only one of the highly correlated predictors,
does not greatly affect prediction accuracy, but does mean that other approaches [e.g. 164] may be
preferred if the goal is to do variable selection for scientific interpretation, rather than for prediction.

We call this variational approach to EB “Variational Empirical Bayes” (VEB). Although moti-

vated by Bayesian ideas, the VEB approach has close connections with penalized linear regression



(PLR) methods. Indeed, the VEB approach is, like PLR methods, is based on solving an optimization
problem. Furthermore, the algorithm we use to do this is, at its heart, a coordinate-ascent algorithm
for fitting a PLR. However, whereas existing PLR methods assume a relatively restrictive class of
penalty functions, usually with just one or two parameters that are tuned by cross-validation, our VEB
approach uses a much more flexible family of penalty functions (corresponding to our flexible family
of priors), and the form of the penalty function is itself learned from the data (by solving an optimiza-
tion problem, analogous to how EB learns priors from data by maximizing the likelihood). While one
might expect such a flexible approach to substantially increase computational complexity, in fact the
VEB approach has a similar computational burden to methods that tune a single parameter by CV (e.g.
Lasso), and is substantially faster than tuning two parameters by CV (e.g. Elastic Net). Our methods
are implemented as an R package, mr.ash.alpha (“Multiple Regression with Adaptive SHrinkage

priors,” alpha release), available at https://github.com/stephenslab/mr.ash.alpha.

2.1.1 Organization of the Paper

The remainder of this paper is organized as follows. Section 2.2 provides backgrounds and prelimi-
naries, and outlines our approach. Section 2.3 illustrates the VEB methods and the model-fitting
algorithms. Section 2.4 draws connections between our approach and penalized regression. Sec-
tion 2.5 provides numerical studies to compare prediction performance of our VEB methodss with

existing methods. Section 2.6 summarizes the contributions, and discusses future directions.

2.1.2 Notations and Conventions

We write vectors in bold, e.g., b, and matrices in bold capital letters, e.g., X. We write sets and
families in calligraphic font, e.g., G. Weuse N( ; ; ) to denote the probability density function
of the multivariate normal distribution with mean and covariance matrix . Our convention is to
reserve | for row indices and j for column indices of a matrix, so that Xj and Xj denote, respectively,
the i-th row and j-th column of matrix X. Finally, kxk = (x x)172 denotes the Euclidean, or Ly,

norm of X.
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2.2 Outline and Preliminaries

2.2.1 Empirical Bayes Linear Regression

In this paper, we develop empirical Bayes methods [43, 127] to fit a basic multiple linear regression
model,

yiX;b; 2 N( ;Xb; 2Ip); 2.1)

where y 2 R™ is a vector of responses; X 2 R" P is a design matrix whose columns contain
2 is the variance
of the residual errors; and Ip is the N n identity matrix. While an intercept is not explicitly
included in (2.1), it is easily accounted for by centering Yy and the columns of X prior to model
fitting; see also Section 2.3.3. To simplify the presentation, we will assume throughout the paper
that the columns of X are rescaled so that ka k2 = 1, for j = 1; ;p. (A special case of this
assumption is that the columns of X are “standardized.”) Note that this rescaling is not required
for the actual implementation of the proposed methods; In the Appendix 2.7.2, we provide more
general descriptions of the algorithm and generalizes the theoretical results to the unscaled, or
unstandardized, case.

We assume a prior distribution in which the scaled regression coefficients, bj= , are independent

and identically distributed (i.i.d.) from some distribution with density g. In other words,
. iid
bjjo: * "9 () (2.2)

where g (bj) , g(bj= )= is -scaled prior on the regression coefficients. (We formulate the
prior in terms of the scaled coefficients because it leads to some algorithmic simplifications later;
however all our methods can also be applied, with minor modifications, to work with the unscaled
2 iid

prior bj j g; g( ).) Although our methods apply more generally, we focus on priors ¢ that are

scale mixtures of normals — this is a computationally convenient choice that preserves flexibility.
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Specifically, following [146], we assume g 2 G( %; i ZK) where
2..... 2 X N 2\ - . K. X .
G( i k) » 0= kN(C;0, p): 2SS ; S, 2R} k=1 : (2.3)
k=1 k=1
Here, 0 % < < 2K < 1 is a pre-specified grid of component variances and 1; ;K are

unknown mixture proportions. Typically the first variance % would be set exactly to zero to allow

for a sparse regression model (here we adopt the convention that N (' ; 0; 0) is point mass at zero, g).

approximate, with arbitrary accuracy, the nonparametric family of all the scale mixtures of zero-mean
normal distributions. This nonparametric family, which we denote GgpqN, includes most popular
distributions used as priors in Bayesian regression models, motivated by different applications,
including Normal (“Ridge regression™) [76], Point-Normal (“spike and slab™) [57, 110], Double
Exponential or Laplace (‘“Bayesian Lasso”) [118], Horseshoe [28], the Normal-Inverse-Gamma
prior [108, 67], mixture of two normals (BSLMM) [181], and the mixture of four zero-centered

normals with different variances (BayesR) suggested by [112].

To simplify derivations, it is helpful to think of any g 2 G( %; NN ZK) as being parameterized
by its unknown mixture proportions = ( 1;:::; k) andknown component variances %; il ZK

In some cases, it is also convenient to express the normal mixture prior (2.2), i.e.
Lo 3K
oo, 2did 0 22
bjig; kN(C 0, < §) (2.4)
k=1

using a standard augmented-variable representation:

Pr( j =kjg) = & 05

bjg: j=k NC:0 2 )

b

12



A basic EB approach to fitting the regression model (2.1, 2.2) would involve the following two

steps:

1. Estimate the prior density g and the error variance 2 by maximizing the marginal likelihood:

(p;b%) = argmax p(yjX;g; 2)

g2G; 22R+
Z (2.6)
= argmax log p(yjX;b; ?)p(bjg; 2)db:
g2G; 22R+

2. Perform inference for b based on its posterior distribution,
Ppost(0]Y; X b; b%) / p(y  X; b; b?) p(bj ; b?): 2.7

In particular, one typically estimates bj by its posterior mean, E(bj j X;y; b; b2) = Eppost (j)

for prediction.

The combination of maximization (Step 1) and computing posterior expectations (Step 2) suggests
an expectation maximization (EM) approach [34], but, unfortunately, both steps are computationally
intractable, except in special cases. For Step 1 (parameter estimation), the optimization is hard due
to the intractable integral. For Step 2 (posterior inference), computation of the posterior (2.7) is
intractable due to the normalization constant.

Our strategy to circumvent the intractability of these steps is to approximate the intractable
posteriors using a mean-field variational approximation [17, 84, 161]. The resulting coordinate
ascent algorithm [18, 59, 135] or CAVI [17, 124], and is grounded by the generalized EM framework
introduced in [113].] Mean-field variational approximations have previously been used to implement
empirical Bayes methods with intractable posteriors [18, 163, 167], and for fitting Bayesian linear
regression models [6, 27, 62, 100, 164], but not for linear regression with the flexible class of priors
(2.3) we consider here. Effectively, our work here combines this previous work by [27] with recent

work in [146] that takes an EB approach to a simpler problem — the “normal means” problem

1. Note that this is not the same as the “Variational Bayesian EM” algorithm described by [10].
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[44, 81, 150] — with the flexible priors (2.3). The result is methods that are simpler, faster, more
flexible, and generally more accurate than those in [27]. Before describing our approach in detail,

we briefly review the key ideas that provide the building blocks for our approach.

2.2.2 The Empirical Bayes Normal Means Model

The Normal Means (NM) model is a model for a sequence Y1; ;Yn of observations, each of
which is normally distributed with unknown mean bj and known variance 2,
L. 2 v 2Y. P =1 . (2.8)
yJJbJ1 N( 1b11 )1 J 1, ,n. .

This can be viewed as a special case of the multiple regression model (2.1) with X = I (then n
identity matrix) and known residual variance 2, [146] provides methods to fit the model (2.8,2.2),
by Empirical Bayes (i.e. Steps 1 and 2 above, but with 2 fixed) for various classes of prior, with a
focus on the scale mixtures of normals (2.3). In what follows, we will present an EB approach for
the NM model with this particular choice (2.3) of the prior family G.

Step 1, estimating the prior ¢, is made particularly simple by the use of a fixed grid of variances
in (2.3), which means that only the mixture proportions need to be estimated. This is easily
done by maximizing the (marginal) likelihood p(y ] g; 2). Indeed, exploiting the latent variable

representation (2.5), maximum likelihood estimation of can be written as an optimization problem:

XX
b =argmax log kLjk (2.9)
25 j=1 k=1

where each L jik is each component (marginal) likelihood, i.e.
L; (jor % i =K) =N 0; 2+ D) 2.10
jk » PG 5 j=K) (vj: 0, “( i) (2.10)

The optimization of (2.9) is a convex optimization problem, which can be solved efficiently using

convex optimization methods [92, 88], or more simply by iterating the following Expectation
14



Maximization (EM) algorithm [34] until convergence:

E step: jk  k0j:9 2 . Pr(j =Kijyj:0; 2)=Pﬁ; i=1 p
I=1 15j1
1X (2.11)
M step: - jk k=1 K
pj=1

The posterior component assignment probabilities  j are sometimes referred to as the “responsibil-
ities” (e.g. Hastie et al. [73]).

Step 2, computing the posteriors, is analytically tractable, essentially because of the independence
of the observations and the conjugacy of the normal (mixture) prior to the normal likelihood.

Specifically:

ppost0j: § =Kiyjig: 9 =Pr(j=kiyig: )pGjivia; % j=K)

2.12)
= ;0 AN by kOj; 2 2 E=+ P ;
where each component posterior mean is
Vi 2 .y =+ ) 2.13)

Summing the component posterior (2.12) over K gives the following analytic expression of the

posterior for bj:

b ¢
om0 iVii G D= «Ujig AN b kOjig %) 2 =+ D (2.14)
k=1

2.2.3 Variational Inference for Linear Regression

We will use the Variational Approximation (VA) to perform approximate Bayesian inference for

multiple linear regression. The key idea of VA is to approximate the intractable posterior distribution,

Ppost(b; ) » p(b; jy;X;g; 2) (2.15)
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by a best approximation (e.g. in terms of the Kullback-Leibler divergence) q of ppost in some family
Q that is chosen to make computations tractable. A common strategy is to take Q to be a set of
distributions that factorize in some way [16, 37, 124]. In particular, [27] follow this strategy with

the family:

\'d
Q= q:uq; )= g5 j) : (2.16)
i=1

(They also assume a specific parametric form of each variational factor gj, but this is unnecessary
and we do not assume this here. The parametric form of each gj will be automatically determined
as its optimal form when it is updated by the algorithms we present later.)

The VA then seeks

o(g; 2) , argmin Dy (K ppost)

2Q 2 b ) (2.17)
= argmin b; )log—————db
q92Q a(bi )og Ppost(b; )

where Di|_(q kp) denotes the Kullback-Leibler (KL) divergence from a distribution q to a distribu-
tion p [93], and the notation t(g; 2) makes explicit the fact that § depends on g; 2 (because Ppost
does). In words, the VA attempts to find a best approximate posterior yg; 2) within the variational
family Q by miminizing the KL divergence.

Because D (0 K ppost) is itself computationally intractable, the optimization problem (2.17)

is usually recast as the equivalent problem [84, 16, 17]
;%) , argmaxF(a;g; °); (2.18)
92Q

where
F(0:0; 2 » logp(yiX;g; 2 Dkr(qKppost) (2.19)
is called the “Evidence Lower Bound” (ELBO) because it is a lower-bound for the “evidence”

log p(yjX;g; 2), since the D | term is always non-negative. Although each of the two terms
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on the right hand side of (2.19) are intractable, some cancellations occur that make F itself more
computationally tractable. [27] provide an algorithm to find & when the prior ¢ is a point-normal
distribution — that is, g() = ¢ o() + (1 o)N(;0; E). This can be viewed as a special case
our approach, with K = 2 and % =0; % = g although they estimate g rather than fixing it.
To deal with the fact that g; 2 are unknown, Carbonetto and Stephens [27] perform approximate

Bayesian inference for these parameters (equivalently, for g; g; 2y, They do this by treating

F(ty; g; 2) as a direct approximation to the evidence. That is, they use the approximation

pyiX;g; %) exp F(g; 2)g; 2 ; (2.20)

and combine this approximate likelihood with a prior on @; 2 to compute approximate posterior
distributions. Carbonetto and Stephens [27] perform these posterior computations approximately
using importance sampling, which they found to perform well in their numeric studies; however, it

is computationally burdensome because it requires many optimizations of (2.18).

2.3 Variational Empirical Bayes Multiple Linear Regression

With these preliminaries in place, our approach is straightforward to describe. Essentially we
combine the EB methods from [146] for the normal means problem and the VA from [27] for the
multiple regression problem, to produce a new simple approach based on EB and VA. Specifically

we solve the following optimization problem:

maximize F(q;0; 2) subjectto q2Q; g2G( 2;:::; &); 22R4: (2.21)

and obtain the solution (&; b; b?).
Step 1 (2.6) and Step 2 (2.7) are recast into the single optimization problem (2.21). The solution
i serves as an approximate posterior for Step 2, and (b; b2) serves as an approximate maximum

likelihood estimate for Step 1.
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Algorithm 1 Coordinate Ascent algorithm for maximizing F (Outline).

Initialize: q1;  ;0p; 0;
repeat

fory=1; ;pdo

0 argmaxg, F(gj;9 j;g; 2).
end for
iy 2

g argmaxgog F(0:9; ).

2 argmax aog, F(4;0; 2).
until convergence criteria met.

Output: (I b; b%) = (q;g; 2).

This approach is closely related to the variational approach in [27], but replaces the point-normal

g and 2 with a maximization over g and 2 (as in conventional in EB methods). These modifications
lead to substantial algorithmic simplifications, and computational speed-up, without sacrificing
prediction accuracy (see Section 2.5).

We call this approach Variational Empirical Bayes (VEB). Note that the standard EB procedure
corresponds exactly to solving the optimization problem (2.21) with no constraint on ¢ [164]. Thus
the difference between EB and VEB is the addition of the constraint ¢ 2 Q, which turns the problem

from an intractable problem into a tractable problem.

2.3.1 A Coordinate Ascent Algorithm

To solve the optimization problem (2.21) we use a coordinate ascent (CA) algorithm, which optimizes
F with respect to each of its parameters in turn, at each step keeping the other parameters constant
(Algorithm 1).

The key result of this section — and, effectively, the key to the attractiveness of the VEB approach
— is that each step of Algorithm 1 involves only simple analytic computations from the Empirical
Bayes normal means model (Section 2.2.2). In particular, the update for gj involves computing a
posterior distribution under a normal means problem (see (2.14)), and the update for g involves

running one step of the EM algorithm (see (2.11)) for the Empirical Bayes normal means model
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(2.8, 2.2). These results are summarised in the following Proposition:

Proposition 2.3.1 (Coordinate Ascent Algorithm). Suppose ij Xj = 1. Letq j denote all elements
of g except gj. Let sj denote the expectation, under g j, of the residuals computed using all variables
except j:

§ .Y X j§ j 2 R™ (2.22)

where X j denote the matrix X excluding the jth column, and B j denotes the expectations (i.e.
first moments) of g j. Let Bj denote the univariate ordinary least squares (OLS) estimator of b;
when regressing j against X;

8 . x]8j 2R (2.23)

Then

1. The optimum & , argmaxg; F@j:9 ;0 2) is achieved by the posterior distribution
pyé\é't( iBi:9; 2)(2.14) for bj; j under the normal means model (2.8, 2.2), with data given
by 8j and variance 2:

o = pm\gt( jgj;g; 2): (2.24)

In particular, t is a mixture of normals, with component mixture proportions  jy = k(ﬁj ‘g 9)

and component means i, = (®j;9; 2).

2. The optimum b , argmax o 2.1 2 F(q;9; 2)isachieved by

b_¢ X
b= bxgk; where be=(1=p)  jx for k=1; K (2.25)

k=1 j=1
3. The optimum b2 , argmax 2or, F(0;0; 2) is achieved by:

b2 = 1 T

“nepa et G Bl Daai 2

wheres , y  XB 2 RP is the expected residual vector and 2, , is the previous iterate of 2.
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Algorithm 2 Coordinate Ascent algorithm for maximizing F (Detailed).

Initialize: B; ; 2
s=y XBb (compute residuals)
repeat
forj =1, ;pdo
8 5 +ij5. (compute OLS estimate)
fork =1; K do
ik «kGa ? (compute &)
ik «kG:a ?
end f0|5
§j kK jk jk- (compute posterior mean)
s y XBb. (done efficiently without recomputing X®&)
end for
fork=1, _SKdo
1 Pp
k P j=1 ik (compute b)
end for i
2 1 2, Pp ; : i
n * ksk‘ + j:1(81- 55 . (estimate residual variance)
until convergence criteria met.
Output: (B; b;b2) = (B; ; 2) (one could also output ; if desired)
Proof. See Appendix 2.7.2. O

Inserting these results into Algorithm 1 gives Algorithm 2. Because this algorithm is based on
the exact coordinate ascent that sequentially updates each variable by its coordinate maximizer, every
iteration is guaranteed to increase F. The algorithm is also guaranteed to converge, as summarized in
the following Proposition (analogous to Proposition 1 of Breheny and Huang [23], which establishes

convergence of coordinate descent for SCAD and MCP penalties):

Proposition 2.3.2 (Convergence). The sequence fq®;g®: ( 2)(Dgfor t = 1;2;::: generated by

Algorithm 2 converges monotonically to a local maximum of F.
Proof. See Appendix 2.7.4. O

We have written Algorithm 2 to mirror Algorithm 1, but in practice we rearrange computations

slightly to reduce run-time and memory requirements. Also, we do not need to assume X}— Xj=1
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in practice; it was assumed for simplifying the discussion. See Algorithm 4 in Appendix 2.7.2 for
actual implementation details.

This implementation is scalable, with computational complexity O((n + K)p) per iteration (i.e.
each single cycle of updating (1 ; »0p; 9 and 2y, and memory requirements O(n + p + K) (in
addition to O(np) required to store X, which could be avoided by an implementation that holds only
a subset of the columns of the X matrix in memory at any time). Note that to achieve these memory

requirements one must avoid storing the O(Kp) variational parameters (i.e. only stores B and §).

2.3.2 Accuracy of VEB; Exactness for Orthogonal Predictors

[27] note that their VA approach provides the exact posterior distribution when the columns of X
are orthogonal. The following is a natural extension of this result, showing that in this special case

our VEB approach is exactly the usual EB approach.

Proposition 2.3.3. When X has orthogonal columns solving the VEB problem (2.21) is equivalent

to the usual EB two-step procedure (2.6, 2.7).
Proof. See Appendix 2.7.4. ]

This result follows from the fact that, when X has orthogonal columns, the posterior distribution
for b does indeed factorize as (2.16), and thus the mean field “approximation” is actually exact.
That is, t = arg maxqo>q F (4; ; 2) is equal to the true posterior Ppost, and therefore the ELBO
maXq2q F (4; 9; 2) is equal to the marginal log-likelihood log p(yjX;g; 2) forg; 2. We note in
passing that the CML approach to approximate EB inference, used in [55, 176], is not exact even in
the case of orthogonal columns.

Proposition 2.3.3 suggests that our VEB method will be accurate when b is sparse and the
columns of X are close to orthogonal; e.g. when the columns are approximately independent. It also
suggests that the approximation may be less accurate for very highly correlated columns. However,
[27] discuss this issue in depth, and explain why, although the VA for b is inaccurate for highly

correlated columns, the estimated hyper-parameters (e.g., here the prior g) are nonetheless accurate.
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They also note that, when two predictors are very highly correlated with one another, and also
predictive of y, the VA tends to give just one of them an appreciable estimated coefficient. This is
similar to the behaviour of many PLR methods (including Lasso), but different from most MCMC
methods (at convergence). While this behaviour is undesirable when interest focuses on variable
selection for scientific interpretation, it does not adversely affect prediction accuracy [164]. Thus,
for prediction, the VEB approach may be expected to perform well even in settings with correlated

predictors. Our numerical studies (Section 2.5) confirm this.

2.3.3 Practical Issues and Extensions

family will be called Mr.ASH (“Multiple Regression with Adaptive SHrinkage priors”). In what

follows, our practical considerations for the implementation of Mr.ASH will be provided.

Intercept: In multiple regression applications it is common to include an intercept term that is
not regularized in the same way as other variables. This is usually achieved by centering both y and
the columns of X, by subtracting their means respectively, before fitting the regression model [49].
After fitting, the intercept term is estimated by § Pp: 1 8j B j and is added to the prediction. This

J
is the strategy we take here.

_ . . : _ . . E 2. .2
Selection of grid for prior variances: As in [146], we suggest choosing a grid ¥ {; ; K9
that is sufficiently broad and dense that results do not change much if the grid is made broader and

end of the grid to be % = 0, corresponding to point mass at 0. We choose the upper end 2K n,

so that the prior variance of Xjbj is close to 2

at most (recall that we assumed X}— Xj = 1, hence
Var(Xj)  1=n when X;j is centered). We have found a grid of 20 points spanning this range to be
sufficient to achieve reliable prediction performance across many examples (see Section 2.5). Thus

our default grid is K =20 and 2 = n(2k D320 1),

22



In principle, when Var(X;bj) is much larger than 2 for some j, then we need a larger 2K not to

underestimate the effect size of bj by over-shrinking it. To this end, our software checks that the final
estimated weight K on the largest grid point is negligible (i.e. less than convergence tolerance),

and emits a warning if not, since this suggest that the grid may need to be made wider.

Initialization: Maximizing F is generally a non-convex optimization problem, and so although
Algorithm 2 is guaranteed to converge, the solution obtained may depend on initialization of B,

and 2. The simplest initialization for B is §j = 0 for all j, which we call the “null” initialization.
Another initialization, used by [179] for example, is to initialize B to the solution from the lasso

Blasso

(after cross-validation), which we call . Given B we initialize the algorithm with 2 =

(1=n)(y XB)T(y XB). We also initialize = (1=K; ;1=K).

B13ss0 can perform appreciably

In numerical studies (Section 2.5) we find that initialization to
better than the null initialization in settings where columns of X are highly correlated. In other

settings the two initializations perform similarly.

Convergence criterion: We terminate Algorithm 2 atiteration tifk ® (& Dkq = maxj |((t)
S 1)j is less than a convergence tolerance, whose default setting is 10 8
Extension to other mixture prior families: Although G( %; i ZK) is our focus of the pa-

P

sz1 kdk : 2 Sg, with fixed mixture component distributions g; : :
ments are (i) the convolution of each gy with a normal likelihood is numerically tractable, and (ii)
the posterior mean can be computed for the normal means model with prior bj  gk. For example,
this holds if g are point masses, or uniform or Laplace distributions.

However, computations for normal mixtures are particularly simple, fast and numerically stable.
Further, the family of scale mixtures of normals includes most prior distributions previously used

for multiple regression, so we believe these will suffice for most practical applications.
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Table 2.1: The parametric formulation of the penalty functions and their shrinkage operators.

‘ Method & Name H Penalty Function (t) ‘ Shrinkage Operator S(t) ‘
Normal shrinkage 2 2
(Ridge, L) 2 I
. 0; if jtj
Soft-thresholding .. .
It t o if <t
(Lasso, Ly) t+ ; ifb<
. Seoft:  =a(t=a);
: 2 soft; a ’
Elastic Net 1 )5t + i a=1+(1 )
Hard-thresholdi 0 ifJy
(gr t r‘: i’ Lm)g Ifjtj > 0g tif <t
est subset, Lo
t; ifb<
. it; ifjtj 2 Ssort; (1); ifjtj 2
Smoothly Clipped [t —0:5(2+ 2), . s Ssott,nr/(n DO, . e
Absolute Deviation 20 +1) L . .
—5, if  <]jtj t it  <]Jg
Minimax Concave iti ;—2; if jtj 175(1’&7(*(3», if jtj
Penalty 72; if  <jt t; it <]t

2.4 Variational Empirical Bayes and Penalized Linear Regression

The VEB approach outlined above is closely related to the penalized linear regression (PLR) methods,

which fit the multiple regression model by minimizing the regularized squared loss function:

1

X
Sky Xbk%+ (bj);

=1

minimize yorp h (D) , (2.27)
for some penalty function . Some common choices for the penalty function are given in Table
2.1, including L (Ridge; Hoerl and Kennard [76]), Lo (Miller [109]), L1 (Lasso; Tibshirani [153]),
Elastic Net (E-NET; Zou and Hastie [182]), Smoothly Clipped Absolute Deviation (SCAD; Fan

and Li [45]) and Minimax Concave Penalty (MCP; Zhang [178]). In this section we explain the
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connection between the VEB approach and penalized linear regression.
The PLR problem (2.27) is often tackled using the coordinate descent algorithm [e.g. 49, 171,
23, 74]; that is, by iterating over the coordinates of b sequentially, at each step solving (2.27) for one

coordinate while keeping the other coordinates fixed. Assuming the columns of X are standardized,

T

ie. Xj Xj = 1, the solution for the j-th coordinate is achieved by the update:
bj S bj+x/(y Xb) ; j=1 p; (2.28)
where
1
S (y) , argmin >y b)*+ (b); (2.29)
2R 2

is known as the shrinkage/thresholding operator corresponding to penalty (also known as the
univariate proximal operator with respect to ; [117]). For commonly-used penalty functions, the
corresponding shrinkage operators are analytically available; see Table 2.1.

To connect the VEB approach to PLR methods, we initially restrict our attention to a special
case of the VEB approach (Algorithm 2) where g and 2 are fixed, rather than estimated, so only
g is estimated. The key computation in the inner loop of Algorithm 2, which maximizes F over
each gj in turn, is to compute the posterior mean bj. (When (g; 2) is known and fixed, the other
computations in the inner loop — computing jk and i — are required only to compute bj.) Further,
from Proposition 2.3.1, this posterior mean is computed under a simple normal means model. It is

therefore helpful to introduce notation for this key computation:

Definition 2.4.1 (Normal Means Posterior Mean Operator). For prior g and variance 2 define the

“Normal means posterior mean operator”, S :R ¥ R, to be the mapping

g; 2
Sy 2() » Enm(bjivj =vig 2) (2.30)

where Enpn denotes expectation under the normal means model (2.8,2.2).
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Algorithm 3 Coordinate Ascent Iterative Shrinkage Algorithm for Variational Posterior Mean (fixed
H)
Initialize: B
repeat
fory=1; ;pdo
Bj Sy 2B +x{(y XB))

end for
until convergence criteria met
Output: B=B
Forg 2 G( f; i ZK), it follows from (2.14) that Sg. 2 has a simple analytic form,
— X iy 2 e 2).
Sg; 2(¥) = k(: 9 %) k(yig; ) (2.31)
k=1

It is easy to show that the NM posterior mean operator Sg; is an odd function, and is monotonic in
y. Also, Sg; 2 is a shrinkage operator, in that ng; 2(Y)]  JYJ. See Lemma 2.7.4 for the proof.
With this notation, we can write the inner loop of Algorithm 2 — the coordinate updates of
a1 ; Qp given ¢ and 2_in simplified form as Algorithm 3. This simplified algorithm has exactly
the same form as the coordinate descent algorithm (2.28) for PLR, but with the shrinkage operator

S in (2.28) replaced with the posterior mean operator Sg; 2 (2.30). We note, in passing, that this

algorithms, Algorithm 3 and (2.28), suggests that given g and 2 the variational posterior mean
under the model (2.1, 2.2) can be understood as solving a PLR problem (2.27) for some penalty

depending on g and 2 The following Theorem formalizes this by constructing the penalty.

Theorem 2.4.1 (Variational Posterior Mean Solves Penalized Linear Regression). Letg; 2 e
such that the inverse, Sg;l, of the shrinkage operator Sy (2.30) exists. Let B denote a variational
posterior mean, meaning a solution output by Algorithm 3. Then B is a local minimizer of the PLR

objective function h (2.27), for any penalty = ¢ whose derivative ) satisfies

") =Sy ) M (2.32)
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Furthermore, if fpis a global maximizer of the ELBO (F), then also Bisa global minimizer of h .

Proof. See Appendix 2.7.4 for the proof. Note that for any penalty ¢: satisfying (2.32), the

corresponding shrinkage operator (2.29) is Sg; . [

because the corresponding shrinkage operator (2.31) is a strictly increasing function, and so its
inverse exists. Note also that adding a boundary condition (0) = 0 ensures the existence of a

unique solution to (2.32) (by the Cauchy—Lipschitz theorem).

2.4.1 Remarks: Variational Bayes as Penalized Regression

Theorem 2.4.1 establishes that, with g and 2 fixed, the variational Bayes (VB) approach (Algorithm
3, without implementation of EB) is solving a PLR problem for a fixed penalty. We make the

following remarks.

Special case: normal prior and ridge regression: In the special case where the prior g is a single
zero-mean normal distribution, the NM posterior mean shrinkage operator Sg;  exactly matches the
ridge regression (or L) shrinkage operator (Table 2.1). Thus in this special case Algorithm 3 is
solving the ridge regression problem (PLR with L, penalty), which we note is a convex problem.
Furthermore, both are equivalent to finding the true posterior mean of b under this normal prior.
This is easy to see: Ridge regression finds the true posterior mode for b under the normal prior,
and in this special case the posterior mean is equal to the posterior mode because the posterior is
multivariate normal (whose mean and mode are the same). Thus in this special case, although the
variational posterior approximation ( does not exactly match the true posterior (because the true
posterior does not factorize as in (2.16)), the variational posterior mean does exactly match the true

posterior mean.

Flexibility of the posterior mean shrinkage operator: The shape of the posterior mean shrinkage

operator Sg: naturally depends on the prior g. Different choices of g can lead to quite different
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MR.ASH shrinkage operators Other shrinkage/thresholding operators
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Figure 2.1: Examples of posterior mean shrinkage operators for various g 2 G( %; T ZK) (Left),

shrinkage operators that are qualitatively similar to well-known shrinkage operators of existing PLR
methods; see Figure 2.1 for illustration. Thus, although only Ridge regression is formally included
as a special case of our VEB approach, these results emphasise the flexibility of the VEB approach
compared with existing PLR methods, and suggest potential to mimic the behaviour of a wide range
of existing PLR methods. In other words, as Elastic Net includes Ridge and Lasso as special cases,
Mr.ASH includes several existing PLR methods (e.g. Table 2.1) as special cases approximately or

qualitatively.

Posterior mean versus posterior mode: Traditional PLR approaches are sometimes described
in Bayesian terms, as obtaining the posterior mode (or maximum a posterior, MAP) estimate for
b given a certain prior. For example, Lasso is the MAP under a Laplace prior. In contrast, the
variational approach seeks the posterior mean not the posterior mode. In particular, note that the
variational approach with a Laplace prior would not be the Lasso (it would be closer to the Bayesian
Lasso of [118], which is quite different).

From a Bayesian decision theoretic perspective (e.g. Chapter 4 of Berger [11]), the posterior
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mean for b has much better theoretical support: not only does it minimize the expected mean-
squared-error for estimating b, it also minimizes the expected mean-squared-error of predictions
(I = X}r b). Also, the posterior mean is an admissible point estimate (e.g. Chapter 5 of [96]). In
contrast, the posterior mode has very little support as an estimator for b, particularly if prediction of
y is the ultimate goal. For example, with any sparse prior that has non-zero mass on 0 the posterior
mode is always b = 0, which will generally provide poor prediction performance. (Note also that

T gmode

if BMOde genotes the posterior mode for b then X; is not generally the posterior mode of

2.4.2 Remarks: Estimating g; 2 by Empirical Bayes

We return now to the general case, where ; 2

are not fixed, but rather estimated by maximum
likelihood (Algorithm 2). Theorem 2.4.1 implies that the variational posterior mean B obtained
from Algorithm 2 is a solution to the PLR with a penalty, = ., that is effectively estimated
during the fitting procedure. That is, VEB is solving a PLR, with the shape of the penalty function
being estimated from the data.

Estimating the shape of the penalty function from the data by VEB can be seen as analogous to
estimating the tuning parameters in regular PLR methods, which is usually done by cross-validation
(CV) [49, 23]. However our VEB approach considers a much more flexible set of penalty functions
than is usually considered (Figure 2.1). Indeed, traditional PLR methods use penalty functions
with just one or two tuning parameters, whereas ours is parameterized by K degrees of freedom
(1 ; Kk and 2y cv requires to solve the PLR problem (2.27) for each tuning parameter value
and each validation set, and thus tuning more than one parameter by CV is cumbersome. Therefore,
tuning anything as flexible as our approach by CV seems impractical. However, the VEB approach
makes it straightforward; it is self-tuning ( and 2 are estimated together with g via solving the
single optimization problem (2.21)). Indeed the computational burden of the VEB approach is
similar to methods that tune a single tuning parameter by CV, and much lower than methods that

tune two tuning parameters (see Section 2.5.2 for empirical evidence).
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2.5 Numerical Studies

2.5.1 Experiment Settings

In this section we conduct extensive numerical experiments to compare our method with other

methods. We conduct a wide range of simulation settings determined by the following parameters:
n: the number of samples in training data.
p: the number of predictor variables.
X: the design matrix of predictor variables.

s: the sparsity level (number of predictors with non-zero coe cients), which can vary from

1 (very sparse) t@ (very dense).
h: the signal distribution (underlying distribution of the non-zero coe cients).

PVE: the \Proportion of variance explained”, which is a numbe}Qri] that summarizes the

total proportion of variance ig that is explained by the predictors.

Given these parameters we generate both test and training data by rst genEraims" P if

X is not a given real data set; by randomly selecsmuedictors to have non-zero coe cients,
and generating thesenon-zero regression coe cients independently frémand by sampling

the response variablgsfromy N (Xb: 2l,,), where 2 = PVE Var(Xb) to achieve the
desired level of PVE (herdar denotes sample variance of a vector). We then randomly divide the
2n samples into equal-sized test and training d@aest; Ytest) and(X train ; Ytrain ), respectively.

For the design matrix we consider three settings:

EquicorrGausé ): X MN (0;l2q; ), whereMN denotes the matrix normal distribution
and s the equi-correlated covariance matrix having unit diagonal entries

and constant o -diagonal entries

30



IndepGauss Equivalent toX EquicorrGauss(Q)the entries oK are independent

standard normal random variables.

RealGenotypeHuman genotype data from 20 di erent genes, from the Genotype-Tissue

Expression project [65].

The real genotypes are taken from Wang efld84], and exhibit complex patterns of correlations
among predictors, with some pairs of predictors being very highly-correlatedl). Each dataset
contains the SNPs (genetic variants) with minor allele frequenci@®5within 1 Megabase of each
gene's transcription start site; see Wang efl4] for details. Under th&®ealGenotypscenario
the values oh andp are determined directly by the, rather than being speci ed: the sample size
is2n = 574 (son = 287) andp varies from4012to 8760

We de ne simulation scenarios by rst de ning a baseline simulation scenario, and then de ning
additional simulation scenarios by specifying only how they vary from this baseline. The baseline

is:

Baseline:n = 500 p= 200Q s= 20; X IndepGauss PVE=0:5; h = N (0; 1):

The six additional scenarios di er from the baseline as follows:
Low-dimension. p = 200.
High-dimension: p = 10000.
PointConstant-signal p =200 andh = 1 (point mass at 1).
Strong-signal: p =200, PVE=0:9.
Equicorr( =0:95 : X  EquicorrGausg0:95).

RealGenotype X RealGenotype(son = 287 and 4012 p 8760).
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Table 2.2: Summary of the 11 methods compared.

‘ Method H R Package ‘ Brief Description ‘ Reference ‘
‘ Mr.ASH H mr.ash.alpha | The proposed VEB method This paper
Ridge PLR with the ridge penalty.
Lasso glmnet PLR with the lasso penalty. Friedman et al. [49]
E-Net PLR with the elastic net penalty.
SCAD PLR with th d Ity.
ncvreg W! € Sc_a_ penalty Breheny and Huang [23]
MCP PLR with the minimax concave penalty.
LOLearn LOLearn PLR with theL o penalty. Hazimeh and Mazumder [74]
B B MCM ith +(1 t i .
ayes BGLR c CW? 00*( 0) bl prl_or onb Perez and de Los Campos [121]
B-Lasso MCMC with the scaled Laplage) prior onb.
. P . .
. . VBwithb = . d mult I
SuSiE susieR > W = 2B an mutinomia Wang et al. [164]
priors onz,'s and normal priors ofy's.
VB with +(1 N (0; 2 [
varbvs varbvs Wl_t 00*( _ o)N (05 ) prior onb Carbonetto and Stephens [27]
and discrete BMA with respect t.

Comparing Prediction Accuracy We apply each method to the training data to obtain an estimate
B for the regression coe cient. We then assess predictive performance on the test data by calculating
Ptest = XtestB and computing the root-mean-squared-error (RMSE) divided tiy obtain a

scale-free performance measure (Pred.Err):

K k
RMSHEY test; Prest) Ytestp ﬁ.btest :
(2.33)
RMSHEY test; Ptest) .

Pred.Er(ytest; Ytest) .

Note that
1
1 E q[Pred.Erytest; Yrest)] m;

provided thatX i5in » X test and test are independent of one another.

Comparison methods We compare our metho®Jr.ASH, with ten other methods: six penalized
linear regression methodRifdge LassoE-NET, SCADQ MCP, LOLearn and four Bayesian regression

methods BayesBB-LassoSuSiE varbvs. These methods were chosen to re ect a range of di erent
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penalties, priors and tting procedures (e.g. MCMC vs Variational) among methods with R package
implementations. See Table 2.2 for the summary of competitors.

Each method has many ways that it could be applied. Evelnalsscone has many decisions to
make, including what kind of cross-validation (CV) to use (e.g. 5-fold vs 10-fold), what criteria to
use for selecting the optimal tuning parameter, and whether to relax the t or not. With so many
methods to compare we do not attempt to address the tricky issue of how best to tune each method.
Instead we attempt to apply them \out-of-the-box", largely following software default settings. We
note two minor exceptions to this: witBNET we tune both tuning parameters by CV (rather than
tuning just one parameter, which is the software default); an8@i@iEwe set the upper limit on
the number of non-zero coe cients tb = 20, replacing the default( = 10), because most of
our simulations involve more than 10 non-zero coe cients. All the R code used to perform the
comparisons is available https://doi.org/10.5281/zenodo.3754715

The following remarks summarise our prior expectations about the performance of these methods:

RidgeandB-Lassaare well adapted to dense signals, and so should perform well for that case,

but may perform poorly for sparse signals.

LOLearnandSuSiEare well adapted to sparse signals, and so should perform well for that

case, but may perform poorly for dense signals.

Lassois a convex method that has a reputation for being fast but can su er from bias in

parameter estimates, particularly overshrinking strong signals [e.g. 149, 79].

E-NET is also convex, and more exible tharasscandRidge including both as a special
case. It may therefore perform well across a wider range of conditions at the expense of more

computation time.

SCADandMCP are based on non-convex penalties designed to reduce the bias su ered by
Lassgparameter estimates. They might therefore outperfoasso possibly at a cost in some
additional computation. Since these methods were developed primarily for sparse regression

it is unclear how well they will adapt to dense signals.
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BayesBis a Bayesian method with spike-and-slab prior (here, ustagséab), which has the
potential to perform well for both sparse and dense signals provided the runs are long enough

for the MCMC tting procedure to converge.

varbvsandMr.ASH are variational approximation methods based on the same variational
approximation. The main di erences are: [)r. ASHuses a simple EB approach to estimate
prior, whereavarbvsuses a more complex approach that, with software defaults, favors sparse
models; (i)Mr.ASHuses thd.assanitialization to improve performance with correlated
predictors. We therefore expect to $de ASH outperformvarbvsin dense settings and cases

with correlated predictors.

2.5.2 Experiment Results

We conducted three main groups of simulations aimed at assessing how the performance of di erent

methods varies with di erent parameters:
Group 1 : Varying sparsity §).
Group 2 : Varying sample sizen(), signal strengthRVE), and signal shapdj.
Group 3 : Varying number of predictorgj.

We divide the simulations this way becawsdgas a particularly strong e ect on the relative prediction
performance of many methods, antias a strong e ect on compute time.

For the Group 1, \varyings", simulations we simulated data under each of the six \additional
scenarios" de ned above, and allowsdo vary from1 to p. This involves four scenarios with
uncorrelated designs (Group 1a) and two with correlated design matrices (Group 1b). For the Group
2 simulations we took th8aselinescenario, and varied each parametePVE andh in turn.
Because the variation imhas di erent e ects depending os, we did an additional simulation with

h varying when the signal is densg£ 200 ands = 200). Note that in ouBaselinesetting, the
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Figure 2.2: Comparison of prediction error of penalized regression methods in simulations with
varying levels of sparsitg. Each panel shows a di erent simulation settingsaaries froml p.
Each point is the average prediction error (2.33) over 20 independent simulations.
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Figure 2.3: Comparison of prediction error of Bayesian regression methods in simulations with
varying levels of sparsitg. Each panel shows a di erent simulation settingsagries froml p.

Each point is the average prediction er(@r33)over 20 independent simulations. These are the
same simulations as in Figure 2.2.
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signal is sparsep(= 2,000ands = 20). For Group 3, \varyingp", we took theBaselinescenario
and variedo from 20to 20,000.
The results for varying are shown in Figures 2.2 and 2.3; results for varyin@VE, andh are
in Figure 2.4; and results for varyingare in Figure 2.5. We summarize the main features of these

results in turn.

Performance with varying sparsity level 5): The comparison of penalized regression methods
(Figure 2.2) shows that, as expected, relative performance of some methods varies considerably
with s. As might be expected,OLearn performs competitively only in sparse settings, whereas
Ridgeis competitive only in dense settings. ThassoandE-NET perform more consistently
across di erents, with E-NET consistently slightly better, but there is a clear performance gap
between these and the best method in each setting. Gend@andSCADperform similarly, and
often competitively, with the exception of dense signals under some scenaridsof@-gimension
PointConstant-signal OverallMr.ASH performs as well or better than all other methods in all
scenarios.

The comparison with Bayesian methods on the same scenarios (Figure 2.3) shows some analogous
patterns. Again, some methods are competitive only in sparse scer@uriig(or dense scenarioB{
Lass). TheBayesBmethod performs consistently poorly in the scenarios with correlated predictors,
presumably because the default MCMC run-lengths are too short to ensure reliable results for these
harder settings. And althouglarbvsis based on the same variational approximatioMa#&\SH,
its performance is generally worse thisin.ASH This is particularly evident in dense settings {
probably because tharbvshyper-parameters are chosen to favor sparsity { and in correlated designs,
probably because, unlikdr.ASH, varbvsdoes not exploit warm start from thessosolution; see
also Section 2.5.4.

OverallMr.ASH s consistently close to the best-performing method. The main places it is
outperformed are in scenarios with correlated designs, wBktr@ssas better for dense signals and

SuSiEis slightly better for sparse signals. This is presumably because the variational approximation
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Figure 2.4: Comparison of prediction performance for varying sample sizesgnal strength (PVE)
and signal shapénj. Each point shows average prediction error over 20 independent simulations.
In the varyingh simulations, thex axis is ordered from longer tail to shorter-tail distributions.
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Figure 2.5: Comparisons of prediction er(dop)and computation timéBottom)for both penalized
regression methods.eft) and Bayesian regression meth@Bsght). Simulations are performed by
varyingp from 20to 20,000in the Baselinescenario (hence = 20). We disconnect the prediction
curves in the bottom left panel because the computation time of some penalized linear regression
methods behaves di erently fgr  n and forp > n. All points are averages over 20 independent
simulations. The compute time fMr.ASHincludes the compute time ftuassowhich is used as

an initialization. Using a simple null initializatiotMr.ASH.nul) is slightly fasteMr.ASH.null
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underlyingMr.ASH is sub-optimal in these settings, which exhibit very strong correlations (
0:95) among predictors (in contraBtLassouses MCMC and&GuSiEuses a di erent variational
approximation that is speci cally adapted to correlated designs).

These results demonstrate the versatilifsfASH, and the e ectiveness of the VEB approach

to adapt itself to the sparsity level by learning the prior (and hence penalty) from the data.

Performance with varying sample size 1), signal strength PVE), and signal shapelf): The

results for this group of simulations (Figure 2.4) show that relative prediction accuracy of di erent
methods does not vary so greatly withPVE or h as it does withs (e.g. there are fewer lines
crossing one another here than in results with varging he most notable exception is varying

h in the dense settingp(= 200, s = 200), where for exampl&idgeandB-Lassaperform well

for lighter-tailed signals, but poorly for heavier-tailed signals. Our explanation for this is that in
this settingh determines the ective sparsity For example, wheh = t; the e ect sizes are very

long tailed, and so one or two coe cient may have much larger absolute magnitude than the others.
Methods that are well adapted to sparse settings do well in this setting, but worse in settings where

e ects are more similar across predictors (¢ng= Constant).

Performance and computational scaling with varying dimensionp): For this group of sim-
ulations we show results for both prediction accuracy and computational time (Figure 2.5). The
computation time results show that, with the software settings used here, all the methods scale
similarly with increasingp. E-NET is substantially slower than the other methods because we
chose to tune both tuning parameter&afET by cross-validation (CV), whereas for the other
CV-based methods we tune only one tuning param&&ET could be run faster by tuning only

one parameter, but potentially at loss of prediction accuracy in some settings. AlthougBH
estimates its prior from a very exible family { e ectively tuning a large number of tuning parameters

{ it is approximately as fast as the methods that tune a single parameter by CV. This highlights a
computational advantage of tuning parameters by EB rather than by CV.

We note that théir.ASHcomputation time here is dominated by the time spent computing the
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Table 2.3: Average computation time for each method across all simulations (Groups 1-3). Note: the
computation time oMr.ASHincludes the_assacomputation time for initialization; computation
time with null initialization is shown asr.ASH.null

| Mr.ASH | Mr.ASH.null | E-NET | Lasso| Ridge | SCAD |

| 2037 | 1505 | 22366 18.79| 33.76 | 35.04 |
‘ MCP ‘ LOLearn ‘ varbvs‘ SuSiE‘ BayesB‘ B—Lasso‘
| 2200 | 778 | 54.98 | 2359| 24.80 | 16.07 |

Table 2.4: Boxplots of RRMSER.34) which measure prediction accuracy relative to the best
performing method in each data set. Each panel shows results for a group of simulations. The

horizontal line and dot in each box indicates median and mean performance respectively, and the
limits of the box indicate the inter-quartile range.
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Lassasolution, which we use for initialization. However, runnikiy. ASHfrom the null initialization
requires similar computation time comparedLi@msso This is because thiassoinitialization
provides a \warm start" that not only helpdr.ASH nd a better solution, but also reduces the
number of iterations required for convergence.

It may seems surprising that the computation of the MCMC-based metBedssso BayesB
scales similarly to the other methods. However, this is simply because the software defaults for these
methods increase the number of MCMC updates linearlypiind each update has cost independent
of p). Note that, ap increases, the prediction accuracy of these methods become substantially less
competitive. FoB Lassahis may partly re ect the fact that increasipgorresponds to increasing
sparsity (becauseis xed here), andB-Lassds not well-adapted to sparse settings. However, for
BayesBit seems likely that the poorer prediction performance for lgrge ects a failure of the
MCMC to converge. If so then this could be recti ed by increasing computation time. (Still, it is
interesting to note tha&ayesBperformance is competitive here witlassdor roughly the same
computational e ort.)

OverallMr.ASHshows consistently the best prediction accuracy, with the computational time

being competitive with other methods.

2.5.3 Overview of the Empirical Results

To provide a high level summary of the relative prediction accuracy of all methods across all
simulations we normalize the performance in each data set to the best-performing method. That is,
if RMSEq; denotes the RMSE for methad under scenario for data set (replicate) we de ne

its relative prediction performance:

RMSEny
RRMSEqpy =
Bt = i RMSEq (2:34)

Thus a method performs similarly to the best method if its RRMSE value is cldse to

The results (Figure 2.4) emphasise the overall competitive performaméeASHcompared
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with all other methods. They also show ti\it. ASH performs well not only on average in most
scenarios, but also consistently well across data sets in each scenario. Indeed, for Groups 1a, 3 and
4 its performance is very close to the best method for almost every data set (the box plots show very
little deviation from 1). This highly competitive prediction performance is obtained with similar

average computation time to the other methods (Table 2.3).

2.5.4 Impact of Initialization and Update Order

SinceMr.ASHis solving a non-convex optimization problem, the initialization of this coordinate
ascent algorithm can a ect the solution obtained, and hence predictive performance. Also, the
order of the coordinate updates @f, ;¢ can also a ect the solution obtainedd4. As

shown in the previous section, initializigr.ASH at the (cross-validated)assoestimate ot
produces consistently reliable prediction performance, and with only a minor increase in computation
compared withLasso Here we illustrate the importance of this warm start in situations wXere

has highly correlated columns, and examine the impact of update order.

Speci cally we assessed the following four di erent initialization and update order combinations:

Mr.ASH.init: LassoCV initialization, random update order. This is our default setting,

presented asir. ASHabove.
Mr.ASH.null: null initialization (b = 0), random update order.

Mr.ASH.order. null initialization, Lassgpath update order (i.e. the coordinates are updated in

the order that they enter theassqgpath, from rst to last).
Mr.ASH.init&order: LassaCV initialization, Lassgoath update order.

Note thatMr.ASH.ordereduces up-front computation compared wth ASH.initby avoiding the
cross-validation step in tHeasso

The main factor that in uences the need for warm start is the correlations among the predictors
(columns ofX ). Therefore we conducted simulations underBaselinescenario, but with increasing
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Figure 2.6: Prediction error®.33) (RMSE= ) of Mr.ASH methods with di erent settings for
initialization and update order.

correlations among the predictors (design set to Equicpfof = 0;0:1;:::;0:9;0:99. The
results (Figure 2.6) clearly demonstrates that usigsoCV initialization can improve prediction
accuracy, speci cally for settings where> 0:6. For smaller values of all methods perform
similarly, consistent with the expectation that the optimization objective function will typically be
better behaved { closer to convex { in such setting3][ In these simulations use of th@ssgath

update order did not improve accuracy.

2.6 Conclusions

We have presented a new Variational Empirical Bayes method for multiple linear regression, particu-
larly designed for fast and accurate prediction. This VEB method combines exible shrinkage priors
with variational methods for fast posterior approximation. Variational methods and Empirical Bayes
methods are sometimes disparaged because of their tendency to under-state uncertainty compared
with \fully Bayesian" methods (I11], [162 and references therein). However, in some applications

uncertainty is of secondary importance compared with speed and accuracy of point estimates. For
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example, this may occur when multiple regression is used simply to build an accurate predictor for
downstream use [e.g. 51], and our VEB approach seems particularly attractive for such settings.

A natural next step would be to produce similar VEB methods for non-Gaussian (generalized)
linear models10g. Extension of our methods to logistic regression should be possible via additional
variational approximations/B]. Extension to other types of outcome distribution (e.g. Poisson)
may require more work.

More generally, our work here provides an example of the bene ts of an EB approach in an
important statistical problem. While EB approaches have been argued to be attractive both in theory
[81] and in practice41], ultimately they have not been widely used outside of the simple normal
means model and wavelet shrinka§&][ and for moderating variance estimates in gene expression
studies 140, 10Z. Recent work has emphasized the potential for EB methods for several other
applications, including: smoothing non-gaussian da7&| multiple testing 46, 150, 159, 59,
matrix factorization and sparse factor analydi6q and additive models164. We hope that
these examples, including our work here, may help spur the wider implementation and adoption of

convenient EB approaches for other problems.

2.7 Supplementary Material

2.7.1 Preliminaries: results for the normal means model

In the appendices we state and prove slightly more general results than those given in the main
chapter. In particular we generalize the results to relax the assumqﬁbqn: 1. To do so we
need results for a more general version of the normal means model than we considered in the main

chapter. In this appendix we de ne this NM model and state the main results.
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The normal means model

Let NMn(f;s%;  ;s?) denote the normal means model with prioand observation-speci c

variances? = (s9;  ;s2) 2 R?. That s, the model

yiib:s? N (isd) =1 m;

id (2.35)
Bif () i=1 m
withy;; g 2 R.
We will make use of mixture priorg, 2 G(uZ;:::; u2 ); that is,
X
f()= kfk( )
k=1 (2.36)
(), N 50 up):
As in (2.37), it is convenient to introduce the latent variable representation:
ifi j=k fx() (2.37)
Pr( j = kjf)=
We will write the joint prior for and j as
Porior (5 j = K), p(y; j =Kkif)= «fk(): (2.38)

We will also writeppyior (f ) for this distribution when we want to make explicit its dependencg.on
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Posterior distributions under normal means model

We letq"M( jy;f;s2) denote the posterior distributions foy under the model with a single

observation NM(f; s 2):

id

yibi& N (b)) gjf ()

Forf 2 G(u%; il uﬁ) these posteriors can be written as:
s2u2
™Mb = kjyifis?) = wifisHN bi (yifis?) 5
s?+ u2
v (2.39)
dMbjy;ts?) = ™Mb = kjy;fis?);
k=1
where
((vifis%) Uy + U (2.40)
Wyifis?), pyifi:s) = plyjb;S)p(bjfi)db (2.41)
o2 k(Y fis9)
k(y;f;s9, P - ; (2.42)
K1 11(y:fs?)

are the operators for the mean, the component marginal log-likelihood, and the responsibility. We

also de ne the NM posterior mean operator under the moiéh (f; s%; ;s%).

De nition 2.7.1 (Normal Means Posterior Mean Operatovye de ne the NM posterior mean

operator,§;.q2 : R! R, to be the mapping

Ss2(y) . E(bjy;f;s?) (2.43)

whereE denotes the expectation under the madiél(f; s 2). Therefore, fron{2.40)and (2.42)
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we have:

X , ,
St.52(y) = k(Y:f;89) k(y;f;s9):
k=1

Note that quantities de ned in the main text, includify10) (2.11) and(2.13) can be obtained
from these de nitions by settings= g ands?= 2. Similarly, pyot,(bj y; g; 2) de ned in (2.14)

is a special case of'M:

phos( iyvig = d"M( jyig; 2 (2.44)

Also, Sg; in De nition 2.4.1 is equivalent t& . 2 in De nition 2.7.1.

Evidence Lower Bound

Let FNM denote the Evidence Lower Bound (ELBO) [e.g. 16]%M 1 (f; s 2):

FNM(q;f;s9) = log p(yjf;s?d) Dk (akgVM)

= Eqlogp(yjb;&) Dk (akpprior (f)) (2.45)
SoEy B Dkt (aKprior ()

Hereqis an arbitrary probability density fd@2 Rand 2f1; ;Kg, and recalgfhM denotes
the true posterior. From the equality condition of the Jensen's inequa#fyf "M is optimized

overq by the true posteriog¥M , which leads to the following lemma:
Lemma 2.7.1(NM Posterior as maximizer of ELBO)The posterioNM solves the following
optimization problem:

, 1
M(CyifisH =argmax SoEqy B Diw (akPprior (F):

Now, we consider the ELBO for the normal means model withbservationsNMn (f; s? =

(s?;  ;s?)). Forq2 Q (9= (q;:::;h) say), the ELBO is simply the sum of the individual
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ELBOs:

xP
F\M(g;f;s9 = FNM(q ;f;sjz): (2.46)
j=1

Consequently, the optima| is, by Lemma 2.7.1g (b; ) = ¢"M(b; jy;j;f;s?), and so from

(2.39) the optimagy is of the parametric form:

g(b; =k)= jk Nbm;vk);, =1, ;p: (2.47)

form, Speci cally, exploiting the analytic expression of the Kullback-Leibler divergence between

two normal distributions [e.g. 73], we have

FYMCmiv; 5 = WM im0 9)
i=1
with
FjNM( Mg 2) (2.48)
1 1 1 X
= Slgsf) S 8 K Mi vk F (2.49)
] W) k=1 "
X o1 X Vi, M2+ Vi
ik IogJ—k+é ik 1+Iogj—g Jk—zj ; (2.50)
k=1 k k:uZ>0 Uk Uk

P
with ﬁ =k jkMjk. The parametric expression in the rstline is for the expected log-likelihood
Eq logp(yj i b; 2), and the expression in the second line is for the negative Kullback-Leibler

divergence term D (g K pprior (f))-
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2.7.2 Derivation of Algorithm 2 (Proof of Proposition 2.3.1)

We now state and prove Propositioh & more general version of Proposition 2.3.1 that relaxes the

assumptiorijxj = 1. For notational simplicity, we ledj = ijxj forj =1; ;p.

Proposition 10 Letq j denote all elements ofexcepty . Lets; denote the expectation, under

q j, of the residuals computed using all variables exgept

5, Y X j5 i 2 R": (2.51)

whereX j denote the matriX excluding thg th column, and® j denotes the expectation (i.e.

rst moment) ofg ;. Letﬁ denote the univariate ordinary least squares (OLS) estimatby when
regressingsj againstx; :

]
Q, dj 2R (2.52)

whered; ijxj.Then

Part 1. The optimung , argman F(g:dj:0; 2) is achieved by = "M jﬁ;g ; Z:q)

de ned in(2.39) which is the posterior distribution dfunder the following NM model:
§ib; 2 N (;b; ?=q); bjgi 2 g (): (2.53)

Part 2. The optimuny, argmax;, e 2 2) F(q:9; 2)is achieved by

X 10
b= bxgk; Where bk:F_D g(j=k) fork=1; ;K

(2.54)
k=1 j=1

In particular, if each variational factog; is updated as Part 1 above, meaning that ) =
"M( 89 2=q)forj =1;
kB0 %=q) (2.42)

;p, then eacly ( j = k) is equal to the responsibility

Part 3. The optimunb? , argmax 2oR, F(A:0; 2), under the parametrizatio(2.47)of g, is
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achieved by:
h 2,Pp P = 2) (m2 Pp |
ky X Bk~ + j=1 K: |%>O jk dj +(1_ k) (mjk + ij) j=1 d]ﬂz
n+pl 1)

In particular, if g ( )= "M ( j8;9 ; 2=d), we have a simpler update rule:

2 _ 1

K x5k2+xpd-(q BB +pl 1) %; (255
T I - P ) "5 (2.55)

j:
where eacly is the expectation af , i.e. = §; . 2=¢ (8) (see De nition 2.7.1.).

Proposition ?parses the coordinate ascent algorithm, which maximizes the ELBO:

F(9;9; %) = Eqlogp(yX;g; %) Dk (9kPpost)

. 2 )d)
Eqlogp(y j X;b; ) DL (G KPprior(9 ))
j=1

(2.56)

n 2y 1L , X
= 3 log(2 <) ﬁEq ky Xbk DL (9 KPprior(9 )):
j=1

This follows from the Bayes rule

ply i X;b; 2)pb; jg; ?)
p(yjX;g; 2

Ppost(b; ) =

and that(b; )= OPL G (5; ;) andp(b; jg; 2= Py Rprior(hy: ;) factorize.

Each part of the PropositiorP s for the update ofj = ( o , Cp), g and 2 whose proof will
be provided in Appendix 2.7.2, 2.7.2 and 2.7.2, respectively.
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Update ofg

In each inner loop iteration, we updajeone at a time while the rest is xed. That s,
g argqmaxF(q 90 9 (2.57)

In what follows, we will illustrate an high-level idea of how the variational facjowill be updated.
In practice, this abstract update should be concretized in a tangible form, such as a closed-form
update formula for each variational parameteggfwhich has not been speci ed yet.

Once we extract the terms relevangfoand remove the terms independentjofrom the ELBO

F(q:9; 2), the inner loop update can be simplied using the univariate OLS estiﬁma(l@.ISZ) as

N

g oM :argcrinax Eq Eq ; logp(yjX;ly:b j; % Dki (G KPprior)

(2.58)
_ di 2 :
= arganax ﬁEq (b ﬁ) DL (G KPprior):

Note that"™ only depends on the dagg; X ) throughfy (andd; , which is known and xed). Also,

we note, in passing, th& = ﬁ +(Xj8=d ) can be also understood as an expected gradient step.
Now, Lemma 2.7.1 proves the rst part of Propositidch Mote that the right hand side ¢2.58)

is the ELBO for the model (2.53). Therefore,

X dj 2
NM( Y= NM(ig-g: 2=¢)= AN J : : 2.59
q ()=ag7( Ja g 0!) - ik dj +(1= I%) dj T (1= |%) ( )

and, in particular, the posterior me‘é]nis updated by

X _—
- k™ :
B = d +(1= E)a'

k=1
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Update ofg

The priorg will be updated by

g argmaxF(q;9; 2)3
g2G

Let us recall thaF is the sum of the expected likeliho&t logp(y j X ; b; 2) and the negative KL
P
divergence Jpzl DL (G Kpprior)- The only term involving the update dfis the KL divergence

term, which can be written in parametric form using (2.47) as

xP X ’
DL (G KPprior) = ik log—- + constart
=1 jik jk
where the above constant term does not depend,@md j, , ¢ ( j = k). Therefore, we have
X 1)@
k argmax jk 109 k= — ik
k J p] =1
X
g k9
k=1

If g = a( j8:;9; 2=d), then j is equal to the responsibility (8 ;g ; 2=q¢), which is
de ned in (2.42) Note that this is equal to the one-step EM update for tting the NM m¢a«€5)
by EB [146), as discussed in Section 2.2.2. (Also, this is a typical Gaussian mixture EM step; see

Bishop [16], Hastie et al. [73]) This completes the proof for the second part of Proposition 1

Update of 2

The noise variance? be updated by

2 argmaxF (q;g; °):

22R4
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Note that the ELBO (2.56) can be written, using the optimal form (2.47), as:

F(mivs 5 9) (2.60)
" #

n 1 , 1 X X
= 3log(2 2) 52 Y XB 52 G K M +tve F (2.61)

j=1 k

[1] #
k 1 Vik 1k k
ik IogJ—+ > jk 1+log 2] 5 5 2’ ; (2.62)
j=1 k=1 k j=1k>1 k k

P
with ﬁ = g jkMjk. The parametric expressi¢@.61)in the second line is for the expected
log-likelihoodEqlogp(y j X; b; 2), and the expressiof®.62)in the third line is for the negative
P
Kullback-Leibler divergence term jp:1 DkL (9 KPprior)-
Then, the coordinate update formula fotis given by taking the partial derivativ@® F=@ of

F with respect to 2 and nd a unique zero o@ F=@-

@
2 bzsuchthat@F( m;v: ;9 repz =0
A simple calculation shows that
1 X X xXP
2 2 _ 2 2
— —  _ky XBK%+ ik O +@= 9 (mi + vik) d &
L |
ntpl ) j=1k>1 j=1
(2.63)
Note that we can simpify (2.63) using the update (2.59}jft:
2
d.
Vik = g 2L Mk = 4 Ja_z;
[+ (1= () [ + (1= )
which yields
X X ) ) XX X X 5
jk o +(@= ) (M + Vi) = jk Mk 8 + ik old
j=1k>1 j=1k=1 j=1k>1

=dBf +pl 1) g
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Therefore, we have:

2 _ 1

e x§k2+xpd-(a B8 +pl 1) g
n+pl 1) y 11 P 1) old -

j:

Here gld highlights that 2 is evaluated at the previous iterate in the right hand side. This proves

the third part of Proposition®l

Actual Implementation of the Algorithm

We summarize the actual implementation of the algorithm when the assumpﬁ&ps: 1 for

j=1; ;pareremoved.

2.7.3 VEBasaPLR

Normal means as a penalized problem

In this subsection we draw a connection between the normal means problem and a penalized approach.
Speci cally we write the posterior mean as a solution to a penalized least squares problem.

Consider the normal means model (2.35), i.e.
. . iid .
yibis? N (shssd gif i) j=1; :n (2.64)
and letF NM denote the ELBO for this normal means model, i.e.

FNM(q;f;s%y) = Eqlogp(yjb;f;s?)  Dkr (akpprior(f)) (2.65)

whereEq denotes the expectation ouer g. To lighten the notation, we will omit the dependency

ony, and simply writeF N\M (q; f; s2).
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Algorithm 4 Actual Implementation of Algorithm 2 fo&( 2, ; 2).

Initialize: 8©@); ©):( 2(0)
s v XBO (the expected residual).
0. Pre-computation
dj = ijxj = kxjkz; for j =1, T p:

repeat

s(ttl) = g(t)  (t+1) =,

forj=1; ;pdo

1. The expected gradient step.

8 ﬁi(t) +q 1ijr

2. The computation ofj 's and the update of .
fork=1; ;K do

C e (1) 2
B UL T L I (I ki
: K kDB = k(DO) L+d 7 200 + (1= D)
1 1
D e by
end for

3. The shrinkage step.

ﬁ(”l) X ik d g
e G Ha=P

4. The update of the expected residual.

s(ttl)  g(t+l) + X (ﬁ(t) ﬁ(t+l))

end for
5. The update of 2.
2
( 2+ 1 Aet*D) 2 4 X d ( (t+1)) () | g
n+ p(l 1) =1 J a % % p(

6. Delete from memory and proceed to the next iteration: t+ 1.
until convergence criteria met
Output: BM; O;( 2)®

3
(A5
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With slight abuse of notation, we also de ne a function

FNM®:f;s2),  max FNM(q;f;s?); (2.66)
q:Eq(b)=%®
whereb 2 R afree variable. Here the symt®NM is overloaded, with its meaning being determined
by its rst argument $or g), and theEq(b) = B means that the expectation (i.e. the mean or the
rst moment) ofq is constrained to b Thus,FNM(®; f; s2) is an ELBO value evaluated at an
\optimal" q having the expectatioh
We remark thaf NM ($: f: s2) attains its global maximum & = Sf;sz(y), andF (q; f; s?)

attains its global maximum at= p’F\,'(')\gt. The relationship between them is

F (Phoss f;8%) = max FNM(q;f;s9) = max  max _FNM(q;f;s?)
q B2R q:Eq(b)=9 (2.67)

= max FAM®;f;5%) = FNM(§;52(y):fis9):

Now, the following Lemma shows thatF NM (9 f; s2) is the sum of thé »-loss and the explicitly

constructed penalty.

Lemma 2.7.2. The ELBOF NM (®: f; s2) can be written as a penalized log-likelihood:
NM(g. - 2y - & 2y 1 2
F™ (B g, 9) = 5100259 S50y B e.52(B) (2.68)
where the penalty term is

. 1
ef;sz(%) , q:En;(IBZE @Var(CI) + Dk (dK pprior (f)) : (2.69)

Further, for anyy 2 R this penalty term satis es
(6r.s2){Ss2(M) =(1=5) ¥y &ga(y) : (2.70)
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Assuming the inverse &, exists this implies that:
(g5 = (1= 8.1 b : (2.71)

Proof. From (2.65) we have:

FNM(q;f; s?)

_ 1 2 1 2

= 002 A Ey B D (aKPior(f)

= Tigz 3 Ly Eq®? - Vard)+ Dxp (@K pprior(f))
2 252 252 prior

The expressions (2.68, 2.69) then follow directly from the de nit{@r66)of FNM (®; f; s2). Ex-
pression(2.70)is a direct consequence of the fact tRatM (B; f; s2) is optimized ab = Sf;sz(y)

foranyy 2 R, i.e.

$:..2(y) = argmax F\M (8 f; s2);
’ R

hence the partial derivative ¢2.68)with respect t®evaluated @b = $;.52(y) must be0. Finally,
expression (2.71) comes from settyng Sf_slz(b) in (2.70). ]

VEB as a penalized regression problem

Next, we consider the ELB® (2.19) for multiple linear regression and de ne:

F(B;g; 9, max F(q;g; 9):
q:Eq(b)=8

Again, the symboF is overloaded, meaning thai(B; g; 2)is an ELBOF(q;g; 2) value evaluated
at an optimab such thaEq(b) = B. Also,B 2 RP is a free parameter.

The following Proposition is a direct consequence of (2.56) and Lemma 2.7.2.
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Proposition 2.7.1. The ELBO(2.19)can be written as a penalized log-likelihood:

x°
F(Big; )= 2'09(2 ) 2_12ky X Bk? & ; 2=q B); (2.72)
j=1

where the penalty functioais de ned as in Lemma 2.7.2.

Proof. From (2.56), we have:

n 1 1 X
Fg 9= "5 g2 3 Soky XEq®KR+ o5, 4@ Eq()?
j=1
+ 5log2 %) SEq(y 8)° Dk (G KPprior(9 )
j=1
n 1 1 X
- 2p|og(2 ) Soky XEq®K2+ 55 4@ Eq()?
j=1
xXP
+ F"(g;g; %=4:8)
j=1
Threfore, the result directly follows from Lemma 2.7.2. ]

2.7.4 Proofs

Proof. of Proposition 2.3.2
By Proposition 2.7.1 of Bertsek$®2], the sequence of iteratég(!); gV;: ( 2)Dgfort =1;2;
from the coordinate updates converges monotonically to a local maximé#mmvided thafF is

continuously di erentiable and each coordinate update

S = argmax ¢ T ST R ST CHESC)

g =argmax F (" g;( 2)1)
g2G

( H®D = argmax F (¢ ;g 2)
22R+
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is uniquely determined. Note th&tis continuously di erentiable since its parametric form (2.60)
using the parametrizatidi2.47)is continuously di erentiable in the feasibility set. Furthermore,
each coordinate update is uniquely determined by Proposition 2.3.1 (see proofs in Appendix 2.7.2),

under the mild assumption

Note that when | = 0, it remains0 along the iterations. If itis initialized at, > 0, it can converge
to i = 0 butremains positive along the iterations.
Thus, when initialized at1; ; k; 2 > 0, Algorithm 1 (hence Algorithm 2) converges

monotonically to a local maximum. This completes the proof. O

Proof. of Proposition 2.3.3

Note that the ELBO

X £ N NP
2y . ply j X;b; “)p(b; jg; ©)
F(g;0; 9) = q(b; )log ab: ) db

is maximized exactly wheg(b; ) is proportional top(y j X;b; 2)p(b; jg; 2) as a function,
thatis, foranyp 2 RPand 2f1; ;KgP. This follows from the equality condition of Jensen's
inequality B4]. Note thatp(y j X ;b; 2) andp(b; jg; 2) factorize into the product of the terms,

each of which involve$ and ;. This implies that the true posterior factorizes, i.e.

alb; )/ plyjX;b; 2p(b; jg; ?)

Y xTy)?2
/ exp M

. 2

i=1

#
ply; jig 2

Therefore, the variational approximation is exact, and tting the multiple linear regression model is
equivalent to tting the NM model WherEIy; ;xgy serve as data. ]

Proof. of Theorem 2.4.1
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We will prove a slightly more general version, TheoreftbBlow. The proof of Theorem 2.4.1

directly follows by lettingd; = 1 for all j, and by considering the simpli ed notatiory; such that

g (= 2 e . 2(b);

which satis es
(gD =St b

This completes the proof. O

Theorem 5 Lethbe any local maximizer of the ELBO givgand 2, and letB be the rst moment
of . In other wordsh is a variational posterior mean, meaning that it is an output by the following
iteration:
-
Xi (y Xb)
- i Ci—ae e
=S, 2= QJ’T, =1 (2.73)

ThenB is a local minimizer of the penalized linear regression objective

1

xP
h(b) = Sky Xbk?+ % ey 24 (h); (2.74)

=1
wheree s the penalty satisfyin@2.71)as in Lemma 2.7.2. Furthermore fjfis a global maximizer

of the ELBO, the is a global minimizer oh.

Proof. Before proceeding, we would like to emphasize that we will focus on the caseS&h'ea:q
and € ; 2= are continuously di erentiable, such as whgn2 Ggyy and 2;d > 0. This
Theoreom will hold for a more general setting, witfreplaced by a subgradient of

We will show thatB is a local minimizer oh (2.74) This follows from that iff is a xed point
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of the iteration (2.73), the KKT optimality conditianh(b) = 0 holds, i.e.

xXP
%XT(y Xb) + | 2 (eg ; zzq)o(tq)ej
=1 (2.75)
171 x 1
:EX (y Xb)+ dJ Sg;zzq(t]) q ej:O;
j=1

whereeg; is thej -th standard basis vectef = (0;  ;0;1;,0;  ;0) havingl atj -th entry.
Next, we will show that ifyis a global maximizer of the ELBON)), thenB is a global minimizer

to the penalized regression problem (2.27). This is a direct consequence of (2.72), meaning that

n 2
h(B)= 2 F(Big:  —5log2 ?:

Therefore, a largef value ath)corresponds to a smallbrvalue al. This completes the proof.[]

Remark 2.7.1. The penaltyey. .q in Theorem §can be also written as
D= g S 'y - § ' b3 (2.76)
€;:d (M= "giid Sy;22q (O 7 Sg;2=q (O ’ '
up to constant, whergy: .4 (y) is the marginal log-likelihoogb(y j g; 2:d) under the mode(2.53)

For simplicity, letA = Sg;l;d and” = "4..q. By di erentiating the right hand side of2.76)

we have

A QA®) dAYD 1AL b= 2
dAfD(b A(D) dAl) 1AWB b =2

(g ;d)ctb)

d(A(b) b= 3

by the Tweedie's formul@ 4. ;d)o(t) =d Sg.q(t) t= 2 [e.g. 127, 42] (our version is proved in
Lemma 2.7.3). This shoW2.76)

Lemma 2.7.3(Tweedie's formula for mean and variancéet Sy. .4 (y) be the posterior mean &f
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under the NM model:

yib; 2 N ( ;b; ?=d); bjg; ° g: (2.77)

Letlogp(yjg; 2) be the marginal log-likelihood an8y: .4 (y) is the posterior mean dfunder
the model2.77) (Note thatSy: in De nition 2.4.1 is a special case of this whelr= 1). Then we

have:

. d

SIooRYIg A= G Sga) ¥ (2.78)
. d 1

S2l00RYig = Y Sga®) 5 279

Proof. Applying the Leibniz's integral rule [e.g. 133, page 236] and the Bayes rule, we have

Z
@ P 2y — 1 @ s, 2 .2
a )= ————  —=p(yib; 9)p(bjg; )db
A R T %) @yt PbIe: )

—_ 1 b y . 2 .2

= —— b; 9)p(bjg; %)db

p(yig; 2) =g PYIb 9p(big; )
_d " b plyjb; Apbjg; 2 d _d
-2 g ) YTz Seal) Y

This proves (2.78). For the proof of (2.79), we note that

Z
logp(yjg; %) =log N (y;b; >=dg (bdb
Z
=log N (y= );(b=);(1=d) g(b=)d(b=) %Iog( ) (2.80)
=logp (y=)ig %Iog( %),
wherelogp (y= )jg is the marginal likelihood of
(y=)j(b=) N (b=);(1=d) ; (b=)jg g: (2.81)
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By di erentiating the both hand sides of (2.80) with respecytand apply (2.78), we obtain

Sg;:d (Y) = Sgualy=): (2.82)
Now, we have:
. . 1
@—@zlogp(ng; 2): @—@2 logp (y=)ijg §|09 2

_@y=) @ v 1

- T@2 ay- )lng (y=)ig 52
d 1

= Fy Sg:aly=) (y=) 52
d S

= ﬂysg;;d(Y) y 22:

The rst equality comes fronf2.80) The second equality is the well-known change-of-variable
formula or the chain rule [e.d.33 p.132]. The third equality is obtained by applying Tweedie's

formula for mean(2.78)to the -scaled NM mode{2.81) The last inequality is fron2.82) This

completes the proof. O

Lemma 2.7.4(Property of Posterior Mean Shrinkage Operat&)pposeg be a symmetric unimodal
distribution having mode @ and 2> 0. ThenSg; is symmetric, non-negative, non-decreasing

andSg; (b bon(0;1 ). Thatis,Sg; is a shrinkage operator towards 0.

Proof. By Khintchine's representation theore®g], g can be represented by mixture of uniform
distributions, i.e.

Z1 Ifj bj <t

o(b) = L= Ip(t)ct

for some (possibly improper) univariate mixing dengify). Letp(bjt) = Ifj bj <t g=(2t) be the
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Unif(  t;t) density. Then we have

z

pyjg; 3= p(yjb; ?)p(bjg; %)db
Z,2

p(yjb; ?)p(bjt)db gt)dt
ZO
1

5 pyj %tp(t)dt
= A O
where is the standard normal cdf. Sindet + y)+ ( t y) is non-increasing iy 2 (0;1 )
foranyt 0, p(yj 2;t)is also non-increasing ipm 2 (0;1 ) for anyt 0. This implies that
eachp(yj 2;t)is unimodal aDand thus(yjg; 2) is also unimodal a since it is a mixture of
unimodal distributions a0. Again, this implies thag; (y)= y+ 2'0. (y) ysince'g; (y)is
non-increasing ity 2 (0;1 ), where' g: , logp(yjg; 2).

Also, sincep( jg; 2) is symmetric aroun@, we haveSy: ()= Sg; ( Yy).

Now it remains to show tha&y. is non-decreasing oR+ . Itis easy to show that
p(bjy; %t)= TN(by; % tt)

whereT N(by; 2; t;t) be atruncated normal density, i.e. the normal distribution with nyean
and variance 2 is truncated tq t;t). The posterior mean qf(bjy; 2;t) or the truncated normal

distributionT N (b y; 2; t;t) is a non-decreasing function

N(y+t0, 2 N (y t0; 2
(t y=) ( (t+y=)

Erngy; 2 gyB=y+

ofy 2 (0;1 ) forallt> O, since we have

@ 1
@uTNy: % (B = VAN, 2 gD > 0

ThusSy: is a sum of non-decreasing functionsRn. This completes the proof. O
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CHAPTER 3
BAYESIAN MODEL SELECTION WITH GRAPH STRUCTURED
SPARSITY

3.1 Introduction

Bayesian model selection has been an important area of research for several decades. While the
general goal is to estimate the most plausible sub-model from the posterior distril,t8@n 126,

20] for a wide class of learning tasks, most of the developments of Bayesian model selection have
been focused on variable selection in the setting of sparse linear regregkie8, 61, 131, 164.

One of the main challenges of Bayesian model selection is its computational e ciency. Recently,
Rockova and Georgel[3]] discovered that Bayesian variable selection in sparse linear regression can
be solved by an EM algorithn8f, 114 with a closed-form update at each iteration. Compared with
previous stochastic search type of algorithms such as Gibbs sampfirtsy], this deterministic
alternative greatly speeds up computation for large-scale and high-dimensional data sets.

The main thrust of this chapter is to develop of a general framework of Bayesian models
that includes sparse linear regression, change-point detection, clustering and many other models
as special cases. We will derive a general EM-type algorithm that e ciently explores possible
candidates for Bayesian model selection. When applied to sparse linear regression, our model and
algorithmic frameworks naturally recover the proposall#]]. The general framework proposed in
this chapter can be viewed as an algorithmic counterpart of the theoretical framework for Bayesian
high-dimensional structured linear models 5]l While the work B4] is focused on optimal
posterior contraction rate and oracle inequalities, the current chapter pursues a general e cient and
scalable computational strategy.

In order to study various Bayesian models from a uni ed perspective, we introduce a spike-
and-slab Laplacian prior distribution on the model parameters. The new prior distribution is an

extension of the classical spike-and-slab prick(, 56, 57] for Bayesian variable selection. Our new

2. This work is collaborated with Chao Gao [89].
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de nition incorporates the graph Laplacian of the underlying graph representing the model structure,
and thus gives the name of the prior. Under this general framework, the problem of Bayesian model
selection can be recast as selecting a subgraph of some base graph determined by the statistical
task. Here, the base graph and its subgraphs represent the structures of the full model and the
corresponding sub-models, respectively. Various choices of base graphs lead to speci c statistical
estimation problems such as sparse linear regression, clustering and change-point detection. In
addition, the connection to graph algebra further allows us to build prior distributions for even more
complicated models. For example, using graph products such as Cartesian product or Kronecker
product [7, 97], we can construct prior distributions for biclustering models from the Laplacian
of the graph products of row and column clustering structures. This leads to great exibility in
analyzing real data sets of complex structures.

Our Bayesian model selection follows the procedure afkega and Georgel[3]] that evaluates
the posterior probabilities of sub-models computed from the solution path of the EM algorithm.
However, the derivation of the EM algorithm under our general framework is indeed nontrivial task.
When the underlying base graph of the model structure is a tree, the derivation of the EM algorithm
is straightforward by following the arguments ib31]. On the other hand, for a general base graph
that is not a tree, the arguments I8[l] do not apply. To overcome this di culty, we introduce a
relaxation through the concept of e ective resistant@l] 60, 143 that adapts to the underlying
graphical structure of the model. The lower bound given by this relaxation is then used to derive a
variational EM algorithm that works under the general framework.

Model selection with graph structured sparsity has also been studied in the frequentist literature.
For example, generalized Lasskbp, 4] and its multivariate version network Lasst0] encode
the graph structured sparsity with regularization. Algorithms based op regularization have
also been investigated recent6] 1759. Compared with these frequentist methods, our proposed
Bayesian model selection procedure tends to achieve better model selection performance in terms
of false discovery proportion and power in a wide range of model scenarios, which will be shown

through an extensive numerical study under various settings.
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The rest of the chapter is organized as follows. In Section 3.2, we introduce the general framework
of Bayesian models and discuss the spike-and-slab Laplacian prior. The EM algorithm will be derived
in Section 3.3 for both the case of trees and general base graphs. In Section 3.4, we discuss how to
incorporate latent variables and propose a new Bayesian clustering models under our framework.
Section 3.5 introduces the techniques of graph products and several important extensions of our
framework. We will also discuss a non-Gaussian spike-and-slab Laplacian prior in Section 3.6 with
a natural application to reduced isotonic regressi@6]. Finally, extensive simulated and real data

analysis will be presented in Section 3.7.

3.2 A General Framework of Bayesian Models

In this section, we describe a general framework for building Bayesian structured models on graphs.
To be speci ¢, the prior structural assumption on the paramet2r RP will be encoded by a
graph. Throughout the chaptés, = (V;E) is an undirected graph with = [p] and some

E f (;)):1 i<j pg. It is referred to as thbase graptof the model, and our goal is to

learn a sparse subgraph®ffrom the data. We uge= jVj andm = jEj for the node size and edge

size of the base graph.

3.2.1 Model Description

We start with the Gaussian linear moggl 2 N(X ; 2I) that models am-dimensional

observation. The design matrk 2 R" P is determined by the context of the problem. Given
some nonzero vectav 2 RP, the Euclidean spadeP can be decomposed as a direct sum of the
one-dimensional subspace spanneaviand its orthogonal complement. In other words, we can

write
1 T 1 T
= —ww' + | —=WW
kwk2 P kwk2

The structural assumption will be imposed by a prior on the second term above. To simplify
n 0

the notation, we introduce the spacg, = 2RP:w' =0 . Then, any 2 RPcan be
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decomposedas= w + forsome 2 Rand 2 . The likelihood is thus given by
L. 2 .21y
Vi N(X(w + ); “lIp): (3.2)

The prior distribution on the vectow + will be speci ed by independent priors onand .

They are given by

P2 N(@© %=); (3.2)
Y (i )2

2 2
I p(j; )/ exp
(i )2E 2 2lvo jj +vi( )]

If 2 wog (3.3

Under the prior distribution, is centered ab and has precision= 2. The parameter is modeled
by a prior distribution on  that encodes a pairwise relation betweeand ;. Here,vg is a
very small scalar and; is a very large scalar. For a pdirj ) 2 E in the base graph, the prior
enforces the closedness betwegand j when jj = 1. Our goal is then to learn the most probable
subgraph structure encodedfoy; g, which will be estimated from the posterior distribution.

We nish the Bayesian modeling by putting priors orand 2. They are given by

Y
j p(j)/ i@ )t it 2 g (3.4)
(i )2E
BetdA; B); (3.5)
2 InvGammé#a=2; b=2): (3.6)

Besides the standard conjugate priors and 2, the independent Bernoulli prior onis restricted
onaset f 0;1gM. This restriction is sometimes useful for particular models, but for now we
assume that=f0; 1g™ until it is needed in Section 3.4.

The Bayesian model is now fully speci ed. The joint distribution is

py; ;555 A=pis: pCi AHpCi; e i e el ?): (3.7)
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Among these distributions, the most important ong(ig ; 2). To understand its properties, we
introduce théncidence matrixD 2 R™ P for the base grap& = (V; E). The matrixD has entries
Dei =1 andDgj = 1if e=(i;j), andDgk = 0 if k 6 i;j . We note that the de nition ob
depends on the order of eddds | )g even ifG is an undirected graph. However, this does not

a ect any application that we will need in the chapter. We then de ne the Laplacian matrix
L = DTdiag vo1 +v11(1 ) D:

It is easy to see thdt is the graph Laplacian of the weighted graph with adjacency matrix

1

fvgtij +v; 2@ j)g. Thus, we can write (3.3) as

1
—TL  If 2 wo (3.8)

p(is 21 exp o

Given its form, we name (3.8) trspike-and-slab Laplacian prior

Proposition 3.2.1. Supposés = (V;E) is a connected base graph. For any2 f 0;1g™ and

vo; V1 2 (0;1 ), the graph Laplaciarl. is positive semi-de nite and has rajk 1. The only
eigenvector corresponding to its zero eigenvalue is proportionaptdhe vector with all entrieq.

As a consequence, as long b}w 6 0, the spike-and-slab Laplacian prior is a non-degenerate
distribution on . Its density function with respect to the Lebesgue measure restricteg i®

1 q

— 1
:m dety(L Jexp —— 'L If 2 wo

p(is %) 52

wheredety(L ) is the product of all nonzero eigenvalues of the positive semi-de nite matrix
1 T 1 T
o ieWww' L lp  ieww’ .
The proposition reveals two important conditions that lead to the well-de nedness of the spike-
and-slab Laplacian prior: the connectedness of the base GapfV; E) andlgw 6 0. Without

either condition, the distribution would be degenerate @n Extensions to a base graph that is not

necessarily connected is possible. We leave this task to Section 3.4 and Section 3.5, where tools
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from graph algebra are introduced.

3.2.2 Examples

The Bayesian model (3.7) provides a very general framework. By choosing a di erent base graph
G = (V;E), a design matrix , a grounding vectow 2 RP and a precision parameteywe then

obtain a di erent model. Several important examples are given below.

Example 3.2.1(Sparse linear regressiofjhe sparse linear regressionmoggt 2 N (X ; 2lp)

is a special case of (3.1). To put it into the general framework, we can expand the design matrix
X 2 R" Pand the regression vector2 RP by [0n; X]12 R" (P*1) and[ o; ]2 RP*1. With the
grounding vectow = [1; Op], the sparse linear regression model can be recovered from (3.1). For the
prior distribution, the base grapls consists of nodeg = f0; 1; ::;; pg and edge$ (0;i) : i 2 [plg.

We set = 1 , sothat g = 0 with prior probability one. Then, (3.3) is reduced to

|
Y 2 '
L2 i 2 |
I pCis 91 exp
- 2 2vg o + Vil o)l

Thatis, ij; 2 N(O: ?[vg gi+Vvi(1 i)]) independently for all 2 [n]. This is recognized as

the spike-and-slab Gaussian prior for Bayesian sparse linear regression considerg@ by,[131].

Example 3.2.2(Change-point detectionSetn = p, X = I, andw = 1,. We then havgj ; 2
N( + ;; 2) independently for all 2 [n] from (3.1). For the prior distribution on and , we
consider =0 and a one-dimensional chain gragh= (V;E) withE = f(i;i +1): i 2 [n 1]g.
This leads to a at prior on , and the prior on is given by
1
Y (i i+1)?

2 i 2
I pCis 9/ exp
- 2 2o i+ + Vil gien)]

If1) =0g:

A more general change-point model on a tree can also be obtained by constructing a tree base graph

G.
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Example 3.2.3(Two-dimensional image denoisinglonsider a rectangular set of observations
y 2 R" N2, With the same construction in Example 3.2.2 appliedetgy), we obtainy;; j ;

N(C + j; 2) independently for al{i;j ) 2 [n1]  [n2] from (3.1). To model images, we consider
a prior distribution that imposes closedness to nearby pixels. Conside® and a base graph

G = (V; E) shown in the picture below.

11- 12~ ‘ - 1np
| | \
21~ 22- ‘ - 2n;
\ \ \
\ \ \' \
nil- nq2- - Ning
We then obtain a at prior on , and
) !
cL2 L2 ik I T — O
i p( j; <)/ exp T — 1f1n, 1n, =0g:
(ikijl )2E 2 “[vo kg + vl ikl )]

Note thatG is not a tree in this case.

3.3 EM Algorithm

In this section, we will develop e cient EM algorithms for the general model. It turns out that the

bottleneck is the computation of gL ) given some 2 f 0; 1g™.

Lemma 3.3.1.Letsp{G) be the set of all spanning trees@f Then

(lTW)2 X Y h [
dety(L )= kSka Vol tv @ )
T2SpiG) (i;j )2T
. o _ (1fw?2Q h 1 !
In particular, if G is a tree, therdety(L ) = T @2 Voo i Vg (1 ij) -

The lemma suggests that the hardness of compdegg L ) depends on the number of spanning

trees of the base grafgh. When the base graph is a trekety(L ) is factorized over the edges
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of the tree, which greatly simpli es the derivation of the algorithm. We will derive a closed-form
EM algorithm in Section 3.3.1 whe@ is a tree, and the algorithm for a geneGWwill be given in
Section 3.3.2.

3.3.1 The Case of Trees

We treat as latent. Our goal is to maximize the marginal distribution after integrating out the latent

variables. That is,

X 2
max log  p(y;;;;; ); (3.9)
D2 w2
wherep(y; ; ; ; ; 2 is given by (3.7). Since the summation ovelis intractable, we consider
an equivalent form of (3.9), which is
X Afye s 2
p(yl LI R B | )
max  max lo : 3.10
a5 2 w; 2 A )log a( ) (3.10)

Then, the EM algorithm is equivalent to iteratively updatqig, 2 w; ; 2 [114].
Now we illustrate the EM algorithm that solves (3.10). The E-step is to umdajegiven the

previous values of, ; . Inview of (3.7), we have

) ply;sc s A p(is Ap): (3.11)

According to (3.3.1)p( j; 2) can be factorized when the base grdph= (V;E) is a tree.
Therefore, with a simpler notatiagy = q( j = 1), we haveg"®"( ) = Q(i;j y2E (9fY) 1 (1

geM?t i, where

(i ;00 2vp)
HEW X 3.12
I 7S F N N GRE RV (842
Here, (;; 2) stands for the density function df(; 2).
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To derive the M-step, we introduce the following function
F(; ;g=ky X(w + )k?+ 2+ Tig; (3.13)

wherel q is obtained by replacing with qin the de nition of the graph Laplaciah . The M-step

consists of the following three updates,

( new. newy - argmin F(; ;qM: (3.14)
’ w
_ F( new. new:gnewy ;. p +n+a+?
( 2ynew — argrgln ( 5 2q ) + P 5 log( ) ; (3.15)
new

argmax[(A 1+ cS¥log +(B 1+p 1 dl§Wlog(l )3.16)

P
where the notationgiy stands for ;)2 q?e"". While (3.14) is a simple quadratic programming,

(3.15) and (3.16) have closed forms, which are given by

ovnew _ F( NEW, NEW.gheW) + p new_ A 1+d0§m.
()" = and = :
p+n+a+2 A+B+p 3

(3.17)

We remark that the EMVS algorithni31] is a special case for the sparse linear regression
problem discussed in Example 3.2.1. Wit&rs a tree, the spike-and-slab graph Laplacian prior

(3.8) is proportional to the product of individual spike-and-slab priors

Y (i )2 |

.2 .
; / ex ;
P an T 2oy raa g

supported on y, as we have seen in Example 3.2.1 and 3.2.2. In this case, the above EM algorithm
we have developed can also be extended to models with alternative prior distributions, such as the

spike-and-slab Lasso prior [132] and the nite normal mixture prior [146].
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3.3.2 General Graphs

When the base grapgh is not a tree, the E-step becomes computationally infeasible due to the lack
of separability ofo( j; 2)in . Infact, given the form of the density function in Proposition 3.2.1,
the main problem lies in the terPn detw(L ), which cannot be factorized ovérj ) 2 E when

the base grap® = (V;E) is not a tree (Lemma 3.3.1). To overcome the di culty, we consider
optimizing a lower bound of the objective function (3.10). This means we need to nd a good
lower bound forlog dety(L ). Similar techniques are also advocated in the context of learning
exponential family graphical models [161].

By Lemma 3.3.1, we can write

logdety(L ) =1 * LR la . | (Lpw)?*, 3.18
ogdety(L ) =log Voo ij vy ( ij) +log kwk2 (3.18)

T28pi(G) (i1 )2T

We only need to lower bound the rst term on the right hand side of the equation above, be-
cause the second term is independent.d8y Jensen's inequality, for any non-negative sequence

P
f (T)graspie) suchthat togpig) (T) =1, we have

X Y h i
log voli+vii@a )
T2Sp{G) (ijj )2T .
X PLG) (i) ) v h ) ) i X
(T)log Vo© itV ) (T)log (T)

T2SpLQ) (i)27T L T2sp(G)

X X h i X

= @ (MIf@;j) 2 TgA log Vo 1 ij +Vq 1(1 i ) (T)log (T):

(ij)2E  T2sp(G) T2sp(G)

One of the most natural choices of the weight§T)gr > spyG) IS the uniform distribution

— 1 .
(D= @)y
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This leads to the following lower bound

X Y h L . i
log Vo©ij tvet(@ )
XTZSp'(G) (|H)21' 1 i | |

rjlog vo= ij + vy (1 ) +logjsp(G)j; (3.19)
(i) )2E

where
X
i =i (16)- (i) 2 Tg: (3.20)
ISP JTZSp(G)

The quantityrj de ned in (3.20) is recognized as tleeective resistancéetween theth and
thej th nodes 101, 60]. Given a graph, we can treat each edge as a resistor with residtafben,
the e ective resistance between thte and thg th nodes is the resistance betweemd] given
by the whole graph. That is, if we treat the entire graph as a resistot. betthe (unweighted)
Laplacian matrix of the base gragh= (V;E), andL" its pseudo-inverse. Then, an equivalent

de nition of (3.20) is given by the formula

i =(e )L™ (e §);

whereg is the basis vector with thigh entry1 and the remaining entriés Therefore, computation
of the e ective resistance can leverage fast Laplacian solvers in the literdidded99]. Some

important examples of e ective resistance are listed below:
WhenG is the complete graph of sizg thenrjj = 2=pforall (i;j ) 2 E.
WhenG is the complete bipartite graph of sizeandk, thenrjj = p+;< L for all (i) 2 E.
WhenG is a tree, themj; =1 forall (i;j) 2 E.

WhenG is a two-dimensional grid graph of sire  np, thenrjj 2 [0:5;0:75]depending on

how close the edgg;j ) is from its closest corner.

WhenG is a lollipop graph, the conjunction of a linear chain with gizend a complete graph
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with sizek, thenrjj =1 or 2=k depending on whether the ed@g ) belongs to the chain or

the complete graph.

By (3.19), we obtain the following lower bound for the objective function (3.10),

X CLL 2 C e - 2 : 2
plyi; s 9pCj 9e(i; 9pCj)pC)p( 9).
m(?x; 2mz;1v>;<; , q( )log o) ;

(3.21)

where the formula of( j; 2) is obtained by applying the lower bound (3.19) in the formula of

p(j; 2) in Proposition 3.2.1. Sincg( | ; 2) can be factorized ovdr;j ) 2 E, the E-step is
given byg"®"( ) = Q(i;j (™) 1 (1 Mt 1, where

o3 )?
2 2 4y
new _ Vo "€

Gj I

2
VO e

- 5 (3.22)

1 (i .)2 1 (i 1)
2 2y +(1 )v17e 2 2yt

Observe that the lower bound (3.19) is independert pf, 2 and thus the M-step remains the

same as in the case of a tree base graph. The formulas are given by (3.14)-(3.16), except that (3.16)

needs to be replaced by
new_ A 1+cigw
A+B+m 2

The EM algorithm for a general base graph can be viewed as a natural extension of that of a tree
base graph. Whe@ = (V;E) is atree, it is easy to see from the formula (3.20) tfat= 1 for all
(i;J) 2 E. In this case, the E-step (3.22) is reduced to (3.12), and the inequality (3.19) becomes an

equality.

3.3.3 Bayesian Model Selection

The output of the EM algorithrty ) can be understood as an estimator of the posterior distribution
p( jb b p2; b), whereh b b2: b are obtained from the M-step. Then, we get a subgraph according
to the thresholding rulej; = Ifg; 1=2g. It can be understood as a model learned from the

data. The sparsity of the model critically depends on the valueg ahdvy in the spike-and-slab
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Laplacian prior. With a xed large value ofy, we can obtain the solution path bf= b(vg) by
varyingvg from 0 to v1. The question then is how to select the best model along the solution path of
the EM algorithm.

The strategy suggested /3] is to calculate the posterior scopé jy) with respect to the
Bayesian model ofg = 0. While the meaning op( jy) corresponding targ = O is easily
understood for the sparse linear regression setting3dj] it is less clear for a general base graph
G = (V;E).

In order to de ne a version of (3.7) forp = 0, we need to introduce the conceptexige
contraction Given a 2 f 0;1g™, the graph corresponding to the adjacency matiixduces a
partition of disconnected componef@y; :::; Gsg of [p]. In other wordsfi;j g C | forsome 2 [s]
if and only if there is some path betweeandj in the graph . For notational convenience, we
de ne a vectorz 2 [s]" so thatz; = | if and only ifi 2 C;. A membership matrix 2 f0;1gP S
is de ned with its(i; | )th entry being the indicatdf z; = Ig.

We let@ = (¢ ;[E) be a graph obtained from the base gr&phk (V; E) after the operation of
edge contraction. In other words, every nod&iis obtained by combining nodes @ according to
the partition offC1; :::; Gsg. To be speci ¢, ¢ =[s], and(k;|) 2 E if and only if there exists some
i 2 C,and somg 2 C suchtha(i;j) 2 E.

Now we are ready to de ne a limiting version of (3.3)was! 0. LetE = DT diag(vq la

))D, which is the graph Laplacian of the weighted graph with adjacency m‘at{ii(l ij )0
Then, de ne

|
r eTzTe z €

2 2

1
.2\ — T e .
p(%; )= @ 6 =2 det, 1, (ZTE Z )exp 1f€2 1,0
(3.23)
With € = (¢ ;[E) standing for the contracted base graph, the prior distribution (3.23) can also
be written as 0 1
X I 2
G A/ exp@ %X 1f€2 1,0 (3.24)

(k;h2Ee
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P
where! | = (i )2E Ifz(i) = k;z(j) = Ig, which means that the edgE§; | )gz(i): k:z(j)=1 in

the base grap® = (V; E) are contracted as a new edgel) in & = (¢ ;E) with ! | as the weight.

Proposition 3.3.1. Supposé = (V; E) is connected andlgw 6 0. LetZ be the membership
matrix de ned as above. Then for any2 f 0; 1g™, (3.23) is a well-de ned density function on the
(s 1)-dimensional subspadé€2 RS:w'Z €= 0g. Moreover, for an arbitrary design matrix

X 2 R" P, the distribution of that follows (3.3) weakly converges to thatZof€asvy! 0.

Motivated by Proposition 3.3.1, a limiting version of (3.7) fgr= 0 is de ned as follows,
yii€: 2 NX(w+Z9; 2 (3.25)

Then,p(§ ; 2) is given by (3.23), angd( j 2), p( j ), p( ), p( 2) are speci ed in (3.2) and
(3.4)-(3.6). The posterior distribution ofhas the formula

Z 7277

p( jy) / ply;; €;: Hdddd 2
ya ya ya ya

= p(? p(ji? poi;®; AHpG; Hd¥d 2 p(j)p()d:

A standard calculation using conjugacy gives

0 11=

det,7,,(ZTE Z ) 1=2
p(iy)/ @ —— A -
det, 1, (ZT(XTX + E )Z ) +w!X(ln R )Xw
I n+a
wWTXT(ln R )y 2 ,
yTin Ry — (In RY” (3.26)

FWIXT(In R )Xw

P P
Beta ()28 i *A L (j)e@ §)+B 1) _
BetgA;B) ’

where

R =XZ Z"X"™x+e)z) 1zTxT:

This de nes the model selection scagé ) = log p( jy) up to a universal additive constant. The
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Bayesian model selection procedure evalug(e$ on the solution pathb(vp)do<y, v, and selects

the best model with the highest valuegtf ).

3.3.4 Summary of Our Approach

The parametevg plays a critical role in our Bayesian model selection procedure. Recall that the

joint distribution of our focus has the expression

(Y] )Pvo( J )R( ); (3.27)

wherep(yj ) is the linear model parametrized bypy,( j ) is the spike-and-slab prior with tuning
parametewg, andp( ) is the prior on the graph The tuning parameter, is the variance of the
spike component of the prior. Di erent choices\af are used as di erent components in our entire

model selection procedure.

1. The ideal choice ofp = 0 models exact sparsity in the sense that= 1 implies j = ;. In

this case, the exact posterior

Z
Pvo=0( JY) I (Y] )Pvy=0( ] )pP( )d

can be calculated according to the formulas that we derive in Section 3.3.3. Then the ideal
Bayes model selection procedure would be the one that maximizes the posjgsar jy)
over all . However, since this would require evaluatimg=o ( jy) for exponentially many

's, it is sensible to maximizpy,=o ( jy) only over a carefully chosen subset ofhat has a

reasonable size for computational e ciency.

2. The choice ofvg > 0 models approximate sparsity in the sense thaimplies ; ji-

Thoughvg > 0 does not o er interpretation of exact sparsity, a nonzagyteads to e cient

1. We have ignored other parameters such as 2 in order to make the discussion below clear and concise.
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computation via the EM algorithm. That is, fovg > 0, we can maximize

x . .
p(yi )Pvo( J p( ).
mqaxmax q( )log o) ;

which is the objective function of EM. Denote the output of the algorithngy ) =
Q i Gijv o» We then obtain our model by; (vo) = If gjv , > 0:5g. As we varyvp on a grid
from Oto vq, we obtain a path of modefd(vp)go<v, v, It covers models that ranges from

very parsimonious ones to the fully saturated one.

The proposed model selection procedure in Section 3.3.3 is

max Pvo=0( 1¥); (3.28)
2f b(VO)Jo<v g vy

R
wherepy,=0( jy) /' p(Yj )Pv=0( j )p( )d . Thatis, we optimize the posterior distribution
Pvo=0 ( Jy) only over the EM solution path. The best one among all the candidate models will be

selected according ty,=o ( jy), which is the exact/full posterior of. There are two ways to

interpret our model selection procedure (3.28):

1. The procedure (3.28) can be understood as a computationally e cient approximation strategy
to the ideal Bayes model selection procedmax py,=o( jy) that is infeasible to compute.
The EM algorithm with various choices of simply provides a short list of candidate models.

From this perspective, the proposed procedure (3.28) is fully Bayes.

2. The procedure (3.28) can be also understood as a method for selecting the tuning parameter
Vo, because the maximizer of (3.28) must be in the forrb () for some data-drivelsg. In
this way, the solutiot = b(lag) also has a non-Bayesian interpretation since it is obtained
by post-processing the EM solution with the tuning paramjeselected by (3.28). In this

regard,b also can be thought of as an empirical Bayes estimator.

In summary, our proposed procedure (3.28) is motivated by both statistical and computational

considerations.
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3.4 Clustering: A New Deal

3.4.1 A Multivariate Extension

Before introducing our new Bayesian clustering model, we need a multivariate extension of the
general framework (3.7) to model a matrix observagidh R" 9. With a design matrix 2 R" P,
the dimension of is nowp d. We denote théth row of by ;. With the grounding vector

w 2 RP, the distributiorp(yj ; ;  2)p( j 9p( j; 2) is given by

viii 2 ONXWw T+ ) A0 1) (3.29)
2
i N OG—lg ; (3.30)
|
) oo, Y ki k2
i p(j: 9/ exp If 2 wg; (3.31)

(i )2E 2 2vg jj +va(@ )l

T = 0g. The prior distributions on; ; 2 are the same as

where w = f 2 RP d: w
(3.4)-(3.6). Moreover, the multivariate spike-and-slab Laplacian prior (3.31) is supported on a
d(p 1)-dimensional subspacey, and is well-de ned as long ang 6 O for the same reason
stated in Proposition 3.2.1.

The multivariate extension can be understood as the task of leatmiaividual graphs for each
column of . Instead of modeling the graph separately by(): ::;; (9 using (3.7), we assume the
d columns of share the same structure by imposing the conditidh= ::: = (9,

An immediate example is a Bayesian multitask learning problem with group sparsity. It can be

viewed as a multivariate extension of Example 3.2.1. With the same argument in Example 3.2.1,

(3.29)-(3.31) is specialized to

P K ik2
2 °vg i+ vl )]
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To close this subsection, let us mentions that the model (3.29)-(3.31) can be easily modi ed to
accommodate a heteroscedastic setting. For example, one can replagnthel din(3.29) by a
more general, diag %; = 2), and then make corresponding changes to (3.30) and (3.31) as

well.

3.4.2 Model Description

Consider the likelihood

vii:i 2 N(@n T+ 2n lg) (3.32)
with the prior distribution of j 2 speci ed by (3.30). The clustering model uses the following form
of (3.31),

|

o ki k2 '

p(; §; exp ’ 11} =og: (3.33)

=11 2 2vo jj +val i)l

Here, both vectors; and j are inRY. The prior distribution (3.33) can be derived from (3.31) by
replacing in (3.31) with(; ) and specifying the base graph as a complete bipartite graph between

and . We impose the restriction that
i =1; (3.34)

foralli 2 [n]. Then, 1;:::; K are latent variables that can be interpreted as the clustering centers,
and each; is connected to one of the clustering centers.
To fully specify the clustering model, the prior distribution ofs given by (3.4) with being

the set of alf jj g that satis es (3.34). Equivalently,
(inh k) Uniform(fg g}‘zl); (3.35)

independently for all 2 [n], whereg; is a vector withl on thej th entry andD elsewhere. Finally,
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the prior of 2 is given by (3.6).

3.4.3 EM Algorithm

The EM algorithm can be derived by following the idea developed in Section 3.3.2. In the current

setting, the lower bound (3.19) becomes

X YK L L
log Vo~ ij *vi (@ )l
T2SP(K ) i=1=1
X XK h ) ) i
rijlog vo = jj + vy (1 i) +logjsp(Kn.k)i; (3.36)
i=1j=1

whereK . is the complete bipartite graph. By symmetry, the e ective resistagjce r is a

constant independent @f j ). Thus, (3.36) can be written as

X ho . i
r log vo~ jj + vy (1 jj) +logjsp(Kp)]j (3.37)
i=1j=1
R L0 _ _
= rlog(vy ™) ij +rlogv, ") (1 ) +log jsp(Knk)i
i=1j=1 i=1j=1
= mlog(vyl)+ m(k 1)log(v, 1) +log jsptK n:k)i; (3.38)

where the last equality is derived from (3.34). Therefore, for the clustering model, the lower bound

(3.19) is a constant independentfofj g. As a result, the lower bound of the objective function of

the EM algorithm becomes

X ) N - i 2 2
o )log plyi; ;s 9p( j ();(3(), i pC)( ); (3.39)
with
|
YK , k2 '
e(; j; 2)=const 1 exp ki i

2)(n+k 1)d= i=1j=1 2 2[vo j +vi(@ i)l
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and the algorithm is to maximize (3.39) owgr; 2f :1] =0gand 2

Maximizing (3.39) oven, we obtain the E-step as

4= py ; (3.40)

independently for all 2 [n], wherev 1= Vo Vq 1 and we have used the notation
Gi =9 (i1 k)= §

It is interesting to note that the E-step only dependsgandv, throughv. Maximizing (3.39) over

. 2f 1] =0g;; 2 we obtainthe M-step as

new. new. newy - gramin F(;: q"eW); (3.41)
; 1 =0;
( Znew F(n new; new, new gnew) + b
- (2n+ k)d+ a+2 ’
where
XXX g 1 g
F(;; ;9=ky 1n T K2+ k K2+ L T

i=1j=1 'O Vi
Note that for all suchthatl] =0, we have

ky 1n T kE=kn 101y 1n TKkE+ky n l101)y  KE

and thus the M-step (3.41) can be solved separately &ord( ; ).
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3.4.4 A Connection to Bipartite Graph Projection

The clustering model (3.33) involves latent variablebat do not appear in the likelihood (3.32).
This allows us to derive an e cient EM algorithm in Section 3.4.3. To better understand (3.33), we
connect the bipartite graphical structure betweamd to a graphical structure onalone. Given

a =f jjgthatsatis es (3.34), we call it non-degeneratepif‘:l ij > Oforallj 2 [k]. In other

words, none of th& clusters is empty.

Proposition 3.4.1. Let the conditional distribution of j; 2 be speci ed by (3.33) with some
non-degenerate. Then, the distribution ofj ; 2 weakly converges to
Y ki k2

L. 2
p(j; )/ exp 5
1i<l n 2 Vo

1f1! =o0g; (3.42)

P _ P . : .
asvi!1l ,where ; = J-kzl ij j =N withn; = Ly j being the size of theth cluster.

The formula (3.42) resembles (3.3), except thahcodes a clustering structure. By the de nition
of ;,if jand |areindierentclusters,; =0, and otherwise,  takes the inverse of the size of
the cluster that both; and | belong to. The relation between (3.33) and (3.42) can be understood
from the operations of graph projection and graph lift, in the sense that the weighted graitin
nodes , is a projection of , a bipartite graph between nodeand nodes . Conversely, is said to
be a graph lift of . Observe that the clustering structure of (3.42) is combinatorial, and therefore it

is much easier to work with the bipartite structure in (3.33) with latent variables.

3.4.5 A Connection to Gaussian Mixture Models

We establish a connection to Gaussian mixture models. We rst give the following result.

Proposition 3.4.2. Let the conditional distribution of j; 2 be specied by (3.33). Then, as

vo ! 0, this conditional distribution weakly converges to the distribution speci ed by the following
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sampling process: = and j; 2issampled from

|

Y nj+n)k ; k2

(i 2/ exp ;zj I
1<k Vi

1f1]  =og; (3.43)

P
wheren; = [L; j being the size of thgth cluster.

With this proposition, we can see thatwgs! 0, the clustering model speci ed by (3.32), (3.30)
and (3.33) becomes
yiiis 2 N@n T+ ;5 2An g (3.44)

with j 2 distributed by (3.30) andj ; 2 distributed by (3.43). The likelihood function (3.44) is
commonly used in Gaussian mixture models, which encodes an exact clustering structure. Therefore,
with a nite vg, the model speci ed by (3.32), (3.30) and (3.33) can be interpreted as a relaxed

version of the Gaussian mixture models that leads to an approximate clustering structure.

3.4.6 Adaptation to the Number of Clusters

The numbek in (3.33) should be understood as an upper bound of the number of clusters. Even
though the EM algorithm outputs cluster center§bq; ::;; b g, thesek cluster centers will be
automatically grouped according to their own closedness as we vary the valge®€nerally
speaking, for a very smalp (the Gaussian mixture model in Section 3.4.5, for exampley); :::; b g
will take k vectors that are not close to each other. As we incrggsthe clustering centers
fbyq;:::; bg start to merge, and eventually for a su ciently largg, they will all converge to a
single vector. In shoryg parametrizes the solution path of our clustering algorithm, and on this
solution path, the ective number of clusters increases as the valueyahcreases.

We illustrate this point by a simple numerical example. Let us consider the obseryation
(4;2; 2:4)T 2 R* 1. We tour clustering model wittk 2 f 2;3; 4g. Figure 3.1 visualizes the
output of the EM algorithn{l b) asvp varies. It is clear that the solution path always starts at

fbq;:::; bgof di erent values. Then, agg increases, the solution path has various phase transitions
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where the closest twb;'s merge. In the end, for a su ciently largep, the clustering centers

fbq;:::; bg all merge to a common value.

Figure 3.1: Top Solution paths ob with di erent choices ofk; (Botton) Model selection scores
on the solution paths.

To explain this phenomenon, it is most clear to investigate thelcas2. Then, the M-step

(3.41) updates according to

X
TEW = argmin G, 1 G ki 1K
1
X
1eW = argmin G2, 1 42 ki  ok?
2 i=1 Vo V1

Observe that both7*" and ¢ are weighted averages bfy;::;; ng, and the only di erence
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between 1V and ¢V lies in the weights. According to the E-step (3.40),

ki 1k?
exp —2—'23
G1 =

ki 1k2 ki ok2
op i vep K2

K i k2

exp —2—'23
42 = Ki 1k Ki ok

exp 5y + exp 5y

1 Vyq ! Therefore,asp!1 ,qgq! 1=2andg,! 1=2, which

and we recall that 1 = v,
results in the phenomenon thdl®" and 5 merge to the same value. The same reasoning also

appliestak 2.

3.4.7 Model Selection

In this section, we discuss how to select a clustering structure from the solution path of the EM
algorithm. According to the discussion in Section 3.4.6, we should understas@n upper bound

of the number of clusters, and the estimator of the number of clusters will be part of the output of
the model selection procedure. The general recipe of our method follows the framework discussed
in Section 3.3.3, but some nontrivial twist is required in the clustering problem. To make the
presentation clear, the model selection procedure will be introduced in two parts. We will rst
propose our model selection score, and then we will describe a method that extracts a clustering

structure from the output of the EM algorithm.

The model selection score. For any 2 f 0; 1g" K that satis es (3.34), we can calculate the
posterior probabilityp( jy) with vg = 0. This can be done by the connection to Gaussian mixture

models discussed in Section 3.4.5. To be speci c, the calculation follows the formula

Z 7Z Z
p( jy) = pyic:: (i ApCi; p( Ap( )ddd 2%
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wherep(yj; ;i %),p( ] ?),p(j; 2),p( %), andp( ) are specied by (3.32), (3.30), (3.43),
(3.6) and (3.35). A standard calculation gives the formula

! _ n
detr, (L) %7 N

kn 11,yk?
+n  detry (L + T +n ny

p( iy) /
# nd+a (3.45)
2
+Tr (y n11,iy)T0n L+ T) Ty n t11]y) :

whereL = (1  + "1, ¢ 2 T )=v; is the graph Laplacian of the weighted adjacency

matrix, which satis es

Tr( TL )=
1<l k
P . . .
Recallthain; = j=; j isthe size of the¢th cluster.
However, the goal of the model selection is to select a clustering structure, and it is possible that
di erent 's may correspond to the same clustering structure due to label permutation. To overcome
this issue, we need to sum over all equivalest Givena 2 f 0; 1g" K that satis es (3.34), de ne
a symmetric membership matrik ) 2 f 0;1g" " by
8
< XK =
i()=1. ij =1,
-
In other words, i ( ) =1 if and only ifi andl are in the same cluster. It is easy to see that every
clustering structure can be uniquely represented by a symmetric membership matrix. We de ne the

posterior probability of a clustering structureby
. X .
p( Jy) = p( jy):
2t ()= 9

The explicit calculation of the above summation is not necessary. A shortcut can be derived from the
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fact thatp( jy) = p( Jy)if ( )= ( 9. Thisimmediately implies that( jy) = j jp( jy) for
any thatsatises( )= . Suppose encodes a clustering structure wRkimonempty clusters,

and then we hawe j = g R!. This leads to the model selection score

. _ k
g( )=log p(( )iy) =log p( jy) +log o R (3.46)

n k - - Py
forany 2f0;1g" * that satis es (3.34), anfl above is calculated =~ -y maxy | n jj,

the e ective number of clusters.

Extraction of clustering structures from the EM algorithm. Let b andfbe outputs of the EM
algorithm, and we discuss how to obtdirthat encodes a meaningful clustering structure to be
evaluated by the model selection score (3.46). It is very tempting to directly thraghel done

in Section 3.3.3. However, as has been discussed in Section 3.4.6, the solution patfis:af (g
merge at some values &j. Therefore, we should treat the clusters whose clustering centers merge
together as a single cluster.

Givenby; ::1; by output by the M-step, we rst mergg; andb; whenevekb; bk . The
number is taken aslO 8, the square root of the machine precision, in our code. This forms a
partition[k] = [ leq for someR k. Then, by taking average within each group, we obtain a
reduced collection of clustering centexs, :::; ep- In other wordsg| = |G] 1P i 2G, bj .

Thef 2 [0; 1]" K output by the E-step should also be reducedq 20[0; 1]" R as well. Note
thatly; is the estimated posterior probability that ffie node belongs to thieth cluster. This means
thatq, is the estimated posterior probability that ifle node belongs to thieh reduced cluster. An
explicit formua is given by, = P i 2G; b; .

With the reduced posterior probabiligy we simply apply thresholding to obtam We have
(big; b)) = g ifj = argmax, | p@i- Recall that is a vector withl on thej th entry andd
elsewhere. Note that according to this construction, we alwaystiyawe0O wheneveyj > R. This
does not matter, because the model selection score (3.46) does not depend on the clustering labels.
Finally, theb constructed according to the above procedure will be evaluatg(bhye ned by
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(3.46).

In the toy example with four data poings= (4;2; 2;4)T, the model selection score is computed
along the solution path. According to Figure 3.1, the model selection procedure suggests that a
clustering structure with two clustefd; 2g andf 2; 4gis the most plausible one. We also note

that the curve o§( ) has sharp phase transitions whenever the solution patierge.

3.5 Extensions with Graph Algebra

In many applications, it is useful to have a model that imposes both row and column structures on a

high-dimensional matrix 2 RP1 P2, We list some important examples below.

1. Biclustering.In applications such as gene expression data analysis, one needs to cluster both
samples and features. This task imposes a clustering structure for both rows and columns of

the data matrix [72, 29].

2. Block sparsityIn problems such as planted clique detectidr pnd submatrix localization
[68], the matrix can be viewed as the sum of a noise background plus a submatrix of signals
with unknown locations. Equivalently, it can be modeled by simultaneous row and column

sparsity [103].

3. Sparse clusteringSuppose the data matrix exhibits a clustering structure for its rows and a
sparsity structure for its columns, then we have a sparse clustering prd@&mHor this

task, we need to select nonzero column features in order to accurately cluster the rows.

For the problems listed above, the row and column structures can be modeled by graphss.
Then, the structure of the matrixis induced by a notion of graph product of and ». In this
section, we introduce tools from graph algebra including Cartesian product and Kronecker product
to build complex structure from simple components.

We rst introduce the likelihood of the problem. To cope with many useful models, we assume

that the observation can be organized as a mgtéxR"1 N2, Then, the speci ¢ setting of a certain
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problem can be encoded by design matriggs2 R"1 P1 andX, 2 R"2 P2, The likelihood is
de ned by
Vii: % NXa(w + )XZ: 2y Inp): (3.47)

The matrixw 2 RP1 P2 js assumed to have rank one, and can be decomposed aslwg for
somew; 2 RP1 andw, 2 RP2. The prior distribution of the scalar is simply given by

i 2 N(@©; %) (3.48)

We then need to build prior distributions othat is supportedony = f 2 RPL P2: Tr(w T) =

Og using Cartesian and Kronecker products.

3.5.1 Cartesian Product

We start with the de nition of the Cartesian product of two graphs.

De nition 3.5.1. Given two graph$51 = (V41;E1) andG> = ( Vo; E»), their Cartesian product
G = G1 Gaisde ned with the vertex s&f;  V». Its edge set contain$x1; X2); (y1; y2)) if and

only ifxq = yp and(xo;y2) 2 Eo or (x1;y1) 2 E1 andxs = yo.

According to the de nition, it can be checked that for two graphs of gesndp,, the adjacency

matrix, the Laplacian and the incidence matrix of the Cartesian product enjoy the relations

Al 2 = A2 Ipl+ |p2 A]_,
Ll 2 = L2 |pl+ |p2 L]_,

[D2 |p1;|p2 Dl]:

O
[N
N

|

Given graphs 1 and > that encode row and column structures pive introduce the following
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prior distribution

Mivad ! e L
1L 2 2 - -
(i )2E1 2 “vo vjj + vl i)l
Y k « K2

exp
(1c1)2E; 2 2o 2+ Vil 2)]

(3.49)

If 2 wo

Here,E1 andE» are the base graphs of the row and column structures. According to its form, the
prior distribution (3.49) models both pairwise relations of rows and those of columns based on

and », respectively. To better understand (3.49), we can write it in the following equivalent form,
. 1
p(j 1 2 9/ exp 5 2ved YL, Ip+lp, L, ved) If 2 wg (350)

whereL , 2 RP1 PlandL , 2 RP2 P2 are Laplacian matrices of the weighted grapts 1. +
vi(l gjj)gandfvg o+Vvi(l  2ki)g, respectively. Therefore, by De nition 3.5.4( j 1; 2; 2)
is a spike-and-slab Laplacian pript j; 2) dened in (3.3) with = 1 5, and the well-
de nedness is guaranteed by Proposition 3.2.1.

To complete the Bayesian model, the distributiorf of »; ) are speci ed by

. Y Lij 1 Y 2kl 1 .
121 2 1@ ) (L g7 2K (3581
(51 )2E1 0 (i3] )2E2
2 BetgA1;,B1)  BetdA2;B2); (3.52)
2 InvGammé#a=2; b=2): (3.53)

We remark that it is possible to constraipand 5 in some subsets; and » like (3.4). This extra
twist is useful for a biclustering model that will be discussed in Section 3.5.3.
Note that in general the base graph= G;1 Go» is not a tree, and the derivation of the EM

algorithm follows a similar argument in Section 3.3.2. Using the same argument in (3.19), we lower
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P P
boundlog  Tospie)  e2TVo Letvi i@ o)lby

X
reloglvgt e+ v; X1 )] +log jsp(G)j: (3.54)

e2E1 E»

Since

E1 E2=f((k); (k) (i5)) 2 Ei;k 2 Vog [f ((ik); (i51)) 112 Vi;(kil) 2 E2Q;

and = 1 2, we canwrite (3.54) as
X e
ik 100V Tz + v T 1)
(i:j )2E1 k=1
X e
+ Fik):(i 109Vg Low+viia 2
(k:)2E, i=1
X 1 1 X 1 1
= ryij loghvg = 1j + vy (1 Lij )+ rok 10gvg = 2k + v =1 2x)];
(5] )2E1 (k;N2E>
where )@ )@
2 2 X
1 . .
reij = FGK):GK) = Tempey: 1f((i;k);(:k)) 2 Tg;
k=1 1sp(G) | T2sp(G)

andry. is similarly de ned.

Using the lower bound derived above, it is direct to derive the an EM algorithm, which consists
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of the following iterations,

i 1k k2
ql;ij - L 1 K | i K2 Lj 1 i j K2 (355)
F2:kl 1 Kk k2
Bk = F2l 1 Kk (k2 F2:k Lk . lkz'(3'56)
2VO 2 g 2 2vo + (1 2)V1 2 g 2 2v]_
("% T = argmin F(; oY ™), (3.57)
’ w
NEW. New. jNew. yne
( 2)new - F( ’ e RS 7 "+ b
NiN2g pip2 + a+2
new
new — A1 1Y qj)2E; Qi
L Aq+ Efi 2+ mp
new
new Az 1+ (k)2E2 Bjij

3.58
A+ By 2+ myp ( )

The de nition of the functionF (; ;o &) is given by
F(: :quap)= ky X T2 2 T
;) = ky 1w + )Xo kg + +veqd ) Lg Ipy+lp, Lg veq)

Though the E-steps (3.55) and (3.56) are straightforward, the M-step (3.57) is a quadratic
programming of dimensiopyp2, which may become the computational bottleneck of the EM
algorithm when the size of the problem is large. We will introduce a Dykstra-like algorithm to solve
(3.57) in Appendix 3.8.5.

The Cartesian product model is useful for simultaneous learning the row strugtanel the
column structure andy of the coe cient matrix . Note that wherX1 = X, X2 = I4,andEy = ?,
the Cartesian product model becomes the multivariate regression model described in Section 3.4.1.
In this case, the model only regularizes the row structure énother equally interesting example
is obtained wheiX1 = X, X2 = lg4, andE; = ?. In this case, the model only regularizes the

column structure of, and can be interpreted as multitask learning with task clustering.
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3.5.2 Kronecker Product

The Kronecker product of two graphs is de ned below.

De nition 3.5.2. Given two graph$s; = (V1;E1) andG2, = (\Vo; E»), their Kronecker product
G = G171 Gyisdenedwith the vertex s&f; Vs. Its edge set contain$x1; x2); (y1; y2)) if and

only if (x1;y1) 2 Ex and(x2;y2) 2 E».

It is not hard to see that the adjacency matrix of two graphs has the foAqula= A1 Ao,
which gives the name of De nition 3.5.2. The prior distribution ofiven row and column graphs
1 and » that we discuss in this subsection is

Y Y (k)2

.2
p(j 1 20 9/ exp
(i Y2E4 (KI)2E3 2 Vo 1jj 2kt Vi(L 1 2k)]

If 2 wo

(3.59)
Again, E1 andE> are the base graphs of the row and column structures. According to its form, the
prior imposes a nearly block structure obased on the graphg and ». Moreoverp( j 1; 2; 2)
can be viewed as a spike-and-slab Laplacian pfof; 2) de nedin (3.3)with = 1 . The
distribution of( 1; 2; 2) follows the same speci cation in (3.51)-(3.53).

To derive an EM algorithm, we follow the strategy described in Section 3.3.2 and the lower

P P 1 1
boundlog  tospie) exTlVoT et Vi (1 e)lby

X X 1 1
M)y 109V~ g 2k + V2 (L i 2k)l (3.60)
(11 )2E1 (ki1)2E2
Unlike the Cartesian product, the Kronecker product structure has a lower bound (3.60) that is not
separable with respect tq and 5. This makes the E-step combinatorial, and does not apply to a
large-scale problem. To alleviate this computational barrier, we consider a variational EM algorithm

that nds the best posterior distribution of; » that can be factorized. In other words, instead of

maximizing over all possible distributicgy) we maximize over the mean- led clag®2 Q, with
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Q=1q( 1, 2)= m( Dp( 2): q;pgy. Then, the objective becomes

X p(y . 1 2 2)
max maX IO ) ) 1 9 ) ) ) ;
BF, S, o WDRDI0TL Chey)
wherep(y; ; ;; 1, 2, 2)isobtained by replacing( j 1; 2; 2 withp( | 1; 2; 2)inthe
jointdistributionp(y; ; ;; 1; 2;; 2).Herelogp( j 1; 2; 2)isalowerboundfologp( j 1; 2; 2

with (3.60). The E-step of the variational EM is

X
A1) /1 exp  w( 2logRly; ;i 1 2 D)
2 |

X
BN o) /1 exp oW plogply; ;i 1 2 2

1

After some simpli cation, we have

1
new _ . _
ql;ij B HEIHED) 1 (. )2 a2:kl (3-61)
1 1)Q(k-|)2E2 vy 2 e? 2, Lkl
1+ T - l
((HOK(HD) 1 (o )2 %K
1Q(k;l)2E2 Vo T2 e 22y kO
new _ 1 _ (3.62)
q2;k| PN I qnew - .
OGN (e )2 LK
2 (e, 1 e 1
1+ - - —new
Q Me Tlﬁo( k)2 LK

2 (ij)2E7 Vo

The M-step can be derived in a standard way, and it has the same updates as in (3.57)-(3.58),

with a new de nition of F(; ;q; p) given by

F(; sau) = ky Xg(w + )Xok2+ 2

X X Guij ki, L Cij Gk
Vo Vi

+

Cik i )%
(i) )2E1 (ki)2E2
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3.5.3 Applications in Biclustering

When both row and column graphs encode clustering structures discussed in Section 3.4.2, we have
the biclustering model. In this section, we discuss both biclustering models induced by Kronecker

and Cartesian products. We start with a special form of the likelihood (3.47), which is given by
iii 2 N Indh,+ 5 Zlng Iny);

and the prior distribution on is given by (3.48). The prior distribution onwill be discussed in

two cases.

Cartesian product Kronecker product

iol e

Figure 3.2: Structure diagrams for the two biclustering methods. The Cartesian product biclustering
model(Left) and the Kronecker product biclustering mo¢Right) have di erent latent variables

and base graphs. While the Cartesian product models the row and column clustering structures by
separate latent variable matrices2 RK1 "2 and , 2 RM K2, the Kronecker product directly
models the checkerboard structure by a single latent mat2ix@k? k2,

Cartesian product biclustering model. Letkq 2 [n1] andks 2 [n2] be upper bounds of the
numbers of row and column clusters, respectively. We introduce two latent matji@RkL N2

and 2 RM K2 that serve as row and column clustering centers. The prior distribution is then
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speci ed by

L2 12 X
i=1j=1 2 qvo 1y +va(l 1)l |
2 ¥ k k2 '
| 2h T o
exp If1,, 1n, =0g;
I=1 h=1 2 2o 2in + vi(1  24n)] Ny =N

which can be regarded as an extension of (3.33) in the form of (3.49). The prior distributions on
and » are independently speci ed by (3.35) witk; n) replaced byk1; n1) and(k2; n»). Finally,
2 follows the inverse Gamma prior (3.6).

We follow the framework of Section 3.3.2. The derivation of the EM algorithm requires lower
boundinglog P T2Sp(G) P 27V Lo+ vy 1(1 e)]. Using the same argument in Section 3.5.1,
we have the following lower bound

X1 k1 X2 e
roij loghvg b 1 +vo 2@ 1)1+ ramlogivgt 2in+ vy @ 2n)l: (3.63)
i=1j=1 I=1 h=1
By the symmetry of the complete bipartite graph;j is a constant that does not dependion).
Then use the same argument in (3.37)-(3.38), and we obtain thefaFét ﬂ_igtp J!‘;l ro logvg b 1 +
vy 1(1 1;j )] is independent of 1. g, and the same conclusion also applies to the second term
of (3.63).
Since the lower bound (3.63) does not dependent;on,, the determinant factor in the density

functionp(; 1; 2f 1, 2 2) does not play any role in the derivation of the EM algorithm. With
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some standard calculations, the E-step is given by

K i L k2
exp — 572y
o = :
& k1 ex K i 1u K2
u=1 €XP 2 2y
K | 2 nk?
exp %2y
new _ .
Qi = :

wherev 1= v, v, 1 The M-step is given by
new. new. new. ne — ; . .. ANEW. Jnews.
( ] ] 1 ) 2 W) - argmln F(’ ] 11 21q1 1q2 )l

P18, 1np=05 15 2
new. new. nNew. new.,New.-ne
(Z)new - F( ' b1 2 %% W)+b.
2n1n2 + niko + noky + a+2 ’
where

F(;o 1 2qu®) = ky  Inlf, kE+ kK
XXy 1 a

2
+ K 1;j k
i=1j=1 0 Vi
2 2
+>@ X %iih 1 o K K2
v v | 2; ht .
=1 h=1 9 1

Kronecker product biclustering model. For the Kronecker product structure, we introduce a
latent matrix 2 RKt k2. Since the biclustering model implies a block-wise constant structure for
. Each entry of serves as a center for a block of the matrixThe prior distribution is de ned by

P1 ¥ ¥2 ¥ (it jn)?

C 2
p(: T 1 20 9/ exp
=11 1=1 h=1 2 %vo 1ij 2m+ Vil 1 2m)]

1f17, 1n, =0g:
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The prior distribution is another extension of (3.33), and it is in a similar form of (3.59). To nish
the Bayesian model speci cation, we consider the same priorsifor;; 2 as in the Cartesian
product case.

P P
Recall that the lower bound ¢dg T2Sp(G)

2TV 1o+ Vq 1 g)is given by (3.60)
for a general Kronecker product structure. In the current setting, a similar argument gives the lower

bound
X1k X2 e ) .
Fan:hy 109Vg © i 2h + V3 ~(1 1 2l
i=1j=11=1 h=1
Sincer(m ):(i:h) is independent ofi; |); (j; h) by the symmetry of the complete bipartite graph, the

above lower bound can be written as

X1 X1 X2 Ko
r loghg ! i 2n + Vi@ 1 21n)]
i=1j=11=1 h=1
X1 XK1 X2 e X1 XK1 X2 Ko
= rlog(vy?) i 2ih + rlogivy ) T i 20m)
i=1j=11=1 h=1 i=1j=11=1 h=1
= mnzlog(vy ) + rmina(kikz  1)log(vy b); (3.64)

which is independent ofy; 2. The inequality (3.64) is because bothand » satisfy (3.34).

Again, the determinant factor in the density functifn  j 1; 2; 2) does not play any role in
the derivation of the EM algorithm, because the lower bound (3.64) does not depénd oy).
Since we are working with the Kronecker product, we will derive a variational EM algorithm with

the E-step nding the posterior distribution in the mean led clgss fq( 1; 2) = qm( 1)®( 2):
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t1; 9. By following the same argument in Section 3.5.2, we obtain the E-step as

Pn, Pk, @nCi jn)?
=1

exp =1 52y
a5 - .

& P k1 ex P no P ko Qi ( il uh)2
u=1 &XP =1 h=1— 22y
ox Pni Py a5 jn)?

p i=1 j=1~ 22y
Rin =

’ P, ox Pn, Pk, a§"Ca w)?

v=1 EXP i=1 v=1 2 2y

1

wherev 1= Vo Vq 1 The M-step is given by

new. new. new —_ H .. . ANew. ne .
( ; ; = argmin -~ F(;; 5o g™,
; 15, 1n,=0;
F( new; new; new; qileW; qf21€\l\l) + b

2NNy + niko + noky+ a+2 '

( 2) new
where

FGis 1 2qu®) = ky  1ndf, KB+ k K

X1k R2 X2 qpi o L1 i %
Vo V1

+

Ci )=

i=1j=11=1 h=1
3.6 Reduced Isotonic Regression

The models that we have discussed so far in our general framework all involve Gaussian likelihood
functions and Gaussian priors. It is important to develop a natural extension of the framework to
include non-Gaussian models. In this section, we discuss a reduced isotonic regression problem with
a non-Gaussian prior distribution, while a full extension to non-Gaussian models will be considered
as a future project.

Given a vector of observation2 R", the reduced isotonic regression seeks the best piecewise

constant tthat is nondecreasinj36 52]. Itis an important model that has applications in problems

103



with natural monotone constraint on the signal. With the likelihgpp: 2 N( 1n+ ; 2Ipn),

we need to specify a prior distribution onthat induces both piecewise constant and isotonic
structures. We propose the following prior distribution,

A (is1 )2

L2 L2
; ; / ex
T T )

If i is9fl) =0g (3.65)

We call (3.65) the spike-and-slab half-Gaussian distribution. Note that the support of the distribution
is the intersection of the corfe : 4 2 ng and the subspade : 1] = 0g. The
parametersg andvq play similar roles as in (3.3), which model the closedness betweand 1

depending on the value of.

Proposition 3.6.1.Forany 2f0;1g" landvg;vs 2 (0;1 ), the spike-and-slab half-Gaussian
prior (3.65) iswelldenedorf : 1 o ng\f 1I = 0g, and its density function

with respect to the Lebesgue measure restricted on the support is given by

o<

1
n 1 1 Y

L2y — 1. 1 .
p(j; ) = 2 @ 2n D= ni:1[Vo i+tvy=(1 )]

Xt (i )P
g 2 v i+ val i)l

exp If 1 2 nglflI =0g:

Note that the only place that Proposition 3.6.1 deviates from Proposition 3.2.1 is the extra factor
2" 1duetotheisotonic constraifit : 1 o ng and the symmetry of the density. We
complete the model speci cation by put priors or; ; 2 that are given by (3.2), (3.4), (3.5) and
(3.6).

Now we are ready to derive the EM algorithm. Since the base graph is a tree, the EM algorithm

for reduced isotonic regression is exact. The E-step is given by

qneW: (i i 10 2V0) .
(i i 10 2vo+@ ) (i i 1,0 2vp)

104



The M-step is given by

( new, newy - argmin F(; 5 q™W; (3.66)
;1 o2 o onlf =0
where L
X
F(; sa)=ky 1o Ko+ 2+ 9,18 ()7
=2 V0 V1

and the updates of? and are given by (3.17) witlp = n. The M-step (3.66) can be solved by a
very e cient optimization technique. Sincky  1n k%= k(y )1nk®+ ky yln k2
by 1E =0, and canbe updated independently. It is easy to see that = n%y. The update
of can be solved by SPAVA [25].

Similar to the Gaussian case, the paramegatetermines the complexity of the model. For each
Vg betweerD andvy, we apply the EM algorithm above to calculdteand then leb; = b;j(vp) =
If§ 1=2gform a solution path. The best model will be selected from the EM-solution path by
the limiting version of the posterior distribution ag! O.

Givena 2 f0;1g" 1, we writes = 1 + P i”:ll(l i) to be the number of pieces, and
Z 2f0;1g" Sisthe membership matrix de ned in Section 3.3.3.\4d 0, a slight variation of
Proposition 3.3.1 implies thatthat follows (3.65) weakly converges #o €, where€is distributed

by

p(&; 2/ exp e,  &glif1lz e=og (3.67)

The following proposition determines the normalizing constant of the above distribution.

Proposition 3.6.2. The density function of (3.67) is given by

r
p8; H=2°12 2 D2 detr, (2TE Z)
|

> % (3.68)
m 1€ € = &gif1}lz €=0g;
2 ‘1

exp
1=1
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whereZ andE are de ned in Section 3.3.3.

Interestingly, compared with the formula (3.23), (3.68) has an &Xtra due to the isotonic
constrainf © 1 &g.

Following Section 3.3.3, we consider a reduced version of the likeligpoc® ; 2 N( 1n+
Z € 2|,). Then, with the prior distributions on € ; 2 speci ed by (3.2), (3.68), (3.4), (3.5)
and (3.6), we obtain the joint posterior distributipf; € ; 24jy). Ideally, we would like to
integrate out; € 2and usep( jy) for model selection. However, the integration with respe® to
is intractable due to the isotonic constraint. Therefore, we propose to maximize®ug, and
then the model selection score for reduced isotonic regression is given by

2:

9 )= max logp(; ©; “jy):

;€ o &1tz e=0; 2
For each , the optimization involved in the evaluation@f ) can be done e ciently, which is very

similar to the M-step updates.

3.7 Numerical Results

In this section, we test the performance of the methods proposed in the paper and compare the
accuracy in terms of sparse signal recovery and graphical structure estimation with existing methods.
We name our method BayesMSG (Bayesian Model Selection on Graphs) throughout the section.
All simulation studies and real data applications were conduced on a standard laptop (2.6 GHz Intel
Core i7 processor and 16GB memory) using R/Julia programming language. Detailed codes for
implementation of the algorithm are available onlinétips://github.com/youngseok-kim/
BayesMSG-papeior reproduction of the results.

Our Bayesian method outputs a subgraph de ned by

b=argmax g( ): 2fb(vo)docvy vy
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which is a sub-model selected by the model selection sgioreon the EM solution path (see
Section 3.3.3 for details). Supposeis the underlying true subgraph that generates the data, we
measure the performanceloby false discovery proportion and power. The de nitions are

P P
gii)ee@ bi) j and POW= 1 iize@ )by

FDP = ,
(i)2e  byj) @i)ze@ )

where we adopt the convention tifs0 = 1. Note that the abovEDP andPOW are not suitable
for the clustering/biclustering model, because clustering structures are equivalent up to arbitrary
clustering label permutations.

The sub-model indexed lyalso induces a point estimator for the model parameters. This can
be done by calculating the posterior mean of the reduced model speci ed by the likelihood (3.25)
and priors (3.2) and (3.23). With notatiop&/j ; € ; 2),p( j 2 andp(§ ; 2) for (3.25), (3.2)
and (3.23), the point estimator is de ned Byz esty + ZbeeSt, whereZ is the membership
matrix de ned in Section 3.3.3, and the de nition of €St; €€SY is given by

h i
(%)= argmax log p(yi: $h p( | Hp(Gh ?) ;
; €2f ewTz,8=0¢

which is a simple quadratic programming whose solution does not depentl dote that the
de nition implies thatPis the posterior mode of the reduced model. Since the posterior distribution
is GaussianP is also the posterior mean. The performancé’mfill be measured by the mean
squared error

MSE= %kX(b )KZ;

where s the true parameter that generates the data.
The hyper-parametees b; A; B in (3.5) and (3.6) are all set as the default valudhe same

rule is also applied to the extensions in Sections 3.4-3.6.
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Figure 3.3: Three di erent signals for the linear chain graph. All signals have 20 pieces. Signal
1 has evenly spaced changes (each piece has |1BAgt8ignal 2 has unevenly spaced changes (a
smaller piece has lengtt0), and Signal 3 has very unevenly spaced changes (a smaller one has
length2).

Figure 3.4: Visualization of typical solutions of the three methods when0:5. Since g-pen
is very unstable, we plot contrasting solutions from two independent replicéfep) Evenly
spaced signalCenter)Unequally spaced signgBottom)Very unevenly spaced signdFar Left)
BayesMSG{Left) GenLasso(Right and Far Right)lwo independent replicates of-pen.

3.7.1 Simulation Studies

In this section, we compare the proposed Bayesian model selection procedure with existing methods

in the literature. There are two popular generic methods for graph-structured model selection in the
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literature. The rstmethod is the generalized Lasso (or simlply GenLasso hencefsth) 38 156,
de ned by
1 X .
b= Sky X k? + i i (3.69)
(i )2E

The second method is thg-penalized least-squares [8, 50, 46], de ned by

X
b= %ky X K2+ If {6 jg (3.70)

(i) )2E

For both methods, an estimated subgraph is given by
bj =168 B g

for all (i;j) 2 E. Here, the number is taken asl0 8. The two methods are referred to by
GenLasso andy-pen from now on. In addition to GenLasso anepen, various other methods
[121, 19, 64, 151, 53, 30, 105 52, 155 that are speci c to di erent models will also be compared

in our simulation studies.

Linear Chain Graph

We rst consider the simplest linear chain graph, which corresponds to the change-point mdoel
explained in Example 3.2.2. We generate data accordigg tdN ( ; 2I,) with n = 1000 and
2 f 0:1;0:2; 0:3; 0:4; 0:59. The mean vector 2 R" is speci ed in three di erent cases as shown

in Figure 3.3.

We compare the performances of the proposed Bayesian method, GenLasgepand For the
linear chain graph, GenLasso is the same as fused L&54p [ts tuning parameter in (3.69) is
selected by cross validation using the default method of the R padead@sso [4]. For g-pen,
the in (3.70) is selected using the method suggested by [46].

The results are summarized in Table 3.1. Some typical solutions of the three methods are plotted

in Figure 3.4. In terms dVSE our Bayesian method achieves the smallest error among the three
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Table 3.1: Comparisons of the three methods for the linear chain graph.

Even Uneven Very uneven
MSE FDP POW| MSE FDP POW| MSE FDP POW

0:1 | 0.00019 0.00 1.00| 0.00949 0.00 1.00|0.00217 0.00 0.80
0:2 || 0.00585 0.00 0.98|0.01010 0.00 0.97|0.00279 0.00 0.81
BayesMSG| 0:3 | 0.01620 0.01 0.96| 0.01116 0.01 0.97| 0.00349 0.00 0.81
0:4 || 0.01940 0.05 0.95|0.01693 0.02 0.96| 0.00837 0.00 0.79
05 || 0.04667 0.10 0.95|0.03682 0.02 0.96| 0.01803 0.05 0.78
0:1 | 0.00094 0.81 1.00| 0.00116 0.90 1.00| 0.00570 0.96 1.00
0:2 || 0.00374 0.81 1.00| 0.00458 0.90 1.00|0.01152 0.94 1.00
GenlLasso | 0:3 || 0.00842 0.81 0.98| 0.01024 0.89 1.00| 0.02084 0.93 0.99
0:4 || 0.01494 0.81 0.98| 0.01813 0.88 0.98| 0.03376 0.92 0.98
05| 0.02345 0.82 0.98| 0.02818 0.89 0.98| 0.04984 0.92 0.97
0:1 || 0.00505 0.00 0.98| 0.00288 0.00 0.97|0.02042 0.00 0.81
0:2 || 0.00545 0.00 0.98| 0.00888 0.00 0.94|0.06049 0.00 0.63
“o-pen 0:3 | 0.00399 0.01 0.98| 0.00918 0.02 0.94| 0.06121 0.00 0.63
0:4 || 0.00826 0.02 0.97|0.01119 0.02 0.93| 0.06250 0.00 0.63
05| 0.06512 0.08 0.92| 0.04627 0.02 0.93| 0.06452 0.00 0.63

methods when is small, and GenLasso has the best performance whsiarge. For model
selection performance measurediiyP andPOW, the Bayesian method is the best, apgeben is
better than GenLasso. We also point out that the solutiong-pén is highly unstable, as shown in
Figure 3.4. In terms of computational time, BayesMSG, GenLassog@pdn require 5.2, 11.8 and
19.0 seconds on average.

It is not surprising that GenLasso achieves the IoWESEin the low signal strength regime.

This is because Lasso is known to produce estimators with strong bias towards zero, and therefore it
is favored when the true parameters are close to zero. The other two methods, BayesMgG and
are designed to achieve nearly unbiased estimators when the signals are strong, and therefore show
their advantages over GenLasso when the signal strength is large.

An interesting question would be if it is possible to design a method that works well in all of the
three criteria MSE, POW, FDP) with both low and strong signal? Unfortunately, a recent paper
[141] proves that this is impossible. The result d#l] rigorously establishes the incompatibility
phenomenon between selection consistency and rate-optimality in high-dimensional sparse regres-

sion. We therefore believe our proposed BayesMSG, which performs very well in terms of the three
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criteria MSE, POW, FDP) except for theMSEin the low signal regime is a very good solution in

view of this recent impossibility result.

Regression with Graph-structured Coe cients

For this experiment, we consider a linear regression setting with graph structured sparsity on the
regression coe cients. We sample random Gaussian measuremégnts N (0; 1) and measure-
ment errors; N (0;1). Then we construct a design matix 2 R" P and a response vector
y=X + 2 R" where is a vector of node attributes of an underlying gr&ah

We x n = 500 throughout this simulation study, and consider three di erent graph settings
listed in Table 3.2. Whef® is a star graph with the center nodeCatour proposed model in
Section 3.2 corresponds to the sparse linear regression problem. We compare our proposed approach
BayesMSG with the following baseline methods implemented in R programming language: Lasso
(glmnet R package)49], and Bayesian Spike-And-Slab linear regression (BSAS) via MCBIGLR
R package)121]. All the R packages listed here are implemented using their default setting and
their recommended model selection methods.

Next, whenG is a linear chain graph, the model corresponds to the linear regression problem
with a sparse graph di erence vectbr,  1;  ; p  p 1). This problem setting is particularly
studied for fused Lassd 54 and the approximatg regression setting (ITALEX[75. Therefore,
we compare BayesMSG with the above baseline approaches: fused gesEs$0 R package)
and ITALE (TALER package) on the linear chain graph.

Finally, whenG is a complete graph, the model corresponds to the linear regression problem
with clustered coe cients, i.e. 's may be clustered together. This particular problem setting is
also considered in the studies of GenLaskn/] and OSCAR 19]. We compare BayesMSG with
the following baseline methods: GenLasso and OSCIHR R package). In brief, OSCAR seeks to
solve
1 xP

Sky X Kg+ j_l(C(J D +1)j jgy:

minimize
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Table 3.2: Simulation Settings for Gaussian Design.

Graph | # of nodep | # of edgesn | # of xed nodes| Description

Star 1,001 1,001 regression with sparse coe cients
Linear chain|| 1,000 999 regression with gradient-sparse signals
Complete 200 19,900 regression with clustered coe cients

Table 3.3: Simulation Results for Gaussian De<igr 0:5 (above)C = 1 (below).

Graph Star Graph Linear Chain Graph Complete Graph

Method | BMSG | Lasso| BSAS | BMSG | GenlLasso| ITALE | BMSG | GenLassq OSCAR
MSE 0.579 | 0.792| 0.530 | 0.099 0.276 0.159 | 0.399 0.472 0.438
Time 5425 | 1.663| 11.32| 3.161 5.791 6.543 | 27.52 50.62 18.18
FDP 0.324 | 0.662 - 0.000 0.953 0.106 | 0.224 0.614 0.467
POW 0.978 | 0.995 - 0.954 0.980 0.988 | 0.996 1.000 1.000
Graph Star Graph Linear Chain Graph Complete Graph

Method | BMSG | Lasso| BSAS | BMSG | GenlLasso| ITALE | BMSG | GenLassq OSCAR
MSE 0.624 | 0.789| 0.592 | 0.099 0.274 0.176 | 0.403 0.472 0.442
Time 5,396 | 1.721| 12.75| 3.436 5.904 6.554 | 22.85 51.42 15.80
FDP 0.319 | 0.658 - 0.000 0.930 0.032 | 0.205 0.290 0.208
POW 0.983 | 0.982 - 0.994 0.988 0.996 | 0.998 1.000 0.994

A true graph-structured sparse signal is constructed as follows. For the case of star graphs,

=0:5C forj =1; ;40andO otherwise. For the cases of linear change graphs and complete

j
graphs,j = Cforj =1; ;04p, , =2Cforj =04p+1;, ;07p, ; =3Cforj =

B,

on the test data sets, and computation times. BMSG, BSAS and GenLasso are abbreviations for

j j
O:7p+1; ;0:9pand4C otherwise. Tables 3.3 displays the estimation emBEs) k
BayesMSG, Bayesian Spike-And-Slab regression and Generalized Lasso. Each reported error value
is averaged across 10 independent simulations with di erent random seeds.

The results show that our proposed BayesMSG method is the overall winners across all models in
both estimation errodMISE) and model selection erroFDP andPOW). The advantage is especially
obvious for the linear chain graph and the complete graph. The only case where BayesMSG cannot
beat its competitor (BSAS) is the estimation error in the star graph case (sparse linear regression).
However, we note that BSAS is an MCMC-based method that does not involve model selection but
perform Bayesian model averaging. Thus, the solution of BSAS is not sparse. On the other hand,

BayesMSG is designed for model selection, and therefore performs much better in terms of model
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selection errorgDP andPOW).

Two-Dimensional Grid Graph

We consider the two-dimensional grid graph described in Example 3.2.3. The data is generated

according toyjj ~ N( 0 ;1) fori =1;:::;21and) =1;:::; 21, where

& P !
ik 0:2 ;

and 2f1;2;::;10g9is used to control the signal strength. Note thﬁ'ﬂhas a piecewise constant
structure because of the operationdgthat denotes the integer part. In facﬁ, only takesb
possible values as shown in Figure 3.6.

Since the R packaggenlasso does not provide a tuning method for then (3.69) for the
two-dimensional grid graph setting, we repBSEbased on the selected by cross validation, and
FDP andPOW are reported based on theahat minimizes thé&DP. The in "g-pen is tuned by the
method in [46].

The results are shown in Figure 3.5. Itis clear that our method outperforms the other two in terms
of all the evaluation criteria when the signal strength is not very small. When the signal strength is
very small, GenLasso achieves the lowdSE but shows poor model selection performance. We
also illustrate the solution path of our method in Figure 3.6. Typical solutions of GenLasso and
“o-pen are visualized in Figure 3.7. We observe thgben tends to oversmooth the data, while
GenlLasso tends to undersmooth. In terms of the computational time, BayesMSG, GenlLasso and

“o-pen require 21.2, 26.7 and 8.4 seconds on average.

Generic Graphs

In this section, we consider some graphical structures that naturally arise in real world applications.

The three graphs to be tested are the Chicago metropolitan area road Retheknron email

2. http://iwvww.cs.utah.edu/  -lifeifei/SpatialDataset.htm
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Figure 3.5: Comparison of the three methods for the two-dimensional grid grapft) MSE
(Centen FDP; (Right) POW.

Figure 3.6: Top panel¥ True signal, noisy observations, model selection score, and nal estimate;
(Bottom panelsA regularization path fromg =10 3tovg=10 1.

Figure 3.7:(Far Left) "g-pen with selected using the method iAg]; (Left) o-pen with that
minimizesFDP; (Right) GenLasso with selected by cross validatio(Far Right) GenLasso with
that minimizes=DP.
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Table 3.4: Graph properties of the three real networks.

Name | # of nodes| # of edges| mean.ER| sd.ER | diameter| # of CC
Chicago roadmap 4126 4308 0.9575 0.0499| 324 1
Enron email 4112 14520 0.2831 | 0.2341| 14 1
Facebook egonet| 4039 88234 0.0457 | 0.0608| 8 1

Table 3.5: Important features of the signals on the three networks.

Name | # of clust| # of nodes in each clusteis# of cuts| total variation
Chicago roadmap 4 (576,678 835, 2037) 31 31

Enron email 4 (384;538 1531 1659) 4570 5047
Facebook egonet| 4 (750, 753 778 1758) 651 1220

Figure 3.8: The Chicago roadmap network with signals exhibiting four clusters.

networld, and the Facebook egonet netwhrkFor all the three networks, we extract induced
subgraphs of sizes abo#®0Q Graph properties for the three networks are summarized in Table 3.4.
For each network, we calculate its number of nodes, number of edges, mean and standard deviation
of e ective resistances, diameter, and number of connected components. We observe that the three
networks behave very di erently. The Chicago roadmap network is locally and globally tree-like,
since its number of edges is very close to its number of nodes, and the distribution of its e ective
resistances highly concentrates arodndhe other two networks, the Enron email network and the
Facebook egonet, are denser graphs but their e ective resistances behave in very di erent ways.
For each network, we generate data according to N( ;1) on its set of nodes, with the

signal strength varies according t® f 1; 2; :::;59. The signal for each graph is generated as

3. http://snap.stanford.edu/data/email-Enron.html
4. http://snap.stanford.edu/data/ego-Facebook.html
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follows:
1. Pick four anchor nodes from the the set of all nodes uniformly at random.
2. For each node, compute the the length of the shortest path to each of the four anchor nodes.

3. Code thdath node by if the j th anchor node is the closest one to ittenode. This gives

four clusters for each graph.
4. Generate a piecewise constant signak | .

Some properties of the signals are summarized in Table 3.5, where the number of cutsithif

respect to the base gragh= (V;E) is de ned byP (i;j )2E If ; 6 i 9 and the total variation of
meansp (i )2E J o j j. We also plot the signal on the Chicago roadmap network in Figure
3.8.

Since the R packaggenlasso does not provide a tuning method for thén (3.69) for a generic
graph, we reporMSEbased on the selected by cross validation, aR®P andPOW are reported
based on the that minimizes thé&-DP. The in "g-pen is tuned by the method in [46].

The results are shown in Figure 3.9. Itis clear that our method outperforms the other two. When
the signal strength is small, we observe that GenLasso sometimes has the smA$&sbut its
MSEgrows very quickly as increases. For mosts, our method andg-pen are similar in terms of
MSE In terms of the model selection performance, GenLasso is not competitive, and our method

outperforms g-pen.

Comparison of Di erent Base Graphs

One key ingredient of our Bayesian model selection framework is the speci cation of the base
graph. For the same problem, there can be multiple ways to specify the base graph that lead to
completely di erent models and methods. In this section, we consider an example and compare the

performances of di erent Bayesian methods with di erent base graphs.
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Figure 3.9: Comparison of the three methods on generic grapbg. Chicago Roadmap network;
(Centep Enron Email network;Botton) Facebook Ego network.

We consider observatioryg N ( 7 ;1) fori 2 [n1] andj 2 [ny]. We X ny =12 and vary
nq from 24to 144 The signal matrix 2 R"1 "2 has a checkerboard structure as shown in Figure
3.10. Thatis, th@q no matrix is divided into6 6 equal-sized blocks. On tHe&; v)th block,
i = 2(u+v 6).
The following models are considered to t the observations:

1. Vector clusteringWe regard the matriy 2 R"1 "2 as anqny-dimensional vector and apply

the clustering model described in Section 3.4.2 with k = nqno.
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Figure 3.10: Top lef) True signal; Top centey Computational time;{op right) MSE (Bottom)
Heatmaps of estimators using di erent modeig & 72).
2. Two-dimensional grid graphThe two-dimensional image denoising model described in

Example 3.2.3 is tto the observations.

3. Row clusteringWe regard the matriy 2 R"1 "2 asn = n; observations ifR9 with d = ny,

and then t the clustering model described in Section 3.4.2 to the rowsnoth n = k = n1.

4. Cartesian product biclusteringThe biclustering model induced by the Cartesian product

described in Section 3.5.3 is t to the observations.

5. Kronecker product biclusteringlhe biclustering model induced by the Kronecker product

described in Section 3.5.3 is tto the observations.

Figure 3.10 summarizes the results. In termdMS8E the vector clustering and the two-
dimensional grid graph do not fully capture the structure of the data and thus perform worse
than all other methods. Both the biclustering models are designed for the checkerboard structure,
and they therefore have the best performances. Between the two biclustering models, the one induced
by the Kronecker product has a smalEE at the cost of a higher computational time.

To summarize the comparisons, we would like to emphasize that the right choice of the base
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Figure 3.11: Comparisons of the 5 biclustering methods for the checkerboardld=ftaT{me;
(Right) MSE
graph has an enormous impact to the result. This also highlights the exibility of our Bayesian

model selection framework that is able to capture various degrees of structures of the data.

Biclustering

To evaluate performance of our biclustering methods in comparison to existing methods, we provide
a simulation study using the same data in Section 3.7.1. The true parangtefl "2 has a
checkerboard structure and is visualized in Figure 3.10. More precisely, we consider observations
yii  N( 7 ;1) fori 2 [n1] andj 2 [np]. We x np = 12 and varyn, from 24to 144 The signal
matrix 2 R" "2 has a checkerboard structure as shown in Figure 3.10. That is; then,

matrix is divided into6 6 equal-sized blocks. On tHe; v)th block, . =2(u+ v 6).

1 IJ
For comparison, we consider the three competitors, blockB{; §parseBC151], and COBRA
[30], with the implementation via R packagb®ckcluster , sparseBCandcvxbiclustr . In
.. P .
summary, blockBC and sparseBC are based on the m|n|m|zat|or\;p(yij 20(1)22(] ))2 given
the numbek4 andks, of row and column clusters, respectively, wherg RK1 k2 j5 a matrix of
latent hidden bicluster means andandz, are row and column cluster assignments, respectively.

The methods blockBC and sparseBC use di erent approaches for the estimation of row and column

clusters, i.e. blockBC uses a block EM algorithm. sparseBC solves a penalized linear regression
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Figure 3.12: The solution path (smallgy at top left and largevg at bottom right) for Bayesian
reduced isotonic regression.

Figure 3.13: Comparison of various isotonic regression methaadt) The estimated isotonic
signals (PAVA, DP, BayesMSG, Nearlso); let us mention that DP and BayesMSG signals exactly
coincide. Right) The estimated di erences between the two adjacent years; the only years (x-axis)
with at least one nonzero di erences are reported.

with the " 1-penalty k k1. COBRA is an alternating direction method of multipliers (ADMM)
P
algorithm based on the minimization ofi;j (Vi ij )+ penow( )+ penyg( ) wherepeng,( ) =

P
i<j Wij K j k2 and pegy, is de ned similarly.
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The result is displayed in Figure 3.11. The result shows that BayesMSG Kronecker outperforms
other methods in terms dISE BayesMSG Cartesian also produces competitive solutions in
terms of MSE within short amount of computation time. Note that BayesMSG and COBRA
are regularization path based methods, and require less computation time than other approaches

(blockBC and sparseBC) based on cross validation.

3.7.2 Real Data Applications

In this section, we apply our methods to three di erent data sets.

Global warming data

The global warming data has been studied previoushi@[155. It consists of 166 data points in
degree Celsius from 1850 to 2015. Here we t the Bayesian reduced isotonic regression discussed
in Section 3.6. Our results are shown in Figure 3.12.

Whenvg is nearly zero, the solution is very close to the regular isotonic regression that can be
solved e ciently by the pool-adjacent-violators algorithm (PAVAY(Q5. Whenvg = 0:005 we
obtain a t with 24 pieces. The PAVA outputs a very similar t also with 24 pieces. In contrast, the
Bayesian model selection procedure suggests a modelvittD :06, which has only6 pieces, a
signi cantly more parsimonious and a more interpretable t. This may suggest global warming is
accelerating faster in recent years. The same conclusion cannot be obtained from the suboptimal t
with 24 pieces.

To compare with existing methods, we have implemented reduced isotonic regression with
dynamic programming (DP) algorithm introduced ByY] and the near isotonic (Nearlso) regression
[155. Figure 3.13 shows the estimated signals (left panel) and the estimated di efencges  :

i =1; ;n 1gbetween the two adjacent years (right panel). Since the DP algorithm does
not have a practical model selection procedure, we use the number of biec8sselected by
BayesMSG. Nearlso uses MallowG, for model selection]55. The left panel of Figure 3.13

shows that BayesMSG outputs a more sparse but still reasonable isotonic t. On the other hand,
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Nearlso relaxes the isotonic constraint, allowing non-monotone signals but penalizing the decreasing
portion of variations. Indeed, one can see from the right panel of Figure 3.13 that the changepoints
of Nearlso contain those of PAVA. The PAVA solution is the least parsimonious isotonic t by

de nition, and thus we can conclude that Nearlso does not seem to nd a more parsimonious t.

Lung cancer data

We illustrate the Bayesian biclustering models by a gene expression data set from a lung cancer study.
The same data set has also been used4y9p, 139 30]. Following [30], we study a subset with

56 samples and00genes. Th&6 samples compris20 pulmonary carcinoid samples (Carcinoid),

13 colon cancer metastasis samples (Colda@normal lung samples (Normal) aisdsmall cell

lung carcinoma samples (SmallCell). We also apply the row and column normalizations as has been
done in [30].

Our goal is to identify sets of biologically relevant genes, for example, that are signi cantly
expressed for certain cancer types. We t both Bayesian biclustering models (Section 3.5.3) induced
by the Cartesian and Kronecker products to the data mitl+ 56, n» = 100, ko = 10, and
ko = 20. Recall thak; andk, are upper bounds of the numbers of row and column clusters, and
the actual numbers of row and column clusters will be learned through Bayesian model selection.
To pursue a more exible procedure of model selection, we use two independent p@iss\a)
for the row structure and the column structure. To be speci c(Mgtv1) be the parameters for
the row structure, and the parameters for the column structure are @@pas/) with some
c2f 1=10,1=5;1=2; 1; 2; 5; 10g. Then, the model selection scores are computed withpéndc
varying in their ranges.

The results are shown in Figure 3.14. The two methods select di erent models with di erent
interpretations. The Cartesian product t givsow clusters an@® column clusters, while the
Kroneker product t gives row clusters and 1 column clusters. Even though we have not used
the information of the row labels for both biclustering methods, the row clustering structure output
by the Cartesian product model almost coincides with these labels except one. On the other hand,
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Figure 3.14: Results of biclustering for the lung cancer Yata

Figure 3.15: Comparison of existing biclustering methods.

Figure 3.16: A correlation plot of the selected genes.
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Table 3.6: Description or GenBank ID of the selected gene clusters of size & lasat mosb

Cluster labels Gene description/GenBank ID

2;7) \proteoglycan 1, secretory granule", \AI932613: Homo sapiens cDNA, 3 end"
\AI147237: Homo sapiens cDNA, 3 end", \S71043: Ig A heavy chain allotype 2",
(3;4) \advanced glycosylation end product-speci c receptor",
\leukocyte immunoglobulin-like receptor, subfamily B"
(5;5) ‘immunoglobulin lambda locus", \glypican 3"
\glutamate receptor, ionotropic, AMPA 2", \small inducible cytokine subfamily A",
(5;6) \W60864: Homo sapiens cDNA, 3 end", \secreted phosphoprotein 1",
\LPS-induced TNF-alpha factor"
(6;2) \interleukin 6", \carcinoembryonic antigen-related cell adhesion molecule 5"
. \secretory granule, neuroendocrine protein 1", \alcohol dehydrogenase 2",
(6;11) \ ; g
neuro lament, light polypeptide
(8;3) \fmajor histocompatibility complex, class 11", \glycoprotein (transmembrane) nmb"
(8;5) \N90866: Homo sapiens cDNA, 3 end", “receptor (calcitonin) activity modifying protein 1"

the Kronecker product model leads to a ner row clustering structure, with potential discoveries of
subtypes of both normal lung samples and pulmonary carcinoid samples.

Using the same lung cancer data set, we have also compared the BayesMSG Cartesian product
method with several existing biclustering methods implemented via R packlgésluster
sparseBCandcvxbiclustr . Figure 3.11 displays the nal estimates of the four competitors,
blockBC [64], sparseBC151], kmeansBC %3] and COBRA B(Q]. One can qualitatively compare
these results with the BayesMSG solutions in Figure 3.15.

The results show that BayesMSG and all the competitors select modelElvw'rtH row clusters.
However, BayesMSG selects a smallest number of column clusters. This implies that BayesMSG
favors a more parsimonious model compared to the others. Also, the selected BayesMSG Cartesian
model achieves a lowest misclassi cation error for the row (cancer type).

An important goal of biclustering is to simultaneously identify gene and tumor types. To be
speci c, we seek to nd genes that show di erent expression levels for di erent types of samples.

To this end, we report those genes that are clustered together by both the Cartesian and Kronecker
product structures. Groups of genes with size betvizzamd5 are reported in Table 3.6. Note that

our gene clustering is assisted by the sample clustering in the biclustering framework, which is
di erent from gene clustering methods that are only based on the correlation strubflira$ a

sanity check, the correlation matrix of the subset of the selected genes is plotted in Figure 3.16, and
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Figure 3.17: Visualization of the Chicago crime data after preprocessing.

Figure 3.18: Visualization of Bayesian model selection for the Chicago crime dagf) The
overall geographical patterrRight) Four di erent patterns fron2003to 2018

we can observe a clear pattern of block structure.

Chicago crime data

The Chicago crime data is publicly available at Chicago Police Department webHite report
in the website contains time, type, district, community area, latitude and longitude of each crime
occurred. After removing missing data, we obt&i@ millions of crimes that occurred iR2 police

districts from 2003 to 2018 (16 years). Here we restrict ourselves to the analysis of the spatial and

5. The rows of the four heatmaps are ordered in the same way according to the labels of tumor types.

6. https://data.cityofchicago.org/Public- Safety/Crimes-2001-to-present/
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