Models and Inference of Transmission of DNA Methylation
Patterns in Mammalian Somatic Cells

Qiuyan Fu

A dissertation submitted in partial fulfillment
of the requirements for the degree of

Doctor of Philosophy

University of Washington

2008

Program Authorized to Offer Degree: Statistics






University of Washington
Graduate School

This is to certify that I have examined this copy of a doctoral dissertation by
Qiuyan Fu

and have found that it is complete and satisfactory in all respects,
and that any and all revisions required by the final
examining committee have been made.

Chair of the Supervisory Committee:

Matthew Stephens

Reading Committee:

Charles D. Laird

Matthew Stephens

Elizabeth A. Thompson

Date:







In presenting this dissertation in partial fulfillment of the requirements for the doctoral
degree at the University of Washington, I agree that the Library shall make its
copies freely available for inspection. I further agree that extensive copying of this
dissertation is allowable only for scholarly purposes, consistent with “fair use” as
prescribed in the U.S. Copyright Law. Requests for copying or reproduction of this
dissertation may be referred to Proquest Information and Learning, 300 North Zeeb
Road, Ann Arbor, MI 48106-1346, 1-800-521-0600, or to the author.

Signature

Date







University of Washington

Abstract

Models and Inference of Transmission of DNA Methylation Patterns
in Mammalian Somatic Cells

Qiuyan Fu

Chair of the Supervisory Committee:
Professor Matthew Stephens
Department of Statistics, University of Washington

DNA methylation is critical for normal development of humans and many other organ-
isms. Here we study the transmission process of methylation patterns over somatic cell
division in mammals, with the goal of understanding: (1) to what extent methylation
patterns are transmitted faithfully over cell generations, and (2) whether methylation
enzymes, which are the forces in shaping methylation patterns, exhibit processivity,
a property common to many enzymes, along DNA sequence.

We develop statistical models and inference methods for methylation data on pairs
of parent and daughter strands from individual molecules, although which strand is
which is unknown. To tackle the first question, we estimate the rates of methylation
events and assess variability in these rates across CpG sites, formulating the question
as a latent variable problem and developing multi-site models to infer the latent strand
type. For the second question we take a different approach and model each type of
methylation event as a hidden Markov chain. Average sojourn times (or distances in
our case) of a Markov chain are used as a measure of the level of processivity. Our
models for both questions can easily incorporate and estimate experimental error
rates, which have not been accounted for in previous analyses of methylation pat-

terns. Markov chain Monte Carlo techniques under a Bayesian framework are used






for inference.

We analyse double-stranded methylation data collected from the promoter region
of the FMR1 locus on the hypermethylated X chromosome in females and conclude
that: (1) the average inappropriate bisulfite conversion error rate is 1-3% with little
variation across sites; (2) the average failure of maintenance rate is 2-6% also with
little variation across sites; (3) de novo events occur at a high rate at a few sites on
the parent strand, and occur at some of the other sites on either the parent or the
daughter strand; (4) the maintenance process is processive — on average, the stretch
of maintenance events is 347-1716 nucleotides (nt), or equivalently, 52-256 CpG sites,

whereas the stretch of failure of maintenance events is 6-17 nt (1-3 CpG sites).
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Chapter 1

INTRODUCTION

Epigenetic mechanisms are phenomena that lead to heritable changes in pheno-
types and in gene functions without altering DNA sequence itself (Bird, 2002; Strachan
and Read, 2004). DNA methylation is one such mechanmism. A good example that
illustrates this concept is a calico cat which has yellow and black patches in her fur.
A calico cat is always female, having two X chromosomes. Genes responsible for those
coloured patches are located on the X chromosomes. The genotypes in the skin cells
of a calico cat can be written as X¥X’: one X chromosome carries the “yellow” allele
and the other the “black” allele; alleles are alternative versions of a gene. Methylation
stably inactivates the “black” allele in cells in yellow patches and the “yellow” allele
in black patches, thus resulting in patches of two different colours in the calico cat.
DNA methylation occurs in plants, bacteria and fungi as well: it can change the mor-
phology of flowers (e.g. Cubas et al., 1999 on Linaria vulgaris), and protect bacteria
from infection (Peterson and Reich, 2006). Epigenetic mechanisms are quite different
from the genetic ones. The latter involve mutations in DNA sequence that result in
heritable and nearly irreversible changes in phenotypes. For example, a single base
mutation can cause sickle cell anemia that is inherited through many generations.
In contrast, epigenetic changes are meta-stable (i.e. marginally stable), and are not
always inherited through generations.

DNA methylation plays an important role in normal human development, such
as genetic imprinting (Barlow et al., 1991), X chromosome inactivation (Lyon, 1972),

embryonic development (Jaenisch and Bird, 2003) and cell differentiation (Reik et al.,



2001). Aberrant methylation patterns, however, can lead to developmental diseases
(Dittrich et al., 1992; Laird, 1987) and cancers (Jones and Baylin, 2002; Clark and
Melki, 2002). C. Laird and his colleagues studied methylation patterns (Stoger et al.,
1997) in a family affected by fragile X syndrome, a developmental disease, the symp-
toms of which include mental retardation. In particular, they looked at methylation
patterns from the promoter region of the FMRI locus; this locus is responsible for
this syndrome and is located on the X chromosome. Figure 1.1 displays the cogni-
tive status of six male offspring in the family and their methylation density in this
region. Five of the six offspring are affected to various degrees. The figure shows that
disparity in methylation patterns can result in striking differences in IQ scores.
DNA methylation occurs when a methyl group is attached to a cytosine in a
DNA molecule. Cytosines (Cs) are one of the four types of bases that constitute
the genome, the other three types being adenine (A), guanine (G) and thymine (T).
Methylated cytosines are sometimes referred to as the “fifth base” | since they are func-
tionally different from unmethylated cytosines and play an important role in normal
development in organisms. In this thesis we study the transmission process of methy-
lation patterns over somatic cell division in mammals by analysing double-stranded
sequence methylation data collected using the hairpin-bisulfite PCR technique. We
develop statistical models and inference methods for rates of methylation events and
processivity of methylation enzymes during the transmission process. The thesis is

organised as follows:

e Chapter 1 introduces the basic terminology related to and current knowledge of
DNA methylation and the transmission process of methylation patterns; these
terms will be used repeatedly throughout the thesis. We will describe hairpin-
bisulfite PCR (Laird et al., 2004) which is used to obtain double-stranded methy-

lation data and issues of statistical interest that arise in the experiment.

e Chapter 2 lays out the model that describes the transmission process of methy-
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Figure 1.1: The fragile X family. The parents are unaffected, although the mother is
a pre-mutation carrier, i.e. she is not affected by fragile X syndrome, but one of her
X chromosomes is in the pre-mutation state. The shading indicates the methylation
density level in the promoter region of the FMRI1 locus on the only X chromosome
in a male. The darker the shading, the higher the methylation density, and the lower
the IQ score. One son (first from left) inherited the normal X chromosome from the
mother, whereas the other five inherited the pre-mutated X chromosome from the
mother. Full mutation developed in some of these five sons, as indicated by high
methylation density in this region. The second and third sons from left are non-
penetrant, even though they also show an elevated methylation level. The three sons
from right have low IQ scores, a symptom of fragile X syndrome. Figure adapted
from Figure 2 in Stoger et al. (1997).

lation patterns, and defines methylation events and their rates. We review
existing methods for estimating those rates from double-stranded methylation
data. We then introduce a simple statistical model for rate estimation that
uses the methylation density and multi-site information readily available in the
double-stranded data. We use the expectation-maximisation (EM) algorithm

for inference. We will look at how this model performs on simulated data as



well as data from the FMR1 locus (collected by Brooks Miner and Reinhard
Stoger in the Laird Lab at the University of Washington), and what biological

insight we gain from using this simple model.

Chapter 3 extends the simple multi-site model developed in Chapter 2 to hier-
archical models. They allow for rates of methylation events to vary across sites,
account for experimental errors and estimate their rates, and incorporate tempo-
ral stationarity, an important assumption underlying several existing methods.
We adopt a Bayesian framework and use Markov chain Monte Carlo (MCMC)
for inference. These more sophisticated multi-site models are applied to the

FMR1 data.

Chapter 4 concerns the possibility of methylation enzymes behaving in a proces-
sive manner. Many enzymes that bind to molecules act in a processive manner;
that is, the enzyme binds to the molecule and stay on it for a while before falling
off. Methylation enzymes play a key role in shaping methylation patterns over
cell generations. Dnmt1l, commonly referred to as the maintenance enzyme, is
generally thought to be processive. We describe hidden Markov models devel-
oped for this property using the double-stranded in vivo methylation patterns.
We compare our analysis of the FMR1 data with other studies of processivity.

To our knowledge this is the first statistical analysis for the in vivo processivity.

Chapter 5 summarizes the features of the models and the scientific findings. It

also points to possible future directions.



1.1 Biological background

1.1.1 The basics of DNA methylation

We begin by briefly describing basic properties of DNA molecules. A key property
is that they are double-stranded, each strand consisting of a sequence of nucleotide
bases of the four types. The two strands are complementary to one another: C on one
strand pairs with G on the other, and A with T, by hydrogen bonding. For example,

below is a double-stranded DNA sequence,

5’-ATCGG-3’
3’-TAGCC-5"

in which 5" and 3’ indicate the chemical polarity of a strand. It is conventional to
read each strand from its 5’ end to its 3’ end. To measure the length of a sequence,
we will use base pairs (bp) for double-stranded sequences, or nucleotides (nt) for
single-stranded sequences. Hence, the above sequence is 5 bp long.

In somatic cells of mammals, DNA methylation occurs almost exclusively on the
5’ cytosines in CG dinucleotides, also known as a CpG. The lower case p in CpG
represents the phosphate that links the two bases together. Thus, it stresses that the
two bases are physically adjacent on the same strand. CpGs appearing on opposite

strands as follows:

5’-CG-3’
3’-GC-5",

which are termed a CpG/CpG, a CpG dyad, or a CpG site, used interchangeably
throughout this thesis. Neither, one or both cytosines at a CpG site can be methy-
lated, resulting in three types of CpG dyads: unmethylated, hemimethylated, or
methylated, respectively. On average, about 70-80% of CpG sites in mammalian

genomes are methylated (Bird, 2002).



1.1.2  Transmission of methylation patterns, methylation enzymes and methylation

events

An important property of DNA methylation is its highly accurate transmission over
somatic cell division in mammals. Somatic cells are any cells except for the sperm and
egg cells. The process of somatic cell replication and division is also called mitosis.
The transmission process of methylation patterns is tied closely to DNA replication,
but usually occurs just after the cytosine is incorporated into DNA. The calico cat
provides a good example of the faithful transmission of methylation. Her skin cells
go through many rounds of cell division over her lifetime, but the colour of a patch
does not switch from yellow to black, or vice versa, indicating that the methylation
patterns remain relatively stable. Here we sketch the DNA replication mechanism,

which provides a platform for methylation events.

At each of several initiation points of DNA replication, the double-stranded DNA
molecule unwinds and forms a replication bubble, which consists of two replication
forks pointing in opposite directions. The single-stranded segments on those forks are
“templates”. DNA polymerase enzymes add to the new strand a base complementary
to the base on the template strand, moving from the 5’ end of the new strand to its
3" end. Replication bubbles enlarge and merge, producing four strands, each being
a copy of the genome. Thus, in preparation for cell division, the original double-
stranded molecule gives rise to two double-stranded molecules, each composed of a
template strand, termed the parent strand, and its newly synthesised, complementary

strand, termed the daughter strand.

The strict base-complementarity rules help ensure that this replication process is
highly accurate. However, these rules do not ensure that patterns of methylation in
the parent strand are also accurately transmitted. This is because methyl groups
are not integrated during DNA replication; instead, they must be added later, as

mentioned earlier. Although the transmission of methylation patterns is less well un-



derstood than the transmission of nucleotides, a widely-accepted model is that, just
after the production of the daughter strand, the parent strand has the same methyla-
tion patterns as before, where the daughter strand is not methylated at all. Thus CpG
dyads at this stage are either unmethylated or hemimethylated on the parent strand.
Dnmtl, a methyltransferase (i.e. methylation enzyme), mostly targets hemimethy-
lated CpG dyads and adds methyl groups to the daughter strand at those CpG sites
(Vilkaitis et al., 2005). In particular, it is suggested that Dnmt1 may couple with the
replication machinery and move also from the 5’ end to the 3’ end of the daughter
strand, although this coupling may not be essential to the maintaining of methylation
patterns (Schermelleh et al., 2007). This process is highly accurate in mammalian
somatic cells, but imperfect transmission does occur. The daughter strand sometimes
remains unmethylated even when the parent is methylated, an event we refer to as
failure of maintenance. On the other hand, two other methyltransferases, namely,
Dnmt3a and Dnmt3b, are mainly responsible for introduction of methylation at CpG
dyads unmethylated before replication, events we will refer to as de novo methylation
events. Since maintenance methylation is imperfect, de novo methylation events are
essential to avoid long-term declines in methylation density. Sequence data indicate
that de novo events must occur on at least daughter strands (Genereux et al., 2005).

It is not known, however, whether de novo events also occur on parent strands.

1.2 Hairpin-bisulfite PCR and double-stranded sequence methylation
data

To investigate rates and processivity of methylation events, we need to identify lo-
cations of methylated cytosines in genomic DNA. Conventional sequencing methods
do not provide information about methylation states. Instead, bisulfite treatment of
DNA, the most general method for detecting methylation patterns on DNA molecules,
is used. It is based on the fact that sodium bisulfite, when applied to single-stranded

DNA, converts unmethylated cytosines to a different base, uracil. Although uracil



does not naturally occur in DNA, it does pair with adenine like the natural DNA
base thymine does. Subsequent PCR amplification further produces thymine where
uracil is. Hence, identifying thymine in the PCR-derived sequence of the bisulfite-
treated DNA effectively identifies the locations of unmethylated cytosines in the orig-

inal molecule.

Two types of conversion error are possible during the bisulfite treatment. One is
failure of conversion: it means that bisulfite treatment fails to convert unmethylated
cytosines and such cytosines would be misidentified as methylated. This type of error
has received a considerable amount of attention (Grunau et al., 2001), because it is a
measure of the performance of bisulfite treatment. The other type of error is inappro-
priate conversion error (Shiraishi and Hayatsu, 2004); it means that bisulfite converts
methylated cytosines and these cytosines would be identified as unmethylated. These
errors are still under investigation (Genereux et al., 2008). They add noise to the ob-
served data, and can have a significant impact on the inference. Therefore, analysis

methods should take those errors into consideration.

Because bisulfite conversion requires separation of the double-stranded molecules
into their single-stranded components, a process called denaturation, standard bisul-
fite PCR generates methylation patterns for a number of single-stranded sequences
when applied to a population of DNA molecules. Most current technologies thus yield
information on only either the top or bottom strands in a population of molecules,
and provide no information on the strands’ relationships to one other. To preserve
this important information from double-stranded molecules, Laird et al. (2004) in-
troduced a new technique, hairpin-bisulfite PCR (Figure 1.2), which uses a short
DNA sequence as a “hairpin” to link together parent and daughter strands within
a cell before denaturation. This step ensures that the strands, when separated by
denaturation, will remain attached to form one extended single-stranded molecule, to
which bisulfite PCR, can then be applied, and the methylation patterns read (Figure

1.2). This technique therefore yields data on methylation patterns for pairs of parent-



daughter strands, although which strand is the parent and which the daughter is not
determinable by current technologies. Miner et al. (2004) further employed quality
control procedures to ensure that the double-stranded data from the hairpin-bisulfite
PCR technique are authenticated; that is, the data are representative of the popula-
tion of molecules analysed, and not from contaminated or redundant molecules. More

details on quality control are in Appendix A.

"CG_“CG __ CG
GC, GC GC

Hairpin Linker

MCG MCG CG Q
GC, GC  GC
* Bisulfite Conversion

“CG "“CG UG UG Uc "“CG

* PCR Amplification
CG CG TG TG 1G CG

GC GC AC AC AC GC
* Folding in silico

CG CG TG Q
GC GT GT

Figure 1.2: An illustration of major steps of the hairpin-bisulfite PCR technique.
Three CpG dyads on a hypothetical double-stranded molecule are methylated,
hemimethylated and unmethylated. »C represents methylated cytosines. After re-
striction enzyme cuts the two strands in a molecule to leave a “sticky” end on one of
the strands, the hairpin linker binds to the two strands with the help of DNA ligase.
Denaturation breaks down hydrogen bonding between parent and daughter strands,
but the hairpin linker holds the ends of the strands together. Bisulfite treatment
converts unmethylated cytosines to uracils. The long single strand after denaturation
and bisulfite treatment then goes through many rounds of PCR amplification. Al-
though we are unable to determine which strand is the parent strand and which the
daughter strand, it is possible to identify hemimethylated CpG sites. Figure adapted
from Figure 1 in Riggs and Xiong (2004), which is based on Laird et al. (2004).
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Another possible source of error is PCR sequencing, during which PCR crossovers
may occur. That is, a strand from molecule A swaps segments with a strand from
molecule B. The nucleotide bases on two strands in either resulting sequence still
show complementarity to each other, but the methylation patterns have changed.
However, PCR crossovers happen very infrequently, at the rate of about 1% (Burden

et al., 2005). Therefore we ignore this error in our analyses.

Hairpin bisulfite PCR is currently one of the few techniques for obtaining methyla-
tion patterns from double-stranded DNA molecules (see, for example, Bird (1978) for
an alternative). However, several aspects of this technique limit the size of the avail-
able data set: (i) bisulfite conversion is highly destructive of genomic DNA templates,
so even large amounts of DNA yield only a limited number of intact templates am-
plifiable by PCR; (ii) Hairpin bisulfite PCR is time-consuming, requiring many more
steps than conventional bisulfite PCR; (iii) due to PCR contamination and sampling
redundancy, the number of unique, useful sequences obtained is sometimes far less
than the number actually sequenced. These issues make the development of efficient
statistical analysis methods particularly appealing, as they can make full use of the

available data.

Methylation data that arise from hairpin-bisulfite PCR differ fundamentally from
data produced by genome-wide methylation profiling techniques. Profiling techniques
(see Ordway et al., 2006 for example) provide a summary of which genomic regions
tend to be methylated in a population of DNA molecules, and so are tremendously
useful for identifying loci whose alternate methylation states may account for pheno-
typic differences among cell lines or individuals. By contrast, hairpin-bisulfite PCR
reveals methylation patterns at loci on individual double-stranded sequence, and thus
preserves information about the methylation states of multiple CpG sites on individual
DNA molecules. This information is essential for analysing methylation inheritance,

and for investigating possible site-site correlations in methylation events.
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1.3 The FMRI1 data

As mentioned at the beginning of this chapter, the Laird Lab has been investigating
the role of DNA methylation at the FMR1 locus on the X chromosome, in part
because of its role in fragile X syndrome. In XX females (for example the calico cat
mentioned before) genes on one of the two X chromosomes are in general methylated
and inactivated to compensate for the extra X chromosome in XX females compared
to XY males. On the other hand, methylation of the FMRI locus on the active X
chromosome in women and on the only (and hence active) X chromosome in men can
inactivate this gene and cause the disease (Laird, 1987; Stoger et al., 1997). As part of
the fragile X investigation, the Laird Lab collected double-stranded methylation data
from the promoter region at the FMR1 gene on the hypermethylated X chromosome in
females unaffected by fragile X syndrome, using the hairpin-bisulfite PCR technique.

The Laird Lab collected two sets of data, each in a segment of the promoter region
from two groups of females, although three individuals were included in both groups.
Below are methylation patterns for four double-stranded sequences at 22 CpG sites

taken from three different females (F1, cF3 and F7):

F1,0,0,1,0,1,1,1,0,1,1,1,1,1,1,1,1,1,0,0,1,1,1
F1,0,0,0,1,1,1,1,1,1,1,0,0,1,1,1,1,1,1,1,1,0,1

F1,0,0,0,1,1,1,1,1,1,1,0,0,1,1,1,1,1,1,1,1,1,1
F1,0,0,0,1,1,1,1,1,1,1,0,0,1,1,1,1,1,1,1,1,0,1

cF3,o0,1,1,1,1,1,1,1,1,1,1,0,1,1,1,1,1,0,0,1,0,1
cF3,0,1,1,1,1,1,0,1,1,1,0,1,1,1,0,1,1,1,1,1,1,1

r¥7,0,1,0,0,1,1,1,1,1,1,1,1,2,1,1,1,1,1,1,1,0,0
r¥7,0,1,0,0,1,1,1,0,1,1,1,1,2,1,1,1,1,1,1,0,0,0



12

where 0 denotes an unmethylated CpG and 1 a methylated one. Summary statistics of

the two data sets are given in Table 1.1. These high-level summary statistics, however,

Table 1.1: Summary statistics of the two double-stranded FMR1 data sets collected
by the Laird Lab using hairpin-bisulfite PCR. The data were from two segments
in the promoter region of the FMRI gene on the hypermethylated X chromosome
in females unaffected by fragile X syndrome. Each double-stranded (ds) sequence
has two strands. Each CpG site can be methylated (M), hemimethylated (H), or
unmethylated (U).

Data Set 1 Data Set 2
(Sites 1-22)  (Sites 25-52)

Length of segment (bp) 141 183
No. of CpG sites 22 28
No. of females 6 6

represented in data
No. of ds segs. 169 83
Proportions of (M,H,U) (%) | (82, 6, 12) (64, 8, 28)

reveal little information of site variation, while the four sequences we showed above
suggest that proportions of methylated (M), hemimethylated (H) and unmethylated
(U) CpG dyads vary a lot across CpG sites, resulting in varying methylation density.
To reflect this variation we summarise counts of (M,H,U) and methylation density at

each site in Tables 1.2 and 1.3.
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Table 1.2: Site-specific counts of methylated (M), hemimethylated (H) and unmethy-
lated (U), as well as methylation densities of the FMR1 data at sites 1-22. There are
169 double-stranded sequences. m is the proportion of cytosines at a site that are
methylated.

SiteIndex | M H U | m
1 132 15 221 0.83
2 117 12 40 0.73
3 146 11 12 0.90
4 116 15 38 | 0.73
5 115 14 40 0.72
6 146 9 14 |0.89
7 145 10 14 | 0.89
8 154 8 7 1093
9 154 10 5 | 0.94
10 151 17 1 1094
11 136 7 26 |0.83
12 143 8 18 |0.87
13 154 7 8 1093
14 151 17 1 ]0.94
15 152 14 3 | 0.94
16 157 12 0 | 0.96
17 151 5 13091
18 117 7 45(0.71
19 118 6 45 0.72
20 141 12 16 | 0.87
21 115 13 41 0.72
22 135 8 26 |0.82
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Table 1.3: Site-specific counts of methylated (M), hemimethylated (H) and unmethy-
lated (U), as well as methylation densities of the FMRI data at sites 25-52. There
are 169 double-stranded sequences. m is the proportion of cytosines at a site that are
methylated.

SiteIndex | M H U | m | Sitelndex | M H U | m
1 24 9 501]0.34 15 51 6 26| 0.65
2 30 5 481]0.39 16 70 8 51089
3 38 4 41048 17 54 7 22]0.69
4 20 4 5910.27 18 65 6 12|0.82
3 26 11 46 | 0.38 19 77 3 31095
6 63 10 10| 0.82 20 39 7 37]0.51
7 73 31095 21 51 6 26| 0.65
8 739 11093 22 55 6 22|0.70
9 79 4 0 ]0.98 23 594 6 23| 0.69
10 63 4 16| 0.78 24 52 7 24]0.67
11 55 4 2410.69 25 40 8 35|0.53
12 68 7 8 |0.86 26 58 6 19]0.73
13 64 9 10]0.83 27 28 6 49037
14 50 8 25 0.6 28 60 6 17 |0.76
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1.4 Questions of interest

We use the double-stranded methylation data to address two fundamental questions

about DNA methylation:

1. To what extent are methylation patterns faithfully transmitted from one cell
generation to the next? Since imperfect transmission is due to failure of main-
tenance and de novo methylation events, we approach this first question by
estimating rates of those events as well as assessing variation in those rates

across CpG sites.

In terms of the failure of maintenance rate, Bird (1978) used restriction enzymes
to detect methylation status, and data from his experiments indicate this rate
to be less than 2%. Studies based on bisulfite treatment have estimated this
rate to be 4-5% (Laird et al., 2004; Vilkaitis et al., 2005; Genereux et al., 2005)
or as low as below 1% (for example, 0.1% in Pfeifer et al., 1990; 0.08-0.15%
in Ushijima et al., 2003). Additionally, Genereux et al. (2005) obtained site-
specific estimates of failure of maintenance rate and concluded that there is
little variation in this rate across sites. The questions are then, which is closer

to the truth and why are these estimates so different?

By comparison, it is more difficult to estimate de novo rates and the results so
far have been quite variable. For example, Pfeifer et al. (1990) estimated a total
de novo rate to be about 5%. whereas Laird et al. (2004) assumed no parent
de novo events and estimated the daughter de novo rate to be around 0.17.
Genereux et al. (2005) estimated de novo rates under each of the following two
assumptions: (1) the parent de novo rate is 0; and (2) the parent and daughter
de novo rates are the same. The estimates at most CpG sites in either case vary
from 0.02 to 0.24, and are 1 or close to 0 at a few sites; this variation may be

due to either true variation in the de novo rates or an artefact of the estimation
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methods. Both Laird et al. (2004) and Genereux et al. (2005) analysed data
collected from the FMR1 locus; they also provided the basic framework for our
modelling of the transmission process. Hence, we will look at those two methods
in greater detail in Chapter 2. Issues related to rate estimation also include: (1)
how to account for experimental errors (Genereux et al., 2008), which turned
out to have a large impact on inference but have been generally ignored in
existing analyses of methylation patterns; (2) how to estimate directly variation
in the rates; and (3) how to account for temporal stationarity, an assumption
underlying many existing methods, in a more flexible manner. We address these

issues in Chapters 2 and 3.

. Do methyltransferases exhibit processivity, meaning that the enzymes bind to

the molecule and move along it to methylate cytosines, perhaps unidirectionally
from the 5’ end of the daughter strand to its 3’ end? There is evidence that
Dnmtl, mostly a maintenance methyltransferase, acts in this way at least in
vitro (Vilkaitis et al., 2005; Goyal et al., 2006). Goyal et al. (2006) further em-
ployed a random walk model for Dnmt1 and estimated the “diffusion” distance
to be about 6000 bp, or about 566 CpGs for an average physical distance of
10.6 bp. Our observation of clustering of hemimethylated CpG dyads in the
FMR1 data suggests the possibility of quantifying processivity of methylation
enzymes using the in vivo double-stranded methylation data. We will address

this question in Chapter 4.
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Chapter 2

A MULTI-SITE MODEL FOR ESTIMATION OF RATES
OF METHYLATING EVENTS USING HAIRPIN
BISULFITE PCR DATA

In this and next chapters, we present models to draw inference about the rates
of methylation events. We introduce notation and basic distribution assumptions
for the double-stranded methylation data at the beginning, and then review two
existing methods. Those methods have been applied to the FMR1 data summarised
in Chapter 1, and have provided general information of the rates. The first method
(Laird et al., 2004) considers several CpG sites simultaneously but is limited in its
deterministic approach to assigning parent and daughter strands. On the other hand,
the second method (Genereux et al., 2005) derives maximum likelihood estimates
for the rates assuming that data at CpG sites are independent and the that the
transmission process has attained stationarity. Based on the framework of those two
methods, we formulate the rate estimation problem as a latent variable problem and
develop a multi-site model that infers probabilistically the latent strand type and
pre-replication parent strand. The strand type refers to which strand is the parent
and which is the daughter. Here we assume that the rates of methylation events
are constant across CpG sites. We further assume no experimental errors and ignore
temporal stationarity for now. The expectation-maximisation algorithm (Dempster
et al., 1977) provides an easy way to find the maximum likelihood estimates in this
latent variable problem. We assess the model performance using simulated data and
then apply this model to the FMR1 data. Discussion of the results and of the model
is at the end of the chapter.
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2.1 Notation and modelling

Consider data collected using hairpin-bisulfite PCR, consisting of methylation states
at S CpG sites on N double-stranded DNA molecules. If we denote an unmethylated
CpG site by 0, and a methylated CpG by 1, then the data are N pairs of binary
strings, each string being of length S. Each pair of binary strings can be thought
of as representing the methylation patterns on a parent and daughter strand after a

round of DNA replication (Figure 2.1).

AFTER DNA REPLICATION
MCG "CG CG MCG Q,
—— —
GC GC GC GC D,
failure of
MCG “CG CG P, maintenance

_— — — daughter de novo
GCM GC GC P2

\ CG CG CG "CG /CG \CG D,
_—

GC, GC GC GCMj GC, GC Q,

parent de novo

Figure 2.1: The transmission process of DNA methylation patterns in mammalian
somatic cells. The two strands in a DNA molecule (left column) become parent strands
during DNA replication, each giving rise to a daughter strand (red lines). There is a
short, intermediate stage (middle column) during which the methylation patterns on
parent strands are the same as those before replication and the daughter strands are
completely unmethylated. Subsequently methyl groups are added to cytosines (right
column). Failure of maintenance and de novo methylation events can occur. We use
P, and P, to denote the methylation patterns on pre-replication parent strands, Q;
and Q. to denote methylation patterns on post-replication parent strands, and D,
and Dy to denote methylation patterns on daughter strands.
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As noted in Section 1.1, current technologies are not able to identify the strand
type — which strand is the parent and which is the daughter. For simplicity of pre-
sentation, however, we assume initially that this information is available, and let
Q; and D; denote the patterns of methylation on the parent strand and daughter
strand, respectively. Q; and D; are each potentially imperfect copies of the patterns
of methylation on the unobserved pre-replication parent strand, which we denote P;.
Differences between P; and D; can arise due to failure of maintenance, or de novo
methylation on the daughter strand; differences between P; and Q; can arise due to
de novo methylation on the parent strand. We assume here and in Chapter 3 that
these three types of event occur independently of one another, and independently
across individuals and across sites. We denote the probabilities of these events at site

J by 1 —p, 64 and ¢, respectively. Thus,

Pr(D;; =0|Pj =1) =1—pu (failure of maintenance), (2.1.1)
Pr(Qi; = 1|P;; =0) =, (de novo methylation on parent), (2.1.2)
Pr(D;; =1|P;; =0) =4 (de novo methylation on daughter), (2.1.3)

where P;;, Q;; and D;; are elements of vectors P;, Q; and D;, respectively. We are
interested in estimating failure of maintenance and de novo methylation rates.
Although recent publications (Métivier et al., 2008; Kangaspeska et al., 2008)
suggest the possibility that transcriptionally active loci can have very rapid changes
in methylation patterns which may be due to active removal of methyl groups from
the template DNA, there is no evidence so far that this active removal occurs at
inactive loci in leukocytes, the cell type from which the FMR1 data were collected.
Hence, consistent with the models in Laird et al. (2004) and Genereux et al. (2005),
we assume that, if the parent strand is methylated before replication, then it will also

be methylated after replication:
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Equations (2.1.1)—(2.1.4), together with the assumption that events occur indepen-
dently of one another across sites, determine the conditional distribution of (Q;, D;)
given P;. Specifically, given P;, the elements of Q; and D, are independent, with
probability hy(q,d;p) = Pr((Qi;, Dij) = (¢,d)|P;; = p) being determined by g, 4
and 9, as in Table 2.1.

Table 2.1: Conditional probabilities of methylation events in the i-th sequence at
the j-th site, hy(q, d;p) = Pr ((Qij, Dij) = (q,d)|P;; = p) under the simple multi-site
model. Here P;; @Q);; and D;; are methylation states on the pre-replication parent
strand, the post-replication parent strand and the daughter strand, respectively. Ad-
ditionally, O represents unmethylated and 1 methylated.

(Qijs Dij) = (¢.d) | Pij=p| ha(g,d;p)
(0, 0) 1 0
(0, 1) | 0
(1, 0) 1 1— 4
(1, 1) 1 f
(0, 0) 0 | (1=0,)(1—da)
(0, 1) 0 (1 —dp)da
(1, 0) 0 5,(1— 64)
(1, 1) 0 5,64

To complete the specification of the distribution of (Q;;, D;;), we further assume
that P;;’s are independent and identically distributed Bernoulli random variables with
parameters m;, where m; is the methylation probability on the pre-replication parent

strand at site j; in other words,

Pr(P; =1) =m;. (2.1.5)
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2.2 Existing methods for analysing double-stranded methylation data

The earliest analysis of double-stranded methylation data may trace back to Bird
(1978), who used restriction enzymes rather than hairpin bisulfite PCR to detect the
methylation status, and examined the proportion of hemimethylated CpG dyads at a
hypermethylated locus. He concluded that this proportion might be less than 2%. The
laboratory techniques Bird had used allowed him to focus on failure of maintenance
events. Using the proportion of hemimethylated dyads of 2% and the methylation

density of 89%, we may calculate the failure of maintenance rate as follows

Pr(P;=1,D;=0) 2%
1] T

—22%.  (2.2.1)

This proportion can be taken as an upper bound on the failure of maintenance rate
in Bird’s experiment.

With the invention of hairpin bisulfite PCR, Laird et al. (2004) collected the first
few double-stranded sequences from the FMRI1 locus. Under the assumption of no
de novo events on the parent strand, these data enabled the authors to investigate
not only failure of maintenance, but also daughter de novo events. The authors
obtained the range and mean for each rate by assigning half of the strands to be
parent strands and half to be daughter strands and then counting events of the two
types. This method is multi-site in essence, although the assignment of strand type
is deterministic.

Genereux et al. (2005) took a different approach to part of the FMR1 data anal-
ysed here, aiming at studying the rates and their variability across CpG sites. The
authors developed a single-site maximum likelihood (ML) method to obtain site-
specific estimates. They first summarised the data as observed counts of methylated,
hemimethylated and unmethylated dyads, denoted as (M, H,U), for each CpG site.
They then found the likelihood assuming that data at each site are independent and
that (M, H,U) at each site forms a multinomial sample with parameters (pas, pu, pv),

where py + pg + py = 1. Further assuming the methylation process has attained
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temporal stationarity — stationarity over cell division — they derived a set of equations
from which the maximum likelihood estimates of maintenance and de novo rates at

each site could be solved:

_ u(ép + 0g — 5p5d) + 5p5d

= 2.2.2
Pm 1 +6p+5d — 4 ) ( )
25, + 64— 8,64)(1 1)

_ , 2.2.3
b 1+ 0, + 04— p1 (22.3)
1—9,)(1 —0dq)(1 —
puv=1—pu—puv= ( Al ) ,u)' (2.2.4)

1+5p+5d_/~l/

The stationarity equations (2.2.2) through (2.2.4) of the three unknowns have only
two degrees of freedom. The main task then is to separate the two types of de novo
events. The double-stranded sequence data indicate that de novo events must occur
sometimes on the daughter strands (Genereux et al., 2005). However, those data
contain no direct information on the occurrence of parent strand de novo events.
Therefore, Genereux et al. (2005) imposed two alternate constraints: d, = 0 and
d, = 04. Otto and Walbot (1990) first derived a set of stationarity equations similar
to (2.2.2) — (2.2.4), although they assumed that de novo events occur simultaneously
on the parent and daughter strands. On the other hand, Pfeifer et al. (1990) obtained
differential equations for methylated and unmethylated CpG dinucleotides in single-
stranded methylation data. Details of those two methods can be found in Appendix
B.

This single-site ML approach in Genereux et al. (2005) is different from the ap-
proaches in Bird (1978) and Laird et al. (2004) in two ways: (1) it makes a probabilistic
(multinomial) assumption of the data and hence acknowledges the uncertainty in the
estimation; and (2) it fully exploits the temporal stationarity assumption, which is
both reasonable and useful for modelling the transmission process, reasonable because
there is evidence suggesting stability of methylation patterns in somatic cells, and use-
ful because this assumption makes finding equations (2.2.2) — (2.2.4) and solving for

the rates possible.
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Nonetheless, this method has its limitations. First, the method ignores the multi-
site information in the data and thus implicitly assumes independence of data across
CpG sites. This is particularly limiting in this context given that the current tech-
nology can produce only low-throughput data. The inefficiency in estimation imposes
constraints on the kind of inference we can perform. For example, one such limita-
tion is that the two de novo rates are unidentifiable under this approach. Second,
the temporal stationarity condition, under which the single-site ML approach and
other existing methods (Otto and Walbot, 1990; Pfeifer et al., 1990) are derived, is
a rather stringent assumption. This condition, together with the assumption of site
independence, gives an estimate of 1 for de novo rates (under either constraint on
de novo rates) at sites where there are methylated and hemimethylated dyads but
no unmethylated dyads. For now, however, we will ignore the temporal stationarity
assumption and focus on constructing a simple multi-site model that effectively uses

the multi-site information in the data.
2.3 The multi-site model

The data collected contain double-stranded sequences and each sequence has a top
and a bottom strand. Assume that the strand type in a double-stranded sequence is
known; that is, we know which strand is the parent strand and which the daughter
strand. Consider the case where the top strand is the parent strand and the bottom
the daughter strand. Also assume that methylation events occur independently across
sites. Then, at each CpG site, the methylation probability, along with maintenance
and de novo rates, gives rise to the methylation states on pre- and post-replication
parent strands and those on the daughter strand. Recall that P;, Q; and D; denote
methylation patterns on the i-th pre-replication parent strand, the post-replication
parent strand and the daughter strand, respectively. We further denote the i-th top
and bottom strand by x; and y;, respectively. We will also use brackets to denote

an ordered set of variables, whereas curly brackets an unordered set. For example,
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the order matters in (x;,y;) but not in {x;,y;}. The probability of observing this

double-stranded sequence with the known strand type is then

dx(Xi,Y:)

.

Pr((Q:; Di) = (xi,¥i); A) (2.3.1)
H Pr((Qij, Di;) = (xij,yi;)) (independence of methylation events)

(2.3.2)

1
11D Pr((@Qy, Diy) = (@i, y5) | Py = 25) Pr(Py = z5) (2.3.3)

;=0

—_
I3

[y

S
HZ M@, yigs zig)ms? (1 —my) =5, (2.3.4)
o g

in which z;; is the value of random variable P;; and hy(x;;, vi5; ;) can be computed

from Table 2.1. The probability for the case where the top strand is the daughter

strand and the bottom the parent strand, dy(y;,x;), can be defined and calculated

similarly.

The strand type, however, is unknown in the observed data. When the top and

bottom strands in a sequence are different, there are always two possibilities: the top

strand is the parent strand and the bottom the daughter strand, and vice versa. The

probability of observing each sequence needs to sum over these two possibilities. Let

the parameters be A = {y, é,, 04}. The likelihood of A given the data is then

Lx{x,y}) =

B

N

HPI({QiaDi} = {Xz’,Yi}§>\) (2-3-5)

1

(2

—

s
I
—_

Pr ((QiaDi) = (x4,y:) or (Qi, D;) = (yi,x4); )\) (2.3.6)

—

-
Il
—

(Pr((Qz’,Dz’) = (x5, yi); A) + 1(x; # y3) Pr((Qi, D;) = (yi, %i); A))

(2.3.7)

(d,\(Xi, yi) + 1(Xi # Yi)dA(Yia Xi))a (2-3-8)
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where 1() is the indicator function, taking on value 1 if the condition in the brackets

is met and 0 otherwise.

2.4 Maximum likelihood estimation

2.4.1 Introduction to the expectation-mazimisation (EM) algorithm

Since the likelihood function (2.3.8) involves summation inside multiplication, the
usual approach of taking derivatives to find the maximum likelihood estimates is
not straightforward. The expectation-maximisation (EM) method (Dempster et al.,
1977), however, provides an easy alternative.

The idea of the EM method is to introduce latent variables so that these latent
variables and the observed data constitute the “complete data”, the likelihood func-
tion of which is easy to manipulate. For example, the likelihood function of the
complete data can be written as multiplication. The usual technique of setting the
derivatives to zero to maximise the function is then applicable. This method updates
the complete and observed data likelihood as well as the estimates iteratively, until the
observed data likelihood converges. The theory behind this method guarantees that
maximising the complete data likelihood leads to maximisation of the likelihood of
the observed data and that the estimates at convergence are then maximum likelihood
estimates.

Specifically, denote the observed data by z, with likelihood function L(\;z,) and
complete data by z. with likelihood function L(\;z.), where ) is the parameter vector
of length k. The complete data z. contain the observed data in addition to latent
variables, and are only indirectly observable through the observed data. The EM
algorithm then involves, at the t-th iteration, the following two steps:

THE EXPECTATION (E) STEP, in which we compute the expected complete

data log likelihood given observed data z, and current parameter values A(®)

I(MAD, z,) = E(log L(\; 2c) |20, A1), (2.4.1)
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where the expectation is taken over the complete data.
THE MAXIMISATION (M) STEP, in which we maximise [(\; A, z,) with
respect to A to obtain new estimates A\(®.
The algorithm cycles through the E and M steps and climbs up the observed data
likelihood surface until it reaches a local maximum. This algorithm carries the risk
of missing the global maximum or other local maxima. Running the algorithm from
different starting values usually helps identifying multimodality of the observed data
likelihood surface.

When the complete data likelihood L(\;z.) has the form of a regular exponential
family

L(\;z.) = b(z.) exp(Ar(z.)") /a()) (2.4.2)

where 7(z.) is a 1 X k vector of sufficient statistics based on the complete data for the

parameter vector \, maximising
1A z,) = BE(—loga(\) + log b(z.) 4+ Ar(z.)T 2., \V) (2.4.3)
is equivalent to maximising
E(—loga(\) + Ar(z.) 7|20, \D) = —log a(N) + E(M\r(2.)T |20, A?). (2.4.4)

That means, we can simplify the E step by estimating the expectation only of the
sufficient statistics 7(z.) given the observed data and current parameter values. In-
deed, in our case and many other problems of this type, we try to identify “missing”
variables such that the complete data likelihood has the form of an exponential family
and that we need to evaluate just the expectation of the sufficient statistics in the E

step.

2.4.2  The EM algorithm for estimating A

The key to an effective EM algorithm is therefore identification of latent variables

that facilitate working with the complete data likelihood function. Our description
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of the biological process illustrated in Figure 2.1 suggests that, had we known the
methylation states on the parent strand before replication and the strand type in the
observed double-stranded data, we would be able to determine the type of methylation
event. Hence, the latent variable in the multi-site model is H;;(¢q,d,p) = 1(Qy; =
¢,Di; = d,P;; = p), where 1() is the indicator function. Subscripts ¢ and j are
omitted from H() when there is no ambiguity. We also use H to denote the complete

data as a whole. Its likelihood can then be written as

H(zij,Yi5,%i5)
HH{( ((Qij, Dij, Py) = (xij’yiﬁzw))) }

=1 j5=1

H(yij,@ij,2i5) \ 1(xi#Yi)
X {(PT (Qij, Dij, ):(yijaxijazij))) } (2.4.5)

S
- H H h)\ zzya Yijs Zz])mjij (1 - mj)l_Zij)H(mij’yij’Zij)

=1 j=1
X (hA(yija ij; zig)m (1 — mj)l‘zij)H(y“’x”’z""')l(x#”) (2.4.6)
- H H mZ” 1 - m])l o h’)\ (xlb y2]7 ZZJ)H(%wyU’Z”)

X h(Yij, Tij; Zij)H(yij’wij’zij)l(xi7£y7;)7 (2.4.7)

and the complete data log likelihood is

N S N
log LA H) =Y > "z logm; + (NS - ZZ%) log(1 —my)

i=1 j=1 i=1 j=1
N S
+ Z Z H(zij, yij, 2i5) 1og ha (i, yij; 2ij)
i=1 j=1
N
YO 1 # i) H(yig, iy 2i7) og b (i, i 7). (2.4.8)
i=1 j=1

The complete data likelihood is based on a multinomial distribution and the com-
plete data are taken to be the sufficient statistics. The EM algorithm starts at some

initial values of the parameters and iterates through the following E and M steps.
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THE E STEP We compute the expectation of H() given the observed data and

current parameter values from the ¢-th iteration as the following:

K (q,d,p;\) = E(Hyj(g, d, p)[{x, v}, A) (2.4.9)
((QU’ ijs ) = (Q> d,p)|{X, y}> )\(t)) (2410)

= Pr(Qi; = ¢, Dy = d|{x,y}, )\(t)) Pr(Py; = plQij = ¢, Dij = d, )\(t))-
(2.4.11)

The first term in (2.4.11) infers the strand type given the data and current estimates,
whereas the second term the methylation states on the pre-replication parent strand.

Hence, the E step can be broken down into two sub-steps:

1. Calculating the expectation of the strand type given the data and current esti-
mates of the parameters.
df\t ) (%,¥4)

4V (x;,y:) + 1(x; # y:)d (v, %)
(2.4.12)

Pr((Q;, Di) = (x;, yi)|[{x, ¥}, AY) =

where d(;) (x;,y:) is defined in (2.3.4) and d(;) (vi,%;) defined similarly.

2. Calculating the expectation of methylation states on the pre-replication parent

strand P; given the strand type and current parameter estimates.

(g, d; 1) m
1 (g, d5 1) m) + 1 (g, d: 0) (1= m))

(2.4.13)

( 1‘sz q,D ij = d, A1) )

THE M STEP This step maximises the expected complete data log likelihood with
respect to the parameters. The resulting estimates are then used as current parameter
values in the next EM iteration. Take the maintenance rate u for example. We
demonstrate below the procedure to obtain its estimate. Similar procedures can be

applied to get the estimates of the de novo rates.
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The expected complete data log likelihood can be written as a function of u as

the following

N S
E(logL()‘>H)|{XaY}>)‘(t) _10g 1_ ZZ xihyzwlv)‘) (Iij = 1ayij :0)
i=1 j=1
N S
"‘IOgNZZ xljvywvlv)‘) (xij:yij:w
i=1 j=1
N S
—+ 10g(1 — ) Z Z 1(Xz # YZ) ( )(yzyaxmv 17 )‘>
i=1 j=1
N S
x 1wy = 0,55 =1) +logp > 1(xi # 1)
i=1 j=1
X K (i, w47, 1; M1 (255 = ygy = 1) + const. (2.4.14)

=N"(1,0;1) log(1 — p) + NP (1,1;1) logpr,  (2.4.15)
where

N S
q’dp :ZZK xljvyvaﬂ )‘)l(xij:%yij:d)

=1 j=1

S
+ Zl (xi # ¥ K (i, i, 0 M@y = dygg = @) (24.16)

Recall that KZ-(;) (q,d, p; A) is the joint probability of the methylation states at site j on
the i-th pre- and post-replication parent strands and the daughter strand, conditional
on the data and estimates from the t-th iteration. Then N it) (q,d; p) is the expected
number of transitions from p to (g, d), also conditional on the data and estimates
from the t-th iteration; in other words, it is the conditional expectation of a certain
methylation event, defined by (¢, d; p), across sites and sequences.

Differentiating (2.4.15) with respect to p and setting it to 0, we have

N(1,0:1) . NP(1,1:1)
I—p Ju

9 (o Ll {x, v}, A®) = —

o — 0, (2.4.17)
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which gives

(t+1) _ N,St)(lahl) .
NP(1,0;1) + NP (1,1;1)

[ (2.4.18)

Intuitively, this procedure counts the maintenance events on each sequence, treating
the top strand as the parent strand and the bottom the daughter. When the top
and bottom strands are different, we swap the two strands and add the maintenance
events to the existing number.

The same intuition applies to the de novo rates and methylation probabilities.

The explicit forms of their estimates are then:

NP (1,0;0) + NP (1,1;0)

5,041 — ’ (2.4.19)

Yo Yo N (g.d;0)

N®(0,1;0) + NO(1,1;0)

6d(t+1) _ A - s Ly - (;)\ ) ; (2420)

2 g=0 22a=0 Nx " (¢, d; 0)

and
1 1 (t) .

m§t+1) :Zq=0 2= Vaj(e, 45 1) . (2.4.21)

N

2.5 Simulation studies

To validate the EM algorithm, we simulated a data set (labelled as A1 hereinafter)
of 169 sequences and 22 sites, the same size as the FMRI1 data at sites 1-22. In
simulation we used the EM estimates from the FMR1 data at sites 1-22. Specifically,
we set p1 = 0.95, §, = 0.001 and d4 = 0.15. The methylation probability m; followed a
Beta(a = 7.2, 3 = 1.8) distribution, which has mean 0.8 and standard deviation 0.13.
We ran the EM algorithm from different starting points and set the stopping criterion
to be 107° for the difference between the observed data log likelihoods from the ¢ —1-st
iteration to the ¢-th iteration. The results from multiple runs are consistent and in
good agreement with the simulation truth. We list in Table 2.2 results from the run

that gives the highest observed data likelihood.
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To investigate the performance of the EM algorithm under different scenarios, we
considered 6 models and simulated 5 data sets for each model. Again, each data set

contains 169 sequences and 22 sites.

e Data sets (Al)-(A5): p = 0.95, 6, = 0.001, §4 = 0.15;

Data sets (B1)-(B5): p=0.95, 6, = 0.15, §4 = 0.001;

Data sets (C1)-(C5): p=0.99, §, = 0.001, 64 = 0.15;

Data sets (D1)-(D5): p=0.99, §, = 0.15, 4 = 0.001;

Data sets (E1)-(E5): u = 0.95, 6, = dq = 0.001;
e Data sets (F1)-(F5): p = 0.95, 6, = 64 = 0.075.

We ran the EM algorithm multiple times from different starting values on each data
set and listed the results from the run with the highest observed data log likelihood
in Table 2.2. The EM algorithm generally recovers the truth well. In cases where the
truth is very small, for example 0.001, the EM estimates are at least close to the 0
boundary. Nevertheless, there is some difference among these models: Model C tends
to produce data with multimodal likelihood surfaces (Table 2.3). Four out of the five
data sets under this model have multimodal likelihood surfaces. For example, the log
likelihood surface for 6, and 6, from data set (C2), as shown in Figure 2.2, has clearly

two peaks, whereas the second peak in Figure 2.3 from data set (C1) is not so visible.

To better understand the confounding among 1 — p, 9, and d4, we considered just
one CpG site and simulated data under Models A and C, fixing m = 0.8. Each data
set contains 100 “sequences”, or, since there is only one site, 100 CpG dyads. Counts
of methylated, unmethylated, and hemimethylated dyads is in Table 2.4. The log

likelihood surface for 1 — y1 versus ¢, and that for 9, versus dq4 are plotted in Figure
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Table 2.2: Results from the EM algorithm under the multi-site model for five data
sets under each of six simulation models. See text for simulation models. The EM
algorithm is run multiple times for each data set, but results only from the run giving
the highest observed data likelihood are reported here.

Model A Model B
1—p 0, 0 1—p 90, 04
Truth 0.05  0.001 0.15 0.05 0.15 0.001
Data set 1 || 0.056 0.005 0.127 0.046 0.138 2.07e—83
Data set 2 || 0.047 1.47e—7 0.151 0.053 0.169 7.92e—60

Data set 3 || 0.041 0.058 0.123 0.072 0.105 0.002
Data set 4 || 0.051 7.75e—6 0.149 0.048 0.192 0.002

Data set 5 || 0.054 0.032 0.140 0.052 0.142 2.57e—61
Model C Model D
1—p 0, 0 1—p 90, 04
Truth 0.01  0.001 0.15 0.01  0.15 0.001
Data set 1 || 0.008 0.002 0.176 0.025 0.118 0.002
Data set 2 || 0.007 0.017 0.162 0.015 0.141 6.34e—89
Data set 3 || 0.010 2.81e—7 0.129 0.009 0.141 0.004

Data set 4 || 0.016 8.40e—8 0.144 0.018 0.113 0.002
Data set 5 || 0.014 4.46e—7 0.156 0.011 0.134 1.05e—54

Model E Model F

1—pn 0 0 1—pn 0 0
Truth 0.05  0.001 0.001 0.05  0.075 0.075
Data set 1 || 0.045 4.07e—4 0.002 0.045 0.098 0.077

Data set 2 || 0.047 3.38e—7 0.002 0.049 0.105 0.060
Data set 3 || 0.047 0.005 1.50e—6 | 0.046 0.051 0.100
Data set 4 || 0.049 1.76e—7 7.32e—84 | 0.030 0.134 0.069
Data set 5 || 0.057 7.44e—6 0.002 0.059 0.044 0.071
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Table 2.3: EM estimates and corresponding observed data log likelihood from different
starting values for data sets simulated under Model C.

Model C
1—p 0, 0 log L
Truth 0.01  0.001 0.15

Data set 1 | 0.008 0.002 0.176 —1717.666
0.008 0.117 0.078 —1720.582
Data set 2 | 0.007 0.017 0.162 —2156.289
0.006 0.138 0.052 —2156.939
Data set 3 | 0.010 2.81le—7 0.129 —2027.558
Data set 4 | 0.016 8.40e—8 0.144 —2252.797
0.020 0.073 0.068 —2258.321
Data set 5 | 0.014 4.46e—7 0.156 —2129.696
0.019 0.081 0.066 —2131.354
0.000 0.115 0.115 —2136.672

Table 2.4: Data simulated for one site under Models A and C. m = 0.8 and N = 100.
See text for values of 1 — p, 9, and dg4.
M U H (parent methylated) H (daughter methylated)
Model A | 78 13 4 5
Model C | 78 19 0 3

2.4. Except for the log likelihood surface for d, versus o4 under Model C, other log
likelihood surfaces are unimodal, although the peaks can be quite far from the truth.
Comparison with the good estimation results in Table 2.2 under Model A and with

the estimates for 1 — p under Model C in the same table suggests that data from
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Figure 2.2: Log likelihood surface for 6, and 04 from simulated data set (C2). In
analysis 1 — ¢ and m are fixed to the truth. The surface is re-scaled so that the
maximum is at 0 and the contours are shown to the 5 log likelihood units below 0.
The green cross indicates the simulation truth. Red and blue circles are estimates
from EM iterations starting at different values. There are two peaks in this plot with
very similar log likelihood.

a large number of sites can significantly increase the sharpness of the log likelihood
surface and move its peak closer to the truth. However, having many sites does not
help too much when the log likelihood surface at one site is already multimodal, as

is the case with the two de novo rates under Model C.
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Figure 2.3: Log likelihood surface for 6, and ¢4 from simulated data set (C1). In
analysis 1 — p and m are fixed to the truth. The surface is re-scaled so that the
maximum is at 0 and the contours are shown to 5 log likelihood units below 0. The
green cross indicates the simulation truth. Red and blue circles are estimates from
EM iterations starting at different values. The area around (0.1,0.1) contains the
second peak, although not quite visible due to the resolution of contour lines.

2.6 Analysis of the FMR1 data

Applying the multi-site model to the FMR1 data sets at sites 1-22 and at 25-52
separately, we obtain the results via the EM algorithm and list these point estimates in
Table 2.5. We further investigate variability in these estimates using profile likelihood
functions.

In high-dimensional inference problems, profile likelihood functions are often used
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Figure 2.4: Log likelihood surfaces for data simulated for one site under Models A
and C. For both data sets, the true value of m is 0.8. The log likelihood surface is
evaluated for 1 —p and 9, with 6, and m fixed to the truth, or for J,, and d; with 1 —
and m fixed to the truth. Red crosses indicate the simulation truth. The surface is
re-scaled so that the maximum is at 0 and the contours are shown to 2 log likelihood
units below 0.

for exploration of one parameter at a time. For example, let failure of maintenance
rate 1—p be the parameter of interest and all other parameters be nuisance parameters
7. The profile likelihood function for 1 — p is

Ly(1 —p) =sup L(1 — p, m), (2.6.1)

"
where L(1 — p,n) is the likelihood function of all the parameters. In other words,
the above profile likelihood function is the likelihood function under the full model
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Table 2.5: Results under the simple multi-site model via the expectation-maximisation
algorithm for the FMR1 data at sites 1-22 and at sites 25-52. The 95% confidence
intervals in brackets are obtained from the profile likelihood functions.
Sites 1-22 Sites 25-52
1—p | 0.05(0.044, 0.061)  0.07 (0.062, 0.087)

6, | 1.93x 107 (0, 0.033) 0.02 (0, 0.06)

04 0.14 (0.101, 0.176)  0.08 (0.055, 0.107)

maximised with 1 — y fixed to be a particular value. It has been shown that a profile
likelihood function can be used in many ways similar to the usual likelihood function.
As pointed out by Murphy and van der Vaart (2000), three aspects are particularly
useful in inference. We illustrate these points with the failure of maintenance rate

example.

1. The maximiser of the profile likelihood function L,(1 — p) is the maximum

likelihood estimator of 1 — p.

2. One can still carry out hypothesis testing. The likelihood ratio test statistic for
Hy:p=ppis

2(0Ly(1 = ) = sup Ly(1 = ), (2.6.2)

which has a x? distribution asymptotically when pg is not on the boundary.
The acceptance region for a test of size a can then be inverted to construct a

confidence interval at 1 — « level.

3. One may also compute the curvature at the maximum on a profile likelihood
curve to approximate the variability in the maximum likelihood estimate, in just

the same way the second derivative is calculated for a full likelihood function.
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Detailed discussion of profile likelihood can also be found in Severini (2000).

Here we compute the profile log likelihood for each methylation event rate and
plot it in Figure 2.5. Each profile log likelihood curve is re-scaled to 0 and shown
down to —2 log likelihood units. The values corresponding to the —2 log likelihood
units then form a 95% confidence interval for the rate. These confidence intervals are
summarised in Table 2.5. The profile log likelihood function for the parent de novo
rate attains its maximum at the boundary at sites 1-22. This may raise concerns of
the actual length of the confidence interval because the distribution of the maximum
in this case may in fact be a mixture (Self and Laing, 1987). Nevertheless, it is clear

from the plot in Figure 2.5 that 0 should be included in the interval.

Log likelihood surfaces for d,, versus d4 with ;2 and m fixed to the estimated values
are plotted in Figures 2.6 and 2.7. Consistent with the profile log likelihood plots, the
log likelihood surface for either data set has only one mode. One may also compare
with the log likelihood surfaces on simulated data, such as Figures 2.2 and 2.3, where

two modes are easily detected.

To investigate the hypotheses of equal de novo rates, J, = d4, and of no parent
de novo event, 9§, = 0, we obtain the maximum log likelihood under either hypothesis
and compare it with that under the unconstrained model. The results are listed in
Table 2.6. We apply the likelihood ratio test for either hypothesis. Under 9, = dq
the null distribution of the test statistic —2log Lo/L is a x?. Under 8, = 0, which
is on the boundary, the null distribution is a 50:50 mixture of point mass at 0 and a
X3 distribution (Self and Laing, 1987). P values are also listed in Table 2.6. Based
on these p values, we reject the null hypothesis of equal de novo rates for either data
set, with strong evidence for sites 1-22 and weaker evidence for sites 25-52. On the
other hand, we do not reject the hypothesis of no parent de novo events, and again,

the evidence for the null at sites 1-22 is stronger than that at sites 25-52.
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Figure 2.5: Profile log likelihood for each of 1 — p, 0, and ¢4 for the two FMRI data
sets under the simple multi-site model. The left three plots are based on data set 1
(sites 1-22), and the right three plots data set 2 (sites 25-52). Each circle (z, y) on the
curve is the log likelihood maximised over all other parameters with one parameter
fixed to z. Vertical lines indicate the maxima. The log likelihood is re-scaled in each
plot such that the highest log likelihood is 0.

2.7 Summary and discussion

In this chapter we formulated the rate estimation problem as a latent variable problem,
in which two pieces of information are missing, one being the methylation states on
the pre-replication parent strand, P, and the other the strand type — which strand is
which. We presented a simple multi-site model to infer the latent variables and then

estimate the failure of maintenance and de novo rates. Methylation probabilities m;
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Figure 2.6: Log likelihood surface for 9, versus d4 for the FMRI data at sites 1-22
under the simple multi-site model. p and m are fixed to the EM estimates. The log
likelihood surface is re-scaled to have maximum at 0 and the contour lines are shown
down to 5 log likelihood units below 0.
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Figure 2.7: Log likelihood surface for 9, versus ¢4 for the FMR1 data at sites 25-52
under the simple multi-site model. p and m are fixed to the EM estimates. The log
likelihood surface is re-scaled to have maximum at 0 and the contour lines are shown
down to 5 log likelihood units below 0.



42

Table 2.6: Maximum log likelihood under 6, = d4, under ¢, = 0 and under the
unconstrained model, respectively, for the two FMRI1 data sets under the simple
multi-site model. Numbers in brackets are p values under the likelihood ratio tests.
The null distribution is x? under &, = d; and is a 50:50 mixture of point mass at 0
and a x7 under ¢, = 0.

FMR1 Data
Model Sites 1-22 Sites 25-52
0p = 0q —2127.820 (p=107°) —1774.948 (p = 0.018)
0, =0 —2118.048 (p=1)  —1772.950 (p = 0.105)
unconstrained —2118.048 —1772.165

plays an important role in distinguishing different types of methylation events. Since
m; is defined as Pr(P;; = 1), the probability that the pre-replication parent strand is
methylated and can be estimated by the proportion of methylated dyads in the data, it
is then possible to infer probabilistically P from those methylation probabilities. For
example, a hypermethylated region would indicate that P is likely to be methylated
at most CpG sites. Together with the assumption of no loss of methylation on the
parent strand, we can further infer that the post-replication parent strand Q is also
mostly methylated. If there were no de novo events and only failure of maintenance
events, then the daughter strand D would always be methylated less than Q. In the
case where de novo events also occur, the more methylated strand in an observed
double-stranded sequence is still more likely to be the post-replication parent strand,
unless the daughter de novo rate greatly exceeds the failure of maintenance rate and
the parent de novo rate put together. Indeed, this last scenario may explain the
multimodality of the likelihood surface under Model C (1 — pu = 0.01, 6, = 0.001
and 4 = 0.15) in simulation studies (Figures 2.2 and 2.3). Once the latent variables
are inferred probabilistically, we can then infer the type of methylation event at

each site. Specifically, we can infer daughter de novo events based on probabilistic
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assignment of the strand type. We can also distinguish failure of maintenance events
and parent de novo events, because the former occur at previously methylated sites
and the latter previously unmethylated sites. The inference carries uncertainty, and
accounting for experimental errors and other factors can aggravate confounding. But
this simple multi-site model illustrates what information we can extract from the data
for parameter estimation, and this capability is fully demonstrated in the simulation
studies. This simple multi-site model forms the foundation of more elaborate models

in the next chapter.

We applied this model to the two FMR1 data sets and obtained results summarised
in Table 2.5. Results from the likelihood ratio tests further suggest that the parent
de novo rate is likely to be 0 in both regions (Table 2.6). Laird et al. (2004) and
Genereux et al. (2005) also analysed data collected from the FMRI data (see Section
2.2 for details of their methods). A comparison of our results with theirs would shed
light on how different model assumptions affect the inference and therefore how we

should interpret our findings.

The comparison of our results with that from Laird et al. (2004) can be found

in Table 2.7. Recall that Laird et al. (2004) also used the entire sequence for rate

Table 2.7: Comparison of results from the simple multi-site model via the expectation-
maximisation (EM) algorithm and those from Laird et al. (2004). The multi-site EM
method was applied to the FMR1 data at sites 1-22, whereas the results from Laird
et al. (2004) were for a different data set at the same locus. Numbers in brackets for the
multi-site EM method are 95% confidence intervals obtained from profile likelihood
functions. Numbers in brackets for results from Laird et al. (2004) are ranges.

Multi-site Model via EM Laird et al. (2004)
1—pu|  0.05(0.044,0.061)  0.04 (min. 0.02; max. 0.05)
dp 1.93 x 107 (0, 0.033) assumed to be 0
5a 0.14 (0.101, 0.176) 0.17 (min.0.11; max. 0.23)
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estimation and assumed that the failure of maintenance rate and the daughter de
novo rate each were constant across CpG sites, but they did not assign which strand
is which in a probabilistic way. In addition, they assumed that there were no parent
de novo events. The points estimates for 1 — p and J; from the two studies are very
close.

When comparing with the single-site maximum likelihood method (Genereux
et al., 2005), we applied their approach to both FMR1 data sets and plotted the
estimates against those from the multi-site EM method in Figure 2.8. Since the
single-site ML estimate of methylation probability m; is just the observed propor-
tion of methylated CpG dinucleotides at site j, this estimate does not depend on the
constraint imposed on de novo rates. As seen in the top two plots in Figure 2.8,
estimated methylation probabilities under the two approaches are in good agreement
as expected. The other four plots show boxplots of the single-site ML estimates ob-
tained under J, = 0 (the middle row) and under §, = d4 (the bottom row), and red
dots indicating the multi-site EM estimates. Although the two approaches are not
directly comparable, with the single-site ML method estimating site-specific rates and
imposing temporal stationarity and additional constraints on de novo rates, 1 — i and
5Ad under the multi-site model are similar to the medians of the estimates under the
single-site approach; the difference is even smaller when d, = 0 is imposed under the
single-site model.

These comparisons suggest consistency in results for the failure of maintenance
and daughter de novo rates across three studies. They also suggest that, when we
ignore variability and experiment errors, parent de novo events are not necessary to
explain the imperfection in methylation patterns transmitted over cell generations. In
Chapter 3, however, we will see that, as we extend the multi-site model to account for
variability, experimental errors and temporal stationarity, the data no longer strongly
support the hypothesis of no parent de novo events. Hence, model assumptions have

a substantial impact on the inference of de novo rates.
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Figure 2.8: Comparison of results obtained from the simple multi-site model via the
expectation-maximisation (EM) algorithm and those from the single-site maximum
likelihood (ML) approach under two constraints for the two real data sets. The left
column shows the results for sites 1-22, whereas the right column sites 25-52. Top
Row: estimates for methylation probabilities m;. These estimates under the single-
site ML approach do not change regardless of the constraint imposed on de novo
rates. Middle Row: the multi-site EM estimates (red dots) versus the single-site
ML estimates under ¢, = 0 (boxplots). Bottom Row: the multi-site EM estimates
(red dots) versus the single-site ML estimates under 6, = 4 (boxplots). Specifically,
the multi-site EM estimates are: at sites 1-22, 1 — i = 0.05, 5;, = 1.93 x 1074,
04 = 0.14; at sites 25-52, 1 — 1 = 0.07, 6, = 0.02, d4 = 0.08.
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Chapter 3

MODEL EXTENSIONS: RATE VARIABILITY,
TEMPORAL STATIONARITY AND EXPERIMENTAL
ERRORS

In the previous chapter, we have constructed a simple multi-site model that makes
use of the strand information to estimate a constant maintenance, parent de novo or
daughter de novo rate across sites. Applying the multi-site model to the FMR1 data
sets gives us estimates that are comparable with estimates in previous studies (Laird

et al., 2004; Genereux et al., 2005).

Assuming constant rates across sites, however, is inadequate for our purpose. One
of the goals of studying the transmission process of DNA methylation is to gain
understanding of variability in the rates of methylation events across sites. Genereux
et al. (2005) addressed this question by estimating site-specific rates with their single-
site maximum likelihood (ML) method and trying to explain the variability in rates
by the variability in their estimates. This approach, however, does not recognise the
distinction between these two types of variability: variability in estimates can be due
to the true variability in the rate across sites, as well as imprecision of the estimation
method. As explained in Section 2.2, the single-site ML method gives an estimate of 1
to de novo rates at sites with no unmethylated CpG dyads. This estimate of 1, rather
an artefact of the method, can inflate drastically the variability in the estimates.
The authors constructed a confidence region for each pair of these site-specific point
estimates of p and d in order to examine variability, but a confidence region reflects
sampling properties, and provides no information on the true rate variation across

sites. Therefore, we would like to have a model that can account for variability and
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an estimation approach that gives an estimate of this variability.

We extend the simple multi-site model to allow for rate variability in Section 3.1.
This extension implies a large increase in the dimension of the parameter space. Since
there are usually not enough data, it is always desirable to apply regularisations in
high-dimensional estimation problems. Here we adopt a hierarchical structure in the
extended model. To assess uncertainty in the estimates and to incorporate prior
knowledge, we use a Bayesian method for parameter estimation.

Temporal stationarity, an assumption crucial to the single-site ML approach and
other approaches for analysing methylation patterns, provides another type of regu-
larisation. As we will see in Section 3.2, it can greatly increase the sharpness of the
likelihood surface, which is one of the reasons why the single-site ML approach is
sensitive to data, as demonstrated in Chapter 2. Thus we propose a way in Section
3.2 to incorporate this assumption in a flexible manner.

In the description of the data collection procedure in Chapter 1, we also pointed
out the existence of different types of experimental errors. Incorporating errors into
data analysis is important, sometimes even crucial, as they may change the results
qualitatively. Also some error rates in the bisulfite PCR experiment can be tricky
to obtain by laboratory approaches or have to be estimated using external data. A
statistical method that enables us to use the original data for error rate estimation
will be much desirable. In Section 3.3 we incorporate two types of experimental errors
into the Bayesian hierarchical multi-site model and provide an estimation procedure

for the error rates.
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3.1 Allowing for rate variability: a Bayesian hierarchical model

3.1.1 The model and distribution assumptions

The constant rate definitions (2.1.1)—(2.1.3) in Chapter 2 can be easily extended to

site-specific ones:

Pr(D;; =0|Pj =1)=1—p; (failure of maintenance) (3.1.1)
Pr(Qi = 1|P; = 0) = d6,; (de novo methylation on parent) (3.1.2)
Pr(D;; = 1|P;; = 0) = 64; (de novo methylation on daughter). (3.1.3)

We continue to assume no active removal of methylation on the parent strand, which

means that equation (2.1.4) still holds:
Pr(Q;; =1|P; =1) = 1. (3.1.4)
The methylation probability m; is defined as before and it varies across sites:
Pr(P; =1) =m;. (3.1.5)

Conditional probabilities hy(q;;, dij; pij) = Pr ((Qij, Dij) = (5, dij)| Pij = pij) also be-
come site-specific (Table 3.1).

Now, parameters of interest are A = {y;,é. pjr0djnJ = 1,7+ ,S}. The probability
of observing each sequence with known strand types, d,(x;,y;) for example, and the
likelihood function for the entire data set L(\;{x,y}) have the same expressions as

those in Section 2.1, although evaluated using site-specific rates. Here we state them

again:
dx(xi,y:) = Pr((Qs, Di) = (xi,¥4)) (3.1.6)
= HPY (Qij, Dij) = (%35, Yis)) (3.1.7)

s 1
H Z hoa(@ig, yigs zig)ms? (1 —my) ' =%, (3.1.8)

j=1 z;;=0
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Table 3.1: Conditional probabilities of methylation events at site 7, i.e.,
ha(gij; dijs pij) = Pr((Qij, Dij) = (ij, dij)|Pij = pig). Py, Qij and Dy; are methyla‘
tion states on the pre-replication parent strand, the post-replication parent strand
and the daughter strand, respectively. 0 represents unmethylated and 1 methylated.
This table is the site-specific version of Table 2.1 in Chapter 1.

(Qij» Dij) = (¢,d) | Piy=p | halgs, dij; pij)
(0, 0) 1 0
(0, 1) 1 0
(1,0) 1 1—
(1,1) 1 z
(0, 0) 0 (1= 0p;)(1 = day)
(0, 1) 0 (1 = 0p;)0a;
(1, 0) 0 oy .(1 — d4j)
(1,1) 0 5,045

and
0 0 vD) =TT Pr(Qu D) = 0530 ) + 10 230 PH(Q D) = (3500 )
(3.1.9)
= H (d,\ (x5, ¥:) + 1(x; # yz)dx(yz,xz)) (3.1.10)

Note that hy(z;;, yij; 2ij) is now based on Table 3.1.

Including methylation probabilities m;, the parameter space now has 45 dimen-
sions, fairly high for the small data sets that are available. In addition, we are
interested in learning about the variability across sites for each type of rate. Simply
estimating site-specific rates still would not help us achieve this goal. A common tech-
nique to reduce dimensionality and to incorporate the notion of rate variability is to

employ a hierarchical structure. Specifically, we assume that p;, 5pj, dq; and m; each
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follow a Beta(r, g) distribution with mean r and “scaled” variance g; “scaled” since
the variance under this parametrisation is gr(1 —r). To see how this parametrisation
is related to the conventional a—( parametrisation, recall that a random variable X

from a Beta(a, 3) distribution has density
f(x) oc 2711 — 2)P L (3.1.11)

Then we have:

a 1

=—, = 3.1.12
" a+p g a+[5+1 ( )

The r—g parametrisation is preferred in our analysis because (1) r and g are easily
interpretable; and (2) both r and ¢ take values between 0 and 1. Both properties

make it easy to choose priors for r and ¢ in the Bayesian inference.

3.1.2 The Bayesian framework

Parameters in the hierarchical model in the previous section can be estimated using
maximum likelihood or Bayesian approaches. Here we adopt a Bayesian framework to
assess the strength of evidence in the inference, which is particularly appealing in the
case of a small sample size. Prior distributions are assigned to the top-level variables
in the hierarchy, which are mean rs and scale variance gs in the beta distributions.
We assign a uniform distribution defined over (0,1), i.e., Unif(0, 1), as the prior to
each r, and a Unif(—4, 0) prior to each log;,g.

The Unif(—4, 0) prior for log,,g captures a wide range of variation, while assigning
most probability mass to values of interest. Figure 3.1 shows distributions of a beta
random variable with varying values of g. The shape and width of the distribution
change drastically as log,,g changes from —4 to —0.001: at log,,g = —4, the histogram
is centred on 0.05 with a width of 0.02; at —1.5, the distribution shifts to 0 and spreads
out to 0.2; at —0.5, the distribution is more concentrated at 0, but at the same time

can take values as high as 0.9; when log,,g = —0.001, however, the samples form two
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clusters, one at 0 and the other at 1. Hence, assigning priors to g on the log scale
enables us to distinguish among small values such as 0.001 and 0.01 and therefore
correctly infer the level of variability in rates (see Table 3.2 for guidelines on the
interpretation of g). Sometimes we exclude (—0.5,0) and use a Unif(—4, —0.5) prior

for log,,g, so as to avoid spending too much time in unlikely regions of the sample

space.
log10(g)=-4 log10(g)=-3.5 log10(g)=-3
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Figure 3.1: Histograms of beta distributions with mean r = 0.05 and different values
of scaled variance g. The horizontal axis has a different range in each row, so does
the vertical axis. Note that, as ¢g increases, the histogram spreads out to the entire
support of (0,1), and a second peak at 1 starts to emerge.
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Table 3.2: Interpretation of scaled variance g on the log,, scale.

log,g | Variability

< -3 very low
-3 to -2 low
-2 to —1 medium

> —1 high

3.1.3 Introduction to Markov chain Monte Carlo (MCMC) methods

Markov chain Monte Carlo (MCMC) methods are sampling-based methods (see Liu,
2001; Besag, 2001). Under the Bayesian framework, the inference is generally based
on the posterior distribution of parameters given the data and the prior. The pos-
terior distribution, as the target distribution, usually does not have a closed form.
The Monte Carlo strategy then is to simulate samples from the target distribution.
Specially, consider random variable X and a subset B in its sample space S. X has
distribution 7(X). Then evaluating a probability for X can be converted to calculat-

ing the expectation, which is just a weighted average:

Pr(X € B)=FE1(X € B)=Y I(z € B)n( (3.1.13)

where 1() is the indicator function. The average of independent draws 19 (z € B),

where t = 1, ..., T, under the Monte Carlo strategy,

1
}:1 (z € B), (3.1.14)

T
thus provides an unbiased estimator for the above probability Pr(X € B).

In many cases, however, it is essentially impossible to obtain independent samples.
Fortunately, dependent samples can replace the independent ones in the expression

(3.1.14), if those dependent samples form an ergodic Markov chain with the same
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(finite) state space S and stationary distribution 7. A Markov chain is said to be
ergodic if it is positive recurrent (or irreducible; being able to reach any state with a
positive probability) and aperiodic. A much more stringent condition, but easier to
verify, for a Markov chain to attain stationarity is detailed balance, which plays a key

role in the Metropolis-Hastings algorithm and will be explained below.

The Metropolis-Hastings algorithm

Most MCMC algorithms rely on the Metropolis-Hastings (MH) algorithm (Metropolis
et al., 1953; Hastings, 1970). Starting from certain initial value, the MH algorithm
proposes a small move, according to a proposal distribution, around the current value,
and accepts the new move with certain probability. Thus, those moves from many
iterations form a Markov chain. Specifically, let the target distribution be 7, and the
proposal distribution be ¢(o), where o is the standard deviation. At the ¢-th iteration,

the current value is X; = x. The MH algorithm proceeds as follows:

1. Generate a proposal y ~ ¢q(z;0); that is, y is a local move around z.

2. Calculate the acceptance probability
A:min{l,M}, (3.1.15)
m(z)q(ylz)
where ¢(z|y) is the probability (or density) of x given y under distribution

function q().

3. Generate a random number r between 0 and 1, and compare it with the accep-
tance probability A.

y, ifr <A,
X1 = (3.1.16)

r, otherwise.
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Under this algorithm, the actual transition distribution is

p(ylz) = q(ylz) min{l,%}, (3.1.17)

for x # y. Detailed balance requires that

m(x)p(y|z) = 7(y)p(z|y). (3.1.18)
Thus,
=m(x ) min M
w@)p(yle) =r(e)a(yle)min {1, ZOLE (3.1.19)

~ min {w<x>q<y|x>m<y>q<a:|y>}, (3.1.20)

and equation (3.1.18) holds because of symmetry in z and y in (3.1.20) (Liu, 2001).

In terms of practical matters, symmetric proposal distributions, such as normal,
are often chosen, because ¢(z|y) and ¢(y|z) are then cancelled out in the acceptance
probability. Standard deviation o in the proposal distribution is fine-tuned so that
the chain can explore a large sample space, but also does not have to waste too much
time in places where the values are unlikely for the data. The acceptance rate of the
parameter gives some indication whether the standard deviation (or the size of a local
move) is large enough. Different people, however, have different opinions on what rate
is satisfactory. Here we use 20-30% for this rate. One usually does a very long run or
multiple shorter runs (or both), and uses samples a few moves apart, after discarding
samples from the initial m iterations; those m iterations are called the burn-in period.
The above measures are taken to ensure that the Markov chain explores the entire
sample space with reasonable probability support from the posterior distribution; in
other words, the chain mizes well.

Determining whether the Markov chain has mixed well is not trivial. Currently
there is no standard approach to it. Since a well-mixed chain should attain the
stationary distribution, one of the diagnostic tools we use is to carry out several

independent runs and check whether they give similar histograms.
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The Gibbs sampler

The Gibbs sampler is a special case of the Metropolis-Hastings sampler. For a joint
distribution of k random variables Y7, Y5, ..., Y;, the Gibbs sampler uses the full con-
ditional distribution 7(Y;|Y1,...,Yi_1, Yit1, ..., Yx) as the proposal distribution for Y;
in a regular MH algorithm, and thus always accepts new moves, because the accep-
tance probability is always 1. Convergence is guaranteed under the Gibbs sampler,

but it can take a very long time to reach convergence.

3.1.4 MCMC procedures for inference under the multi-site model

We use Markov chain Monte Carlo methods for inference. The procedure involves

three main steps:

1. Sample (P,Q,D) given {x,y} and \. Since sampling (P,Q, D) together in-
volves 257! states, which is computationally impractical even for moderate val-

ues of S, we do it in two steps.

e Sample each ordered pair (Q;, D;) from {x,y} and A based on the like-
lihood function in (3.1.10). For example, the posterior probability of the
top strand x; being the post-replication parent strand Q; is

d)\(xiv Yi)
da(xi,yi) + da(yi, Xi)

p((Qi, i) = (xi,y0)[{x, ¥}, A) = . (3.1.21)

where d)(x;,y;) is defined in (3.1.8) and d,(y;, x;) is defined similarly.

e Sample P; given (Q;,D;) and \. Because methylation states at different
sites are conditionally independent, sampling can be done for each P,

separately.

P(P51(Qij. Dij), N) o p((Qij. Dij)|Pyymy? (1 —my)' =P, (3.1.22)
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2. Sample m;, pu;, 5pj and dg4; from current estimates of all other variables and

parameters via a Gibbs sampler. For example, since
N
Z P,j|m; ~ Binomial(N,m,) (3.1.23)
i=1
m; ~ Beta(ay,, Bm), (3.1.24)

then, although the beta distribution of m; is not a prior in the strict sense
in hierarchical modelling, it can be thought of as the conjugate prior for the
binomial random variable Zf\il P;;, thus making the Gibbs sampling possible.
Under the o3 parametrisation, the posterior distribution of m; given all other

variables is also beta due to conjugacy, and depends only on P;:

N N
m;|P; ~ Beta(o + > Py, B+ N = > Py). (3.1.25)
i=1 =1
Likewise, we can derive the posterior distributions for p;, 5pj and 04; under the

a—f3 parametrisation:

N N
1P, Q;, D;j ~ Beta (% + Y DiQisPiy Bu+ Y (1 - Dz’j)Qz‘ij‘)a
=1

i=1

(3.1.26)

N N
0p;|P;, Q;, Dj ~ Beta(% +3 Q1= Py), B+ Y (1 - Qy)(1 - Bj)>,
=1

i=1

(3.1.27)

N N
5dj|Pj7 qu Dj ~ Beta(ad + ZDU(l - Bj); 6d —+ Z(l - Dw)(l — PZJ)) .
i=1 i=1
(3.1.28)
3. We convert as and s in the beta distributions to rs and gs, using equations in

(3.1.12), and then update s and gs. No conjugate prior exists for beta distri-

butions, so Metropolis-Hastings (MH) samplers are used to to update each r,
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which has a Unif(0, 1) prior, and to update each log,,g, which has a Unif(—4, 0)
prior. We use r, and g,, the parameters for maintenance rate p, below to

illustrate the updating procedures.

To update r,, we derive its posterior density first.

p(rul) = p(rulgu, 1) (3.1.29)
S
< p(r,) Hp(ma(m;gu),ﬁ(m;gu)) (3.1.30)
S
I0<r,<1) Hf Wi 9u), B(ru: g,)) (3.1.31)

where f() is the density function of a beta distribution as in expression (3.1.11)
with parameters a and 3, which are functions of r, and g, now. We then use

the following steps to update r,:

(a) Generate a proposal r; from a normal distribution with the current value
TL as the mean, and standard deviation o. Denote this normal transition

kernel by q(r%|r,).
(b) If 0 <7} < 1, continue. Otherwise stop and retain the current value.

(c) Compute a(rr;g,), B(ry; 9u), a(ry;gu), and B(r,;g,) using formulas in
(3.1.12).

(d) Compute the logarithm of the Hastings ratio

p(rpl)a(rilry)
® P a(rilr)

S
:Z ng Mg & (M’g“ u’gﬂ Zlogf M5 & mgu)aﬁ("ﬂ:ﬁgu))-

log A =log

(3.1.32)

(3.1.33)

(e) Generate a random probability p*. Accept 7}, if logp* < min(0,log A).

Otherwise, retain r/,.
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To update log,y(g,), let ¢, = log;4(g,). Then

a(tu§ Tu) =Ty ﬁ(tm Tu) =(1- Tu)

10t 10t

The posterior of ¢, is

p(tu|') = p(tﬂ|rﬂ?u)
S

tu) [ [ pslo(ts r), Bt )

J=1

S
= I(—4 < t,, < O) [ [ f(sle(tus ra), Blty; ).
j=1

1— 10 1— 10

(3.1.34)

(3.1.35)

(3.1.36)

(3.1.37)

We can again apply the above MH algorithm, replacing r, with ¢, and calcu-

lating the logarithm of the Hastings ratio as follows

(g, 1) q(t,]t7,)

log A =1 3.1.38
AP PCATS (3135
S
Zogf s ot g, Zlogf 1yt 9), B 9u))-
(3.1.39)

3.2 Temporal stationarity

3.2.1 Rationale and modelling

The single-site ML approach (Genereux et al., 2005) assumes that the transmission

process has attained stationarity over cell division. The observation in Stoger et al.

(1997) that methylation densities at the FMR1 locus were virtually unchanged over

a five-year time span in several human males provides supporting evidence.

Thus

we would like to incorporate this assumption into our model. Mathematically, the

stationarity assumption is determined by the stationarity equations (2.2.2)—(2.2.4),

and is expressed as follows:

5p+5d
1—|—5p+5d—u

m =

(3.2.1)
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Here we examine what impact this assumption has on inference and how to incorpo-

rate this assumption into the multi-site model.

Again we carry out a one-site analysis. Consider Models A and C (Section 2.5),
as well as their variants Models A* and C* (Table 3.3). Models A* and C* assume
temporal stationarity, whereas Models A and C do not. For each model, we simu-
lated 100 CpG dyads for a single site, and evaluated the log likelihood without and
with the temporal stationarity assumption. The log likelihood surfaces (Figure 3.2)
clearly indicate that temporal stationarity is a strong assumption: it can make the
log likelihood surface much sharper, and can even change the orientation of the ridge
of the log likelihood surface for 1 — p and d,. In terms of inference, incorporating
temporal stationarity when the data are not consistent with this assumption can move
the peak of the log likelihood surface away from the truth, as under Models A and
C, or even introduce a second peak, such as in the plot of 9, versus ¢4 under Model
A. When the data are indeed in stationarity, the contour lines under this assumption
condense toward the truth, as under Models A* and C*. Nonetheless, incorporating
this assumption still does not resolve the multimodality issue, shown in the d, versus

04 plots. This is not surprising: the two de novo rates are symmetric in equation

(3.2.1).

Table 3.3: Simulation models for analysis of temporal stationarity. Note that Models
A* and C* assume temporal stationarity, while A and C do not.

1—p 6 dg m

A | 0.06 0.001 015 0.8

A* 1 0.05 0.001 0.15 0.75

C | 0.01 0.001 0.15 0.8

C*| 0.01 0.001 0.15 0.94
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Figure 3.2: Impact of the temporal stationarity assumption on the inference for the
rates of methylation events. Data were simulated at one CpG site under four models
(Table 3.3): Models A and C do not assume temporal stationarity, whereas A* and
C* make this assumption. Log likelihoods are evaluated without and with temporal
stationarity, when other parameter values held to the truth. Red crosses indicate
the simulation truth. Each surface is re-scaled so that the maximum is at 0 and
the contours are shown to 2 log likelihood units below 0. These plots indicate that,
when the data are not consistent with temporal stationarity, the analysis with this
assumption can lead to incorrect estimates.

Based on these observations, we incorporate temporal stationarity into the multi-
site model by allowing for deviation; the flexibility helps us obtain estimates that are

robust to departure from stationarity. Specifically, the model for m; is modified as
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the following

m; ~ Beta(rm,j, gm), (3.2.2)

where

5Pj+5dj
L+ 6y, + 0aj — 11

(3.2.3)

Tmhy =

This distribution on m; is centred on 7, ; and allows for deviation, measured by
gm- The estimation procedure for g,, is the same as in Section 3.1.4: we assign a

Unif(—4,0) prior to log,,(gm), and update it by a Metropolis-Hastings sampler.

3.2.2 The MCMC procedure

Incorporating temporal stationarity changes the sampling procedure for rates of methy-
lation events and the methylation probability. Under temporal stationarity, m; is de-
pendent on f;, 5pj and dg4;. So we need to update rates of methylation events before
updating m;. To sample rates of methylation events, we can continue to use the full
conditionals from the previous Gibbs samplers (equations 3.1.26 — 3.1.28) to generate
proposals, but the acceptance probabilities need re-calculation. In other word, we
now use Metropolis-Hastings samplers for the rates of methylation events (Section
3.1.3). The details are given below. Having updated p;, 6, ;, and 4 ;, we can still use
a Gibbs sampler to update m;, according to the posterior distribution (3.1.25). The
only change is that r,, ; is now determined by the updated p;, o, ;, and dq ;.

To illustrate how the Metropolis-Hastings sampler works for the rates of methyla-

tion events, we take the maintenance rate y; for example. The posterior distribution
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of u; becomes

p(,uj|) :p(uj|P>Q>D>ma 6p>6d>r>g) (324)
o< p(Pj, Qj, Djlmy, 6.5, 045, 115, T gy 9 )P(M [T G )P (11510, B)P(0p,5)D(0a )
(3.2.5)

O(p(P]7Qj7D|m]76;0]75d,]7MJ’Tmyj’.gm)p(m”,rmyj’gm)p(lu’]‘alh6}1) ( 6)

(Hp QZ]| ijy My, p]?édj> (DZJ| 2]7mj76P7j75d7j7luj>p(Pij|mj>)

X p(mj|rmj>gm)p(lu“j|aua/6u) (327)

(Hp D41y g 1) O3 80 s o ) (3.28)
o M?‘M"‘Zz 1Dij Pij— 1(1 _ ,uj)ﬁu‘f‘Zi]il(l_Dij)P’ij_l

X f(m]7 am(/’l/j7 6p,j7 5d,j)7 6m(/~l’]7 6p,j7 5d,j))7 (329)

where (145, 0p.j, 04,;) and B, (15, 0p 5, 04;) are functions of 7, ; and g, specified
through equations (3.1.12), and f() is again a beta density. We will again use vari-
ables with a * to denote new values and those with an ’ current values. To update
i;, new values are proposed as under the simple model using the beta distribution in

(3.1.26), and accepted with probability min(1, A, ;) where

4 = Puslalpgleg)  fOmg; a5, 0., 0a,), Bm (15 0p. 5 0a )
i = -

P51 )q(sli)  f(mys aon (10, 0p.45 0as)s Bin (145 0p g Oag)

(3.2.10)
The two de novo rates are be updated in a similar fashion.
3.3 Experimental errors

3.83.1 Definitions and modelling

As mentioned in Section 1.2, bisulfite conversion is a major source of error in bisulfite
PCR techniques (Genereux et al., 2008). There are two types of bisulfite conver-

sion error here. Failure of conversion, with rate b, leaves unmethylated cytosines
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unconverted and results in a reading of methylated state although the truth is un-
methylated. Inappropriate conversion, the other type of error with rate ¢, converts
methylated cytosines and leads to a reading of unmethylated states although the
truth is methylated. The definitions are summarised in Table 3.4. Since the bisulfite

Table 3.4: Definitions of two types of bisulfite conversion error. b is the failure of
conversion rate and ¢ the inappropriate conversion rate.

Observed

0 1

Teuth 1-b b
ru 1 c 1—-c

conversion technique converts unmethylated cytosines into uracils for subsequent se-
quencing, the error rate b at which the process fails to convert those cytosines is a
direct measure of the performance of this technique and has been well documented
(see Frommer et al., 1992; Clark et al., 1994 for example). The inappropriate con-
version error that converts methylated cytosines into uracils is generally assumed to
be negligible. Neither type of error has been accounted for in published analyses of

methylation patterns.

To incorporate bisulfite conversion error, we will continue to use ;; and D;; to
denote true methylation states on the post-replication parent and daughter strand.
We introduce Q;; and Dj; to represent observed methylation states that may be prone

to error. Let A = {y;, 0y, 45, bj,¢;,7 = 1,---,S}. The likelihood function under the

j?
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no error model can be easily modified as the following:

LN [{x,y}) = [[Pr{Qi. Di} = {xi.yi} 1) (3.3.1)

- H <d/)\(Xi7Yi) + 1(x; # yi)dg(yi,xi)) (3.3.2)

where
S 1 1
d\ (%, ¥4) H Z Z r((Qiy, D) = (g, 4ij)|(Qi Dij))

X Z Pr((Qu, Dij)|Pij = zij)m;” (1 —my) =, (3.3.3)

2ij=0

Assuming errors occur independently across CpG sites and DNA strands, we have
Pr((Qy;, Dij) = (45, yij)|(Qij, Dij)) = Pr(Qj; = x45|Qij) Pr(Dj; = wij| Dij),  (3.3.4)

where each term on the right hand side is a function of b; and ¢; as in Table 3.4.
Similar to the inference we have performed under the no error model, we can also

assume b; and ¢; each follow a Beta(r, g) distribution and assign uniform priors to r’s

and log,,(g)s.

3.3.2 The MCMC procedure

Since the presence of error impacts the distribution from which we sample (Q, D),
we modify this step in the previous MCMC procedure. Again it can be broken down

into two steps.

1. Sample each ordered pair with error (Q’,D’) from {x,y} and A.

d/(xia yZ)
d,(xiu yz) + d,(yiu XZ)

p((Q}, D)) = (x4, yi) {x, ¥}, A) = (3.3.5)

and

d,(yia Xi)
d'(xs,y:) + d'(yi, X;)

p((Q;, D)) = (yi, x:)[{x, ¥}, A) = (3.3.6)
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2. Sample (Q,D) from (Q’,D’) and A. This update can be done site by site.

p((Qij’Di]’”(Q;ﬁDg]’)’)‘)OCp((Q;’j’D;')|(Qij>Di')a)") ((Qi5, Dij)[As) (3-3-7)
:p((Q;’j? )| Qij» D th (Qij, Dij; )

P;;

x (1 —my)t=". (3.3.8)

3. Update c; via a Gibbs step. This is because

Qi;1Qij, b, c; ~ (Bernoulli(1 — ¢; )9 (Bernoulli(b;))' =< (3.3.9)
Di;|Dij, b, ¢; ~ (Bernoulli(1 — ¢;))"% (Bernoulli(b;))' =", (3.3.10)
¢; ~ Beta(ae, £.). (3.3.11)

The posterior distribution of ¢; is then

N N
Beta(a, + Z Qi (1 — Qi) + Z Di;(1 = D), Be + Z Qi Qi + Z D;;D;
; i—1 i—1

b; can be updated in a similar fashion.

3.4 Analysis of the FMRI1 data

In analysing the FMRI1 data, we do not try to estimate both types of error rates.
This is because the failure of conversion error rate b is relatively easy to estimate
using laboratory approaches; the experimental data indicate that b = 0.003 and that
it is reasonable to assume all b;s are the same. The inappropriate conversion rate c
is much harder to obtain by laboratory approaches. Hence, we fix b; = b = 0.003
in our analysis and estimate c;s in addition to the failure of maintenance and de
novo methylation rates. The experimental results, however, suggest that c; is likely
between 0 and 0.06. So we use a Unif(0,0.06) prior to 7., the mean of ¢;, in the

following analyses.
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3.4.1 Results from the Bayesian hierarchical model

We applied the Bayesian hierarchical multi-site model to the two FMR1 data sets.
For each data set, we carried out three independent runs with specifications listed in
Table 3.5. Each run took about 6 days on a cluster with each CPU of approximately
2.4GHz. Trace plots (not shown) provided no obvious indication of poor mixing. The
posterior density functions of log;,gs (Figures 3.3 and 3.4) from different runs agree
with one another very closely, suggesting a small MCMC variation. Hence, we pooled

the MCMC samples from those independent runs together for inference.

Table 3.5: MCMC specifications of each run under the Bayesian hierarchical multi-site
model for each FMR1 data set.

Run Length Sampling Interval
Burn-in
(Iterations) (Iterations)
Data set 1 720,000 20% 1,000
Data set 2 | 1080,000 20% 1,800

We summarised the average rates r in terms of 80% credible intervals in Table 3.6;
80% was chosen to include the majority of, but also not too many, MCMC samples.
These credible intervals are narrow for ry_, and r., but much wider for rq, and r4q.
In fact, the distribution of rg4, for the first data set covers a range as wide as (0,0.5)
and is bimodal (Figure 3.5).

To investigate confounding among estimates of rates of methylation events, we
further generate pairwise scatter plots for samples of rs (Figure 3.6). While there
is almost a linear relation between 74, and 1 — r,, and between 744 and 1 —r,, two
branches exist in the scatter plot of r4, and r44 in the first data set and are somewhat
visible in the second data set. These observations suggest no significant confounding

between the average failure of maintenance rate and the average de novo rates, but
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Figure 3.3: Posterior histograms (bars) and densities (curves) of scaled variance log;,g
for both FMR1 data sets under the Bayesian hierarchical multi-site model. The
histograms pool MCMC samples from three runs together, whereas each density curve
corresponds to one run. Unbiased cross validation is used to select the bandwidth for
a Gaussian kernel density estimator. Note that the plot for log;,(g4p) has a vertical
scale different from others.

confounding between two average de novo rates. They also seem to rule out the
possibility that both de novo rates are large and point to possibly sharper estimates
of the average of 74, and 744. The 80% credible interval for this average (last row in

Table 3.6) indeed has a width half of that of at least one of the average de novo rates.

We use the histograms shown in Figure 3.3 to infer the variability in the rates,
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Figure 3.4: Posterior histograms (bars) and densities (curves) of measure of departure
from temporal stationarity, log,y(g.), for both FMR1 data sets under the Bayesian
hierarchical multi-site model. The histograms pool MCMC samples from three inde-
pendent runs together, whereas each density curve corresponds to one run. Unbiased
cross validation is used to select the bandwidth for a Gaussian kernel density estima-
tor.

according to the guidelines provided in Table 3.2. Furthermore, the flatness of a
density curve indicates the strength of evidence in the data: the flatter the density

curve, the weaker the evidence. The results are summarised in Table 3.7.

The large variability in 0, inferred from the density plots is intriguing, because
the results from the single-site ML model also show large variability in de novo rates,
although which de novo rate is variable depends on the constraint we impose to
solve the stationarity equations. This result may suggest that some sites can have
potentially quite different de novo rates than other sites. So we look at the posterior
distributions of site-specific de novo rates (Figures 3.7-3.10). Sites 10, 14, 15 and 16
have clearly very different 9, and somewhat different J; than the others among sites

1-22 (Figures 3.7 and 3.8). The daughter de novo rate at each of those four sites also
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Table 3.6: 80% credible intervals of the means r of failure of maintenance rate 1 — p,
parent de novo J,, daughter de novo rate ¢4, and inappropriate bisulfite conversion
error rate ¢ from the two FMR1 data sets under the Bayesian hierarchical multi-site
model, pooling results from three independent runs. The credible intervals for the
average of rg, and r4q are also listed.

Sites 1-22 Sites 25-52
T1—p (0.015,0.033) (0.029, 0.054)
Te (0.007,0.023) (0.009,0.033)
Tdp (0.056,0.302) (0.031,0.083)
Tdd (0.040,0.141) (0.010,0.067)
(rap +7raq)/2 | (0.082,0.193) (0.031,0.063)

Table 3.7: Inferred variability in rates for each FMR1 data set under the Bayesian
hierarchical multi-site model. The rates are: failure of maintenance rate 1 — p, parent
de novo rate d,, daughter de novo rate d; and inappropriate bisulfite conversion error
rate ¢. The inference is based on the posterior distributions of log,,g (Figure 3.3).
See guidelines in Table 3.2 for interpretation of the posterior distributions. The first
data set is uninformative for variability in d4; the posterior distribution is essentially
flat over (—4,0).

Sites 1-22 Sites 25-52
1—p very low low-medium
0p high low-medium
04 uninformative low—medium
c very low very low

has more variation than other sites. Sites 25-52 do not show such a clear distinction
(Figures 3.9 and 3.10), although site 33 seems to have a slightly more variable J, than
other sites; these observations are consistent with the density curves of log,,gq, and

log;9ap (right column in Figure 3.3), which do not show evidence for large variability.
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Figure 3.5: Posterior distributions of mean r for both FMRI data sets under the
Bayesian hierarchical multi-site model, pooling results from three independent runs.

The large variability in ¢,, and maybe also ¢4, inferred under the multi-site model,

may not be captured well with by a beta distribution even with a large variance

(see the bottom right plot in Figure 3.1); or even if such a beta distribution could

accommodate bimodality, we would still like to know which sites might be “outliers”,

in addition to the existence of “outliers”. Therefore, we consider in the next section

a mixture model for estimating de novo rates.
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Figure 3.7: Posterior distributions of the parent de novo rate ¢, for FMRI data at
sites 1-22 under the Bayesian hierarchical multi-site model.
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Figure 3.8: Posterior distributions of the daughter de novo rate §; for FMR1 data at
sites 1-22 under the Bayesian hierarchical multi-site model.
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Figure 3.9: Posterior distributions of the parent de novo rate ¢, for FMRI data at
sites 25-52 under the Bayesian hierarchical multi-site model.
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Figure 3.10: Posterior distributions of the daughter de novo rate d; for FMR1 data
at sites 25-52 under the Bayesian hierarchical multi-site model.
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Before moving on to the mixture model, we look at the level of temporal sta-
tionarity in each data set. The posterior distributions of the measure of departure
log,o(gm) indicate consistency with temporal stationarity at sites 1-22, but clear de-
parture at sites 25-52 (Figure 3.3). To identify which sites are not in stationarity,
we compute the expected methylation probability m,; under temporal stationarity,
defined by equation (3.2.1), using MCMC samples of the rates of methylation events.
We then compare these expectations with the observed methylation density at each
site (Figures 3.11 and 3.12). At sites 1-22 (Figure 3.11), the observed methylation
density (the red line) lies in the middle of the distribution of the expected values at
all sites, suggesting that those 22 sites are in stationarity. At sites 25-52, however,
the observed methylation density is in the tail of the distribution of the expected
values at a third of the sites (Figure 3.12). Some of these non-stationary sites, for
example, sites 25-29 and 31-33, are physically close to each other. Furthermore, sites
25-29 have low methylation probabilities (between 20-50%), whereas sites 31-33 have
relatively high methylation probabilities (above 95%). The non-random ordering of
the sites may indicate spatial dependence or other covariates.

To confirm the observation that multiple sites in the second data set deviate from
stationarity, we removed sites 32 and 33 from this data set and re-ran the MCMC
program. These two sites not only are non-stationary, but also seem to have somewhat
different estimated de novo rates (see Figure 3.9) and may be considered as “outliers”.
The posterior distribution of log,,(¢gy,) (not shown) shifts slightly to the left, compared
with that before removing those two sites, suggesting that sites 32 and 33 contribute
to the inferred departure from stationarity and that there are other non-stationary

sites as well. The inference of other parameters shows essentially no change.
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Figure 3.11: The level of departure from temporal stationarity at individual sites
1-22 under the Bayesian hierarchical multi-site model. Departure is reflected in the
distance between the observed (red line) and the expected (histogram) methylation
probabilities at a site. The expectations are calculated using MCMC samples of the
rates of methylation events. The observed value is the empirical methylation density.
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Figure 3.12: The level of departure from temporal stationarity at individual sites
25-52 under the Bayesian hierarchical multi-site model. Departure is reflected in the
distance between the observed (red line) and the expected (histogram) methylation
probabilities at a site. The expectations are calculated using MCMC samples of the
rates of methylation events. The observed value is the empirical methylation density.
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3.4.2 Identifying outlier sites in the data — a mixture model
The model and the MCMC' procedure

Since the number of outlier sites is likely to be low, there may not be enough informa-
tion to accurately estimate the de novo rates at those sites. A Unif(0, 1) distribution,
or Beta(1, 1), is assigned to 0, and ¢, at these sites. Additionally, the small data set
available may not allow for separate estimation of two mixing proportions, one for
each type of de novo rate. Thus, a common mixing proportion is used.

We use the binary variable Z; to denote whether a site is an outlier, 1 for being an
outlier and 0 otherwise. The probability of a site being an outlier is also the mixing
proportion w. The parent and daughter de novo rates are mixtures of a Beta(r, g)

and a Unif(0, 1) distribution. Thus,

w ~ Unif (0, 1), (3.4.1)
Zj|lw ~ Bernoulli (w); (3.4.2)
and
p((spﬂzjv Tdp Gdp) = f(épj; Tdp; gdp)(l_Zj)h(éij 0, 1)Zju (3.4.3)
(645125, Tads gaa) = f(Ouji Taay gaa) ' “h(4550,1)%, (3.4.4)

where f and h are density functions of beta and uniform, respectively.

Previously in Section 3.2.2, we employed a Metropolis-Hastings sampler for p, 9,
and 0,4 to incorporate temporal stationarity, using the full conditional distribution
under the no-stationarity model to generate proposals. Under the mixture model, we
condition on the outlier status Z; and adopt a similar strategy for de novo rates. Only
the full conditional distributions for de novo rates need to changed to accommodate
the mixture. Take the parent de novo rate for example. Let o, and [, be the
parameters converted from rg, and g4, at the non-outlier sites, and o, and 3, the

parameters at the outlier sites. Since the distribution assumption for de novo rates
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at the outlier sites is Unif(0, 1), we have a, = 3, = 1. The full conditional for 9,
becomes
N
Beta(ap(]' - ZJ) + OZOZj + Z sz(l - Pij)aﬁp(]- ) + /GOZ + Z sz - 7,]))~
i=1
(3.4.5)

If the current value is 51,;. and the proposal 5;j is now generated from (3.4.5), we

accept 5p; with probability min(1, A), where
f(mj; O‘m(:uﬁ 5;;" 5dj)a /Gm(:uja 5; 5 5dj))

A= . (3.4.6)
f(mj; O‘m(:uj? 6;,)ja 5dj)a /Gm(lu“ja 5;)]»’ 5dj))
This can also be seen from the posterior distribution of 5pj, which is
N
p(apj|'> OCp(épﬂZjvrdpvgdp) (mps, p]védjvgm) H (Qi5] Py, ) (3.4.7)
i=1
N
= f((spj; Tdp, gdp)(l Z3) f(ép ; Qo /60) (m]|rm]> gm) H 5ij ( )
=1
x (1 — 5pj)(1—Qij)(1—Pij) (3.4.8)
_ 5p%(1—Zj)+0¢on+Z§V:1 Qz‘j(l—Pij)—l(l _ 5pj)ﬁp(1—Zj)+Bon+Z§V:1(1—Qn)(1—Pij)—1
X f(m;|rm.js Gm)- (3.4.9)

Bayes factors to assess strength of evidence

We compute Bayes factors (Kass and Raftery, 1995) to assess the strength of evidence
for the existence of outliers. Bayes factors have been used widely in model selection.
Consider two models My and M; for data X. The Bayes factor of M; over M, is then
defined as

pX M)

BF = ,
p(X M)

(3.4.10)

which can also be computed as the ratio of posterior odds and prior odds as follows

P(M1|X) p(Ml)
BE = p<M0|X>/ p(0h) (34.11)
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Kass and Raftery (1995) further summarised interpretation guidelines suggested by
Jeffreys (1961): there is strong evidence supporting M; in comparison of My if the
value is above 3; very strong if above 10. However, Bayes factors do not take into
account how likely the two models are a priori in the comparison. Hence, even if we
do not think M, is likely to happen, the Bayes factor can still be high; the posterior
probability of M; will be low though.

Here, we are particularly interested in whether the data contain enough informa-
tion for us to reject the null hypothesis of no outlier. Specifically, we consider the
event of having k outliers, denoted by E}, versus the event of having no outliers,

denoted by FEy. Then the Bayes factor for this comparison is computed as

BF, = p({x,y}|Ey) _ p(Eka,y})/p(Ek)

- p({x,y}HE))  p(Eol{x,¥})/ p(Eo)

With a uniform prior on the mixing proportion w, the two events Fy and Ej are

(3.4.12)

equally likely a priori. Hence the prior odds p(Ey)/p(Eo) is 1. Posterior samples of
Z; can be used to compute the terms in the posterior odds p(Ex|{x,y})/p(Eol/{x,y}):

M

PEdDx ) = 52 313" 7= k)

m=1 j=

x
M

N, (3.4.13)

[y

where m indicates the m-th MCMC sample and M the total number of MCMC
samples. N} is just the total number of MCMC samples that have k outliers. The

Bayes factor can then be simplified as

N,
BF, = —. 4.14
ES N (3.4.14)

A large value of BF, would provide strong evidence for event Fj,, which is the existence
of k outliers.

The uniform prior on the mixing proportion w, used in our mixture model, is not a
satisfactory prior for the purpose here: (i) it does not help us test the null hypothesis
of no outliers; and (ii) having 1 outlier being equally likely as having 22 outliers is

also counter-intuitive. To examine the impact of priors, we will consider other priors
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that put a considerable amount of probability mass on the value 0, and compute
the posterior probability p(Fx|{x,y}) using the Bayes factors computed above as the
weights:

I xy)) = g (3.4.15)

in which p(F})) can be any prior.

3.4.8  Analysis of the FMR1 data under the mixture model

We carried out three independent runs of the MCMC program under the mixture
model. The specifications and initial values are listed in Tables 3.8 and 3.9, respec-
tively. The initial values range from being reasonable (Run 1) — consistent at least
in magnitude with estimates from existing studies, to being nearly the opposite (Run

3).

Table 3.8: MCMC specifications of each run under the Bayesian hierarchical mixture
model for each FMR1 data set.

Run Length ~ Sampling Interval
(Iterations) Burn-in (Iterations)
Data set 1 Run 1 480,000 20% 800
Run 2 480,000 20% 800
Run 3 480,000 20% 800
Data set 2 Run 1 200,000 20% 400
Run 2 200,000 20% 400
Run 3 800,000 20% 1600
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Table 3.9: Initial values of mean r and scaled variance g for each of the three inde-

pendent MCMC runs under the Bayesian hierarchical mixture model.

Initial Values
Run 1 Run 2 Run 3
r g r g r 9
m | N/A | 0.01 | N/A |0.01| N/A | 0.2
@ | 0.95|1/21| 0.5 |0.01| 0.05 | 0.2
dap || 0.05 | 1/21 | 0.5 | 0.01| 0.9 |0.2
daa || 0.05 | 1/21| 0.5 | 0.01| 09 |02
¢ | 0.03]0.01 | 0.05|0.01]|0.005]0.2

Inference about the existence of outliers

Recall that outliers refer to sites that may have very different de novo rates from

other sites. Histograms of the mixing proportion w in Figure 3.13 suggest possible

existence of outliers in the first data set and maybe no outlier in the second.

We compute Bayes factors as described in Section 3.4.2 to assess the strength of

evidence for the existence of k outliers. These values, listed in Table 3.11, provide

strong evidence for 3-5 outliers in the first data set and very strong evidence for 4

outliers, which is consistent with the observations under the non-mixture model and

the histogram of w under the uniform prior. Even when a large probability is placed

on no outlier a priori, under Priors 2 and 3 for example, the posterior probability of

having 4 outliers is still the highest.

Data at sites 25-52, however, provide little evidence for the existence of outliers;

the highest Bayes factor is only 1.6. When the prior probability of no outlier is 0.5,

the posterior probability of no outliers can be larger than 0.5.
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Figure 3.13: Posterior distributions of the mixing proportion w for each FMR1 data
set under the Bayesian hierarchical mixture model.
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Table 3.10: Priors on having k outliers where £ = 0,--- ,10. Values larger than 10
are not considered for k£ because the number of sites in each data set is only between
20 and 30.

Number of outliers p(Ek)

k Prior 1 Prior 2 Prior 3
0 1/11 0.5 0.5

1 1/11 0.05  10/55 x 0.5
2 1/11 0.05  9/55x 0.5
3 1/11 0.05  8/55x0.5
4 1/11 0.05  7/55x0.5
5 1/11 0.05  6/55x0.5
6 1/11 0.05  5/55x0.5
7 1/11 0.05  4/55x 0.5
8 1/11 0.05  3/55x0.5
9 1/11 0.05  2/55x0.5
10 1/11 0.05 1/55 % 0.5
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Table 3.11: Bayes factors and posterior probabilities under the Bayesian hierarchical
mixture model for each FMR1 data set. Largest values in each column are in boldface.
See Section 3.4.2 for definition and computation. The priors are listed in Table 3.10.

Number of || Bayes Factor Posterior Probability p(Ex|{x,y})
Outliers (BFy) Prior 1 Prior 2 Prior 3
(k) 1-22 2552 | 1-22 2552 1-22 2552 122 2552
0 1 1 0.02 0.18 0.20 0.69 0.16 0.58
1 1.7 1.5 0.04 0.28 0.03 0.10 0.08 0.16
2 3.1 1.6 0.07 0.30 0.06 0.11 0.08 0.15
3 7.5 1.0 0.18 0.16 0.15 0.06 0.18 0.07
4 12.4 0.0 0.30 0.06 0.25 0.02 0.26 0.02
) 9.5 0.0 0.23 0.02 0.19 <001 017 <0.01
6 4.4 0.0 0.10 <001 009 <001 007 <0.01
7 1.5 0.0 0.03 <0.01 0.03 <001 0.02 0.00
8 0.5 0.0 0.01 0.00 <001 0.00 <0.01 0.00
9 0.2 0.0 |<0.01 000 <0.01 000 <0.01 0.00
10 0.0 00 |<0.01 0.00 <001 000 <0.01 0.00
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Inference about rates of methylation events

Histograms of rs are plotted in Figure 3.14 and 80% credible intervals summarised in
Table 3.12. Compared with the 80% credible intervals under the non-mixture model
in Table 3.6, we can see remarkable consistency in estimates of r;_, and r. between
the two models. Excluding the outlier sites greatly changes the inference of r4, and
rqq for the first data set and somewhat for the second. Specifically, the posterior
distribution of rg, for the first data set is much less spread out and peaks around

0.05.

Table 3.12: 80% credible intervals of the means r of failure of maintenance rate 1 — pu,
parent de novo J,, daughter de novo rate o4, and inappropriate bisulfite conversion
error rate ¢ for each FMR1 data set under the Bayesian hierarchical mixture model,
pooling results from multiple independent runs. Hence rg, and r4q are parameters at
non-outlier sites. The credible intervals for the average of r4, and r4q are also listed.

Sites 1-22 Sites 25-52
1 (0.015,0.035)  (0.032,0.058)
Te (0.006,0.024)  (0.008,0.030)
Tdp (0.027,0.143)  (0.035,0.081)
Tdd (0.032,0.137)  (0.015,0.065)
(rap +74a)/2 | (0.044,0.120) (0.034,0.061)

Inference about variability in the rates

We plot the histograms of log;,gs in Figure 3.15. The conclusions (summarised in
Table 3.13) are almost the same as under the non-mixture model (Table 3.7), except
that gq, and g4q now reflect variability in de novo rates across non-outlier sites. After
excluding the outlier sites that may have high parent de novo rates, we do have

have enough information for variation in d, at regular sites. This lack of information
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Figure 3.14: Posterior distributions of mean r for each FMR1 data set under the
Bayesian hierarchical mixture model, pooling results from multiple independent runs.

is probably due to the small sample size and the confounding between parent and

daughter de novo rates.
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Figure 3.15: Posterior distributions of scaled variance log,,g for each FMRI data
set under the Bayesian hierarchical mixture model, pooling results from multiple
independent runs. Note that logyy(g4y) and log;o(gap) refer to the non-outlier sites.
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Table 3.13: Inferred variability in rates for each FMR1 data set under the Bayesian
hierarchical mixture model. The rates are: failure of maintenance rate 1 — u, parent
de novo rate d,, daughter de novo rate d; and inappropriate bisulfite conversion error
rate ¢. The inference is based on the posterior distributions of log,,g (Figure 3.15).
See guidelines in Table 3.2 for interpretation of the posterior distributions. The first
data set is uninformative for variability in d, and d4; the posterior distributions are
essentially flat over (—4,0.5).

Sites 1-22 Sites 25-52

1—pu very low low-medium
Op uninformative low—medium
0d uninformative low—medium

c very low very low
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Inference about temporal stationarity

Results from the mixture model shown in Figure 3.16 continue to suggest that the
first data set is consistent with temporal stationarity and that the second data set

has departed from this assumption.

sites 1-22 sites 25-52
w0 _ w0
N N
< | < |
N N
0 o | [
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o | e |
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Figure 3.16: Posterior distributions of the measure of departure from temporal sta-
tionarity, logyo(gm), for each FMR1 data set under the Bayesian hierarchical mixture
model from multiple independent runs.

3.5 Summary and discussion

3.5.1 Summary of the data analysis results

With the hierarchical model, we obtain sharp interval estimates for the mean of the
failure of maintenance 1 — p and the mean of the inappropriate conversion error
rate c. Specifically, the 80% credible interval for r_,, is (0.015,0.035) for sites 1-22
and (0.032,0.058) for sites 25-52. That for 7. is (0.006,0.024) for sites 1-22 and
(0.008,0.030) for sites 25-52. These two rates also have low variability across CpG
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sites. For inference of the de novo rates, data at sites 1-22 suggest that 3—5 CpG sites
may have large de novo rates. The second data set does not provide much evidence
for the existence of outliers though. The scatter plot of the estimated means of the
two de novo rates shows confounding, hence the interval estimate of the average of
these two means is much sharper than estimating them separately. The 80% credible
interval of this average is (0.044,0.120) for sites 1-22 and (0.034,0.061) for sites 25—
52. The first data set is not informative for variability in either de novo rate after the
outlier sites are excluded, whereas the second one suggests low to medium variability
in both de novo rates. Additionally, while the first data set is consistent with temporal

stationarity, the second one has clearly departed from this assumption.

3.5.2  Advantages and disadvantages of the extended multi-site models

One of the main advantages of the Bayesian hierarchical multi-site models is the use
of the multi-site information. Simultaneous inference enables us to infer the latent
strand type and pre-replication parent strand in a double-stranded sequence. A direct
benefit from this is its capability to estimate the two types of bisulfite conversion
error rate, b and ¢, and the ease of this estimation. Neither the method in Laird
et al. (2004) or the single-site ML method (Genereux et al., 2005) is able to cope
with the existence of errors, whereas our multi-site models applied to the FMR1 data
give consistent estimates for ¢ under different assumptions, in addition to estimating
other parameters at the same time. These estimates for ¢ are consistent with those
obtained in the lab (Genereux et al., 2008), showing the potential of the multi-site
models becoming a reliable and convenient alternative to lab approaches.

The other benefit is that the multi-site models have the ability of distinguishing
between parent and daughter de novo events and hence estimating separately the
two de novo rates. However, sample size limits this capability; we saw confounding
in our estimates. In contrast, the two de novo rates are inherently unidentifiable in

existing methods: Laird et al. (2004) and Genereux et al. (2005) imposed additional
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constraints such as d, = 0 or 9, = d4.

Secondly, hierarchical modelling enables us to borrow information from other sites
in inference. By assuming that rates at different sites come from the same distribution,
hierarchical models can significantly reduce the dimensionality of the parameter space,
which is particularly desirable for the small sample size. This approach also makes
our analysis one of the first studies to incorporate and estimate the true variation in
a rate as a parameter, rather than relying on variation in the parameter estimates.

Thirdly, the multi-site models relax the stationarity assumption that underlie most
of current approaches (Otto and Walbot, 1990; Pfeifer et al., 1990; Genereux et al.,
2005). By allowing for deviation from this assumption, the multi-site models are
flexible; they can be applied to genomic regions where stationarity does not hold and
in analysis of cancer cells whose DNA methylation densities often change dramatically

over rounds of cell division (see, for instance, Foster et al., 1998).
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Chapter 4

MODELS FOR INVESTIGATION OF PROCESSIVITY OF
METHYLATION ENZYMES

Having studied the rates of methylation events, we now turn our attention to infer-
ence concerning the enzymes that generate those events and help shape the methyla-
tion patterns during the transmission process in somatic cells. Two types of enzymes
have been identified to be associated with this process: Dnmt1, commonly known as
the “maintenance” methyltransferase; and Dnmt3a and Dnmt3b, commonly known
as the “de novo” methyltransferases (see Dean et al., 2005 for a review of those en-
zymes). Since many enzymes that bind to molecules act in a processive manner — that
is, an enzyme binds to a molecule and stays on it for a distance — it is sensible to ask
whether methylation enzymes (or methyltransferases) behave similarly. Processivity
of one or more of the methyltransferases may explain the non-random methylation

pattern across CpG sites on individual molecules.

4.1 Introduction

To understand processivity of methyltransferases, we briefly review the DNA replica-
tion process described in Section 1.1.2. During DNA replication, parts of the double-
stranded molecule unwind and form replication bubbles. These bubbles keep expand-
ing in both directions, while DNA polymerase binds to the template strands and adds
nucleotides to daughter strands from the 5’ end of the daughter strand to its 3’ end
in a processive manner.

As DNA replication proceeds on the rest of the molecule, Dnmt1 and Dnmt3a/b

bind to the segments in the replication bubbles that have just completed replica-
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tion. At this stage, the daughter strand is completely unmethylated. Hence the CpG
dyads on the parent and daughter strands are either hemimethylated or unmethy-
lated. Dnmtl generally targets hemimethylated CpG dyads and methylates CpGs
on the daughter strand (Pradhan et al., 1999). It is therefore usually considered as
a “maintenance” methyltransferase. In comparison, Dnmt3a/b mainly bind to un-
methylated CpG dyads and may be able to methylate CpGs on both the parent and
daughter strand. For this reason, Dnmt3/b are generally thought to be “de novo”
methyltransferases (Okano et al., 1998). However, Dnmt1 and Dnmt3a/b have over-
lapping functions: Dnmtl may bind to unmethylated CpG dyads (Vilkaitis et al.,
2005; Goyal et al., 2006), and Dnmt3a/b hemimethylated CpG dyads (Okano et al.,
1998), although both of these events seem to happen with a low probability in somatic

cells.

There is further evidence (Leonhardt et al., 1992; Schermelleh et al., 2007) that
Dnmtl may act with the replication protein complex so that it also travels along
the molecule processively, moving from the 5" end of the daughter strand to its 3’
end (Figure 4.1). However, studies have also demonstrated that this interaction be-
tween Dnmt1 and the replication complex is not essential and that Dnmt1 can mod-
ify hemimethylated sites efficiently without coupling with the replication complex
(Vilkaitis et al., 2005; Schermelleh et al., 2007). The knowledge on the behaviour of
Dnmt3a/b is more limited at the moment, but it is suggested that Dnmt3a seems to
bind to and methylate CpGs randomly (Gowher and Jeltsch, 2001), whereas Dnmt3b
processively (Gowher and Jeltsch, 2002). However, it is unclear whether Dnmt1 and
Dnmt3a/b work concurrently or sequentially in a cell cycle. In addition, it is also plau-
sible that an enzyme bound to a CpG may fail to methylate the cytosine, although

this seems to occur with a very low probability.
Evidence supporting the processivity of methyltransferases (Vilkaitis et al., 2005;
Goyal et al., 2006) is based on in vitro experiments and limited analytical methods.

Our goal in this chapter is to develop statistical models to assess processivity using
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Figure 4.1: Proposed processivity of methyltransferase Dnmt1. Part of the molecule
has just unwound and daughter strands (red) synthesised. Hence daughter strands
are still unmethylated. As DNA replication proceeds on the rest of the molecule,
Dnmt1 binds to the hemimethylated sites and moves along the molecule from the 5’
end to the 3’ end of the daughter strand processively.

in vivo double-stranded hairpin bisulfite PCR methylation patterns. However, as
mentioned above, multiple known or unknown enzymes could have given rise to the in
vivo methylation patterns. And even for the few known enzymes, their behaviours are
not well understood yet. As a result, in vivo data provide information on methylation
functions, such as maintenance and de novo, rather than specific enzymes. Thus, our
models will describe properties of methyltransferases classified by their main function,

namely, maintenance and de novo methyltransferases.

Spatial dependence among methylation events along a DNA sequence provides
information of processivity of methylation enzymes. This dependence refers to the

impact the occurrence of methylation events at a site has on other sites. Exploratory
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data analyses below provide evidence for site-site correlation. On the one hand, we
observe runs of hemimethylated CpG dyads of the same orientation — methylation
occurs at consecutive sites on either the parent or the daughter strand, but not both.
Table 4.1 summarises the counts of these runs. These runs can be long as the one of

length four in the following sequence:

0,0,1,0,1,1,1,1,0,1,0,1,1,0,0,0,0,1,1,1,1,1
1,1,1,0,1,1,1,1,1,1,0,1,1,1,1,2,2,1,1,1,1,1,

suggesting that methylation events of the same type may have taken place at CpG

sites close to one another. On the other hand, we calculate pairwise correlations in

Table 4.1: Counts of runs of hemimethylated CpG dyads of the same orientation in
each FMR1 data set. Run length is in base pairs (CpGs). Neither data set has runs
of length more than 4.

Run Length (CpGs) | Sites 1-22  Sites 25-52

2 11 12
3 1 2
4 3 0

terms of hemimethylated dyads and test the null hypothesis of site independence.
We re-coded the data such that hemimethylated sites are coded by 1 and the other
two types, methylated and unmethylated sites, are coded by 0. We then used the
re-coded data to compute pairwise correlations. Here we look at the results for each
data set in turn. The pairwise correlations for the first data set are displayed in the
top plot in Figure 4.2. Several blocks right off the diagonal, such as sites 6-9, 12-13
and 18-19, show higher correlations, suggesting possible dependence in a short range.
Long range dependence may also exist; for example, between sites 7, 8 and sites 11,

12, and between sites 11,12 and sites 18,19. To test whether correlations at adjacent
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sites are indeed higher than due to chance, or in other words, whether there exists
local dependence, we carried out a permutation test, using the average correlation at
adjacent sites as the test statistic and permuting the sites. The p value of this test is
0.0126. We can therefore reject the independence hypothesis at a significance level of
0.05, although the signal is not very strong. The heat map of pairwise correlations for
sites 25-52 (bottom plot in Figure 4.2) shows somewhat higher correlations among
the first six sites than among other sites. The p value from the permutation test is
0.03 for this data set. We can still reject the no-dependence hypothesis at the 0.05
level, but the signal across sites 25-52 is even weaker than that in sites 1-22. These
signals of dependence, although not strong, motivate the development of statistical
models to extract information efficiently from the data.

To quantify the level of dependence in double-stranded methylation patterns, the
multi-site models developed in Chapters 2 and 3 are no longer adequate because they
assume that methylation events take place independently across CpG sites. As a
result, swapping data at sites, say, 8 and 19, would give the same estimates. Instead,
we use hidden Markov models (HMMs) here to capture the dependence in the data
and to further infer processivity of methyltransferases. We begin with a simple HMM
(Section 4.2), and then extend it to incorporate bisulfite conversion errors (Section
4.2.4) and physical distance between CpG sites (Section 4.3). The extended model is
applied to the FMR1 data (Section 4.4). We compare the results with other studies

and discuss the models in the remaining of the chapter.

4.2 A simple hidden Markov model (HMM)

4.2.1 Model assumptions

The description of the methylation process and methyltransferases (Section 4.1) con-
tains several aspects, such as the multiple roles of methylation enzymes, the order in

which those enzymes operate, etc. These subtleties are important, but not essential
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Figure 4.2: Heat maps of pairwise correlations in terms of hemimethylated CpG dyads
for the FMR1 data. Top: sites 1-22; Bottom: sites 25-52.
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for modelling processivity at this early stage. Hence,for simplicity we assume that,
after the formation of hemimethylated regions, maintenance methyltransferases bind
to the molecule and methylate hemimethylated CpGs first, and that de novo methyl-
transferases come in afterwards to methylate, with some probability, CpGs that are
still unmethylated. In addition, we assume, similar to the multi-site models in Chap-
ters 2 and 3, that there is no loss of methylation on the parent strand after DNA

replication.

4.2.2  The model

Whereas maintenance methyltransferases produce methylation events on the daugh-
ter strand and we can model their behaviour with one stochastic process, de novo
methyltransferases operate on both the parent and daughter strand. Our results from
Chapters 2 and 3 indicate that de novo events on the two strands could have different
rates, so here we allow de novo enzymes to act differently on the two strands, and
model parent and daughter de novo processes separately. Altogether we have three
hidden Markov processes: maintenance, parent de novo and daughter de novo. Each
double-stranded sequence of methylation pattern can be thought of as a mosaic of

those three processes.

In statistical terms, we consider three mutually independent processes that give
rise to the i-th double-stranded sequence: maintenance, M;; parent de novo, RY; and
daughter de novo R{. Each element of the vectors takes on either 0 or 1, representing
whether a methylation event has occurred at a site. For example, M;; = 1 indicates
that the j-th site is methylated due to a maintenance event underlying the i-th se-
quence. Assume initially that there is no bisulfite conversion error. We continue to use

(Q;,D;) to denote the post-replication parent and daughter strand. The formation
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of the ordered parent-daughter pair (Q;, D;) is then as follows:

Qij = Py + (1= Py)R{; (4.2.1)

1]

Dy; = Pij(M;; + R — My R3) + (1 — P;j)Rp. (4.2.2)

The three processes are independent of the pre-replication parent strand P; a priori
and the elements of P; are independent of one another. Equation (4.2.1) says that
the post-replication parent CpG either is methylated before replication or becomes
methylated due to a parent de novo event. In equation (4.2.2), the first term on the
right hand side says that the daughter CpG maintains the methylation pattern by
either a maintenance event or a daughter de novo event — the daughter de novo event
may be thought of as some sort of “repair” mechanism in case the maintenance enzyme
fails. The second term is straightforward: when the parent CpG is not methylated
before methylation, the methylated daughter CpG can be the result only of a daughter
de novo event.

The most noticeable difference between the assumptions for the HMM and those
for the hierarchical multi-site models (Chapters 2 and 3) and the two existing models
(Laird et al., 2004; Genereux et al., 2005) is the role of daughter de novo events. Unlike
the HMM, those models do not permit daughter de novo events to repair any failure
of maintenance. This possibility can potentially change the inference of methylation

events at some sites. To illustrate this point, we consider the following example:

1,1,1,1,1,1,1,1,1,
0,0,0,0,1,0,0,0,0.

Assuming that the rates of failure of maintenance and de novo methylation events
are on the order of a few percent based on the results in Chapter 3, we may infer
that the top strand is the parent strand. Whereas previous models may infer the
methylated cytosine on the bottom strand in the middle as due to a maintenance

event, we infer under the HMM that the above sequence may result from a series of
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failure of maintenance events, and hence that a de novo event is more likely to have
occurred in the middle on the daughter strand.

We consider each of these processes as a discretised version of a continuous-time
jump process with two states, a methylation event occurring or not occurring at that
site. The term “time” represents the DNA sequence. If {X;} is such a process with
two states, then a characterisation of { X} would involve, from site j —1 to site j, the

switch probability 6; and the probability of switch to state 1, denoted by a;. That is,
a; = Pr(X; = 1|jump occurs between sites j — 1 and j) (4.2.3)

The transition probabilities of each process can be expressed as

-
o
N

.'.h
DO
ot

X;=0[X;_1=1)=0;(1 — a);
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Under this parametrisation, §; and a; are independent of one another a priori. The
switch probability ¢; measures how much the process deviates from the scenario of
all sites being independent. When 6; = 1, site j is in state 1 with probability a;
regardless of other sites. On the other hand, when 6; = 0, the state at site j is
completely determined by that at site j — 1.

Here we assume that the processes are spatially stationary along the sequence,
meaning that 6; = 6 and a; = a for each process. This also implies that a stationary
probability of a site being in state 1, denoted by m, exists and that # = a. In
our case, 7 is the rate at which a methylation event occurs, and assuming spatial
stationarity is equivalent to assuming a constant rate along DNA sequence. Temporal
stationarity, which means the methylation density is constant over cell division (time),

is not accounted for under this model. To distinguish in notation among the three
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processes we add a subscript to these parameters. For example, the parameters for
the maintenance process are 0, and my;.
With assumptions (4.2.1) and (4.2.2), we can further compute the emission prob-

abilities at site j, which is

PI‘(QU, Dij|Mij7 RZ, Rg, >\) == PI‘(QU, DZJ|RJ == 0, Mij7 Rg, RZI;) PI‘(PZ'J' == 0)
-+ PI‘(QZ‘]', DU‘PZJ == 1, Mij7 RE, Rg) PI‘(PZ'J' == 1)
(4.2.8)

= 1(Qy = R}, Djj = R{})(1 — m;)

K ?

+1(Qi; = 1,Dyy = My; + R — M;RD)ym;  (4.2.9)

where 1() is the indicator function and m; is the methylation probability at site j.

The probabilities are evaluated in Table 4.2.

Table 4.2: Emission probabilities Pr(Q;;, Dy;|M;;, Rf;, RY) under the hidden Markov
model. We allow daughter de novo events to occur at previously methylated CpG

sites, thus “repairing” failure of maintenance.

(Qij> Dij)
(M, R RD) | (0,00 (0,1)  (1,0) (1,1)
0,0,0) |1-m; 0 m; 0
(0,0,1) 0 1 —m; 0 m,;
(0,1,0) 0 0 1 0
(0,1,1) 0 0 0 1
(1,0,0) |1-m; 0 0 m;
(1,0,1) 0 1-m; 0 m;
(1,1,0) 0 0 1—m; m,
(1,1,1) 0 0 0 1

Let A denote all the parameters including 7s, #s and mjs. The likelihood of
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observing the i-th double-stranded sequence given A is

1) =Pr (@ D) = frvd) (42.10)
=Pr ((QuD) = Gy ) 166 £ 30 Pr ((QuD) = (rux)n ) (42.1)

where

Pe((@uD) = (o) = X Pr((QuD) - (e y) ML RLRE )

M; R? R¢

x Pr(M;, R? RE|\). (4.2.12)

We use the standard forward-backward algorithm (Rabiner and Juang, 1986), de-
scribed in the next section, to compute (4.2.12). Probability of the top strand being
the daughter strand and the bottom the parent, Pr((Q;, D;) = (yi,x;)|A), is calcu-

lated in a similar way.

4.2.8  The forward-backward algorithm to compute Pr ((Q;, D;) = (x;,y:)|A)

In the i-th double-stranded sequence of length S, let H;; = (M;;, RE

£, RD), the com-
posite hidden variable of dimension 8 at site j, and Z;; = (x5, yij), the ordered pair
of methylation states of dimension 4. Define the transition probability to be ¢, 5 =
Pr(H; j+1 = W|H;; = h) and the emission probability to be b,(Z;;) = Pr(Z;;|Hi; = h).
The stationary probabilities are defined as 7, which is the product of the stationary

probability on each process. Applying the forward-backward algorithm in Rabiner
and Juang (1986), we have,

fOI‘W&I‘d pass: Oéj(h) = PI‘(QZ'J;]' = Xi,l:ja Di,l:j = yi,l:ju Hij = h)7 (4213)

backward pass:  (;(h) = Pr(Q; j+1.5 = Xi j+1:5, Dij1.5 = Yij+1.5|Hij = h).
(4.2.14)

The forward-backward algorithm calculates the forward and backward pass in each
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iteration:
ar(h) = frhbh(Zn), (4.2.15)
aj(h) = Z% V(W wbi(Z),  for § > 1; (4.2.16)
h'=1
and
Bs(h) = 1, (4.2.17)
8
Bi(h) = Y thwbw(Zijs1)Bisa (), forj<S. (4.2.18)
h'=1

The probability of the top strand being the parent strand and the bottom the daughter

strand in the i-th sequence is then

8

Pr ((Qi,D,) (Xi, Vi |)\) Zag Z ;(h)B;(h), for every j. (4.2.19)

h=1
4.2.4  Accounting for bisulfite conversion error

Recall from Section 1.2 that there are two types of bisulfite conversion error: the
failure of conversion error with rate b, and the inappropriate conversion error with
rate c. Let (Q;j, D;;) represent the true states without errors on post-replication

parent and daughter strand and (Q;;, D;;) the observed states due to inclination of

2]7

errors. Then,

b=Pr(Q), = 1]Q;; = 0) = Pr(D, = 1|Dy; = 0): (4.2.20)
¢ =Pr(Q), = 0|Q; = 1) = Pr(D}; = 0|Dy; = 1). (4.2.21)

Just as the existence of error can add confounding to the rate estimation in Chapter
3, its existence can also reduce the level of dependence by breaking down runs of
hemimethylated dyads, or produce false signals of processivity by creating longer
runs. Therefore, we want to incorporate these errors into the hidden Markov model.

Let X' denote all the parameters including 7s, 6s, m;s, b and c¢. The definition

and computation of the likelihood function are similar to equations (4.2.10) through
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4.2.12), except that Q;;, D;; and X are replaced by Q.., D!, and X, respectively. We
J J 1)

ij>
also need to change the emission probabilities as the following to incorporate b and ¢

into the HMM:

Pr(Ql;, Dj;|Mij, R, RY my.b.c) = Y Pr(Ql;, Dyl Qi Dy, b c)

150~ Vg
Qij,Dij

x Pr(Qi;, Dij|My;, R, RE mj, bc)  (4.2.22)

150 -V
- Z Pr(Q};1Qi, b, ¢) Z Pr(Dj;|Dij, b, ¢)
Qij D;;
x Pr(Qij, Dij|Myj, Rl}, R}, m;) (4.2.23)
and PI'(QZJ, D2]|MZ], RZ, Rg,

and is listed in Table 4.2.

m;) is the emission probability under the no-error model

4.3 Incorporating physical distance into the simple HMM

4.3.1 HMM with distance

Methylation enzymes need to stay bound to the DNA molecule in order to methylate
cytosines. It is sensible to assume that the binding ability, and hence the level of
processivity, decreases over molecular distance. Therefore, the farther apart the two
neighbouring CpG sites are, the less dependence between them. The previous hidden
Markov model is not satisfactory in this respect because it assumes equal distances
between adjacent sites. We incorporate physical distance into the hidden Markov
model by expressing the switch probability 6 as a function of the pairwise distance.
In the previous section, we modelled each hidden Markov chain as a discretised
version of a homogeneous continuous-time jump process with switch probability 6;
and the probability of switching to state 1, a;. This continuous-time jump process is
also a Poisson process with a constant jump rate p. Since each continuous-time jump
process here has two states, the jump rate p on a process represents the rate at which

this process jumps from one state to the other during a very short time. The relation
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between the switch probability 6; between sites j — 1 and j, and the jump rate p is

as the following:

6; = Pr(jump occurs between sites j — 1 and j) (4.3.1)
= 1 — Pr(no jump occur between sites j — 1 and j) (4.3.2)
=1—e P, (4.3.3)

where d; is the physical distance in nucleotides (nt) between sites j — 1 and j. Thus,
the incorporation of physical distance leads to varying switch probabilities along the
DNA sequence, even though the jump rate per nucleotide is constant. Incidentally,
the hidden Markov model in the previous section can be treated as a special case of
the model here with equal distances.

Under this generalised HMM, we continue to assume the rate of any type of
methylation event, 7, to be constant across CpG sites and do not account for temporal
stationarity. Hence, this model can also be thought of as a generalisation of the simple

multi-site model in Chapter 2, with spatial dependence as well as error added in.

4.83.2  Sojourn times as a measure of processivity

The concept of sojourn time for a stochastic process in time describes how long the
process stays in a certain state. For each of the underlying continuous-time jump

process, we can write the infinitesimal matrix as in Table 4.3 where 7 is the stationary

Table 4.3: The infinitesimal matrix of the continuous-time jump process.

0 1

0 —7p TP
1| (1=m)p —(A—m)p

probability of being in state 1, and p the jump rate. Thus, the sojourn times in
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state 0 are independent and identically distributed as exponential with mean 1/(mp),
whereas those in state 1 are independent and identically distributed as exponential
with mean 1/((1 — m)p) (Taylor and Karlin, 1998). These average sojourn times
measure processivity in terms of nucleotides. For example, the maintenance events of
Dnmt1 would stretch for as long as 1/((1—my;)par) nucleotides on average, whereas the
failure of maintenance events of this enzyme would stretch for 1/(mypp) nucleotides
on average. The two average sojourn times give a complete characterisation of a

process. We use both of them to measure processivity.

4.8.8  Distribution assumptions and choice of priors

Let p = {pm, prr, prD}, ™ = {70, TR, TRp}. The parameter of interest is \" =
{m,p,m;,bc,j=1,---,5} Since temporal stationarity is not accounted for in this
HMM, we assume methylation probabilities m; to follow a single beta distribution
with mean r,, and scaled variance g¢,,. The priors on r,, and log,,(g.) are, as before,
Unif(0, 1) and Unif(—4, 0), respectively. We also use a Unif(0, 1) prior for each of the
m’s. As for the error rates b and ¢, when analysing the FMR1 data we fix b to be
0.3%, assume that ¢ is constant across sites, and use a Unif (0,0.06) prior on c.

We consider two priors on the jump rate p: one is exponential with mean 1/d,
where d is the average distance; and the other is exponential with mean 1. The first
prior assumes one jump every d nucleotides. When all distances are equal, this prior
induces a uniform (0,1) distribution on the switch probability ¢, thus correspond-
ing to making no assumption on the level of processivity. An exp(1) prior, on the
other hand, assumes one jump per nucleotide on average, which is equivalent to very
weak processivity. In terms of the FMR1 data, the distances are not equal and d
is about 6.7 nucleotides. The 10th- to 90th-percentile interval of Exp(mean=1/d) is
(0.016, 0.345), which is much more concentrated near 0 compared with that of Exp(1),

which is (0.105, 2.303). Hence the Exp(mean=1/d) prior implies somewhat stronger

processivity.
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To see why the Exp(mean=1/d) prior on the jump rate p induces a Unif(0, 1)
on the switch probability ¢ when all distances between adjacent sites are the same,
denoted by d, we consider Equation (4.3.3), which is the cumulative distribution
function of an exponential random variable with mean 1/d when d; = d for all j.

Thus 6 as a cumulative probability would always be uniform on (0, 1).

4.8.4  The MCMC procedure

We use the full conditional distribution to update in turn the parameters, some of
which grouped in blocks, via Metropolis-Hastings (MH) steps (Liu, 2001). We do
not update all the parameters \” simultaneously, because the data have different
amounts of information for different parameters and it would be difficult to fine-tune
the standard deviation used in the normal density kernel to generate proposals for a

single parameter. We update the parameters in the following order:

1. Update each of methylation event rates = and jump rates p.
2. Update methylation probabilities m; jointly.

3. Update r,,, the mean of m; in the beta distribution.

4. Update log,(gm), where g, is the scaled variance of m;.

5. Update the inappropriate conversion error rate c. If the failure of conversion
error rate b were to be estimated as well, the MH step would be similar to that

for c.

To update, say, the maintenance rate 7y, we generate the proposal 7}, from a
normal distribution with the current value 7’ as the mean, and standard deviation ;.
We then compute log likelihoods log L(73,, -) and log L(7),, ), where the dot - repre-

sents current values of other parameters. The proposal is accepted with probability
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min(1, A), where
log A =log L(m};, ) — log L(m),, -). (4.3.4)

Since methylation event rate m and jump rate p take on values between 0 and 1,
any proposal outside this range should be discarded and the current value retained.
When 7 or p is close to 0 and 1, or when the standard deviation used in generating the
proposal is large — due to uncertainty in the parameter — the MCMC procedure has
to go through many iterations before a suitable proposal is generated, and perhaps
even more iterations for a proposal to be accepted. To improve efficiency of the
MCMC procedure while retaining the correct sampling distribution, we use a reflection
strategy to generate proposals by reflecting proposals outside (0, 1) back in the range.
The rule can be summarised as finding the distance between the proposal and the
nearest even number and using this distance as the “new” proposal. Suppose we
are updating one of the methylation event rates m, whose current value is 7’. The

reflection strategy takes the following steps:

1. Generate the proposal % from Normal(7’, 02);
2. Find g, the integer part of |7[;

3. If g is an odd number, then the “reflected” proposal is
™ =g+1—|7| (4.3.5)
Otherwise, it is
™ =|7| —g. (4.3.6)

4.4 Analysis of the FMRI1 data

The physical distance in nucleotides between two CpG sites is measured by the number

of nucleotides between the two cytosines. The distances for sites 1-22 are:

13,2,10,11,16,16,2,4,4,5,2,2,11,5,8,4,13,2,6,2, 2
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with mean 6.667 and median 5. The distances for sites 25-52 are:
2,16,9,5,21,5,5,8,14,10,5,12,11,10,4,3,5,3,3,4,2,4,3,3,6,6, 3

with mean 6.741 and median 5. In Section 4.4.1, we applied the hidden Markov model
with distance to the two FMR1 data sets separately. Since the two data sets are from
two regions separated only by a few base pairs and the results from analysing the
two regions separately yielded similar results on processivity, we further carried out
a combined analysis (Section 4.4.2), assuming that the two regions share the same
jump rates p, rates of methylation events m, inappropriate conversion error rate c,
mean 7, and scaled variance g,, of methylation probabilities m (see Section 3.1.1 for
the r — g parametrisation of a beta distribution). Meanwhile, we continue to assume
that methylation probabilities can vary across CpG sites. In the combined analysis
the likelihood of all the data is just the product of the likelihood of each data set.

The MCMC procedure is similar to that in separate analyses.

4.4.1 Analysing two FMR1 data sets separately
Inference about processivity

The posterior distribution of jump rate py (Figures 4.3 and 4.4) under the prior
Exp(mean=1/d), where d is the average distance, changes significantly in both data
sets, suggesting evidence for processivity on the maintenance process. Posterior dis-
tributions of prp and prp, however, show barely any change from the prior.

To quantify the level of processivity in the maintenance process, we use the MCMC
samples of the stationary probability 7, (also the average maintenance rate), and the
jump rate py; to compute estimates of average sojourn times 1/(mypps) for mainte-
nance events and 1/((1—my)pa) for failure of maintenance events. The 80% credible
intervals of these estimates are listed in Table 4.4. The intervals of the average so-
journ times, or stretch of processivity, for failure of maintenance events are narrow

and almost do not change under different priors for the two data sets. In contrast,



112

3 8
n
© o A
©
© o
o -
<
<
o n
N N
© r T T T T T 1 © ) T T T T T 1 © r T T T 1
00 01 02 03 04 05 06 0.00 001 002 003 004 0.05 0.06 0.6 0.7 0.8 0.9 1.0
rho.M 1-pi.M rm
o
- L{H) o
© N
© 3
o
< -
e}
N
o o =t
T T T 1 J T T T 1 o ) T T T 1
0.0 0.5 1.0 15 0.00 0.05 0.10 0.15 020 -4 -3 -2 -1 0
rho.RP pi.RP log10(g.m)
o
o
© 9 8
< o e
N
© r T T 1 © r T T T 1 © r T T T T T 1
0.0 0.5 1.0 15 0.00 0.05 0.10 0.15 0.20 0.00 0.01 0.02 0.03 0.04 0.05 0.06
rho.RD pi.RD c

Figure 4.3: Posterior distributions of parameters for the FMRI data at sites 1-22
under the HMM with physical distances. Dark curves in histograms of ps are the
density of the exponential prior with mean 1/d, where d ~ 6.7nt is the average
physical distance.

the intervals for maintenance events are much wider and seem to suggest somewhat
longer stretches on average at sites 1-22 than in at sites 25-52. 80% credible intervals

in Figure 4.5 further visualise the difference.
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Figure 4.4: Posterior distributions of parameters for the FMR1 data at sites 25—
52 under the HMM with physical distances. Dark curves in histograms of ps are
the density of the exponential prior with mean 1/d, where d ~ 6.7nt is the average
physical distance.
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Table 4.4: 80% credible intervals of processivity in nucleotides, represented by the
average sojourn times in a continuous-time Markov chain, for the maintenance pro-
cess, analysing two FMRI data sets separately and jointly. Intervals from the joint
analysis are in red. For stretch of maintenance events, the average sojourn time is
computed as 1/(mypp) using estimates of average maintenance rate 7y, and jump
rate py. For stretch of failure of maintenance events, the average sojourn time is
1/((1—=mpr)par). Two priors were used on jump rate p. One is exponential with mean
1/d, where d =~ 6.7nt is the average physical distance; this prior corresponds to some
processivity. The other prior is Exp(1), corresponding to much weaker processivity.

Exp(mean=1/d) Exp(1)
Event Sites 1-22  Sites 25-52 | Sites 1-22  Sites 25-52
Maintenance (413,2204) (301,2067) | (77,1413)  (34,946)
(347,1716) (304, 1514)
Failure of maintenance (6,20) (5,19) (3,18) (2,14)
(6,17) (5,16)
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Figure 4.5: Posterior medians and 80% credible intervals of average sojourn times
(in nucleotides) for maintenance and failure of maintenance events of maintenance
methyltransferases for the FMR1 data. Each plot compares separate analysis of each
data set with the joint analysis.
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Inference about the rates

We summarise the estimates of the rates in terms of their 80% credible intervals
in Table 4.5. The stationary probabilities 7 are rates of three types of methylation
events. Not surprisingly, their 80% credible intervals are robust to the choice of priors
on jump rates. The average failure of maintenance rates are a little lower than under
the multi-site models, whereas the average inappropriate bisulfite conversion error
rates are a little higher than under the multi-site models (Tables 3.6 and 3.12). The
differences might be due to the lack of temporal stationarity in the hidden Markov
model. Furthermore, we cannot rule out the possibility that no de novo events occur
on the parent strand at sites 1-22, or on the daughter strand at sites 25-52. This

result is consistent with that under the multi-site mixture model (Table 3.12).

4.4.2  Analysing two FMR1 data sets jointly

Since our inference for processivity from separate analyses yielded similar levels of
processivity in the two regions, we carried out a joint analysis, writing the likelihood
of the combined data set as the product of the likelihood of each data set. We plot the
posterior distributions of the parameters under the prior Exp(mean=1/d) in Figure
4.6. Again the posterior distribution of the jump rate py; changes significantly from
the prior, whereas this is not the case for prp and prp. The 80% credible intervals of
stretch of processivity and those of the parameter estimates are listed in red in Table

4.4 and 4.5. Overall, the joint analysis produces sharper interval estimates, which lie

in between those from the separate analysis on either data set.
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Figure 4.6: Histograms of parameters under the HMM with physical distances,
analysing the two FMR1 data sets jointly. Dark curves in histograms of ps are the den-
sity of the exponential prior with mean 1/d, where d ~ 6.7nt is the average physical
distance.
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Table 4.5: 80% credible intervals of parameter estimates under the hidden Markov
model with physical distance from the FMR1 data under the separate and joint analy-
ses. Intervals from the joint analysis are in red. Two priors were used on jump rate p.
One is exponential with mean 1/d, where d ~ 6.7nt is the average physical distance;
this prior corresponds to some processivity. The other prior is Exp(1), correspond-
ing to much weaker processivity. The 10th- and 90th-percentile of each exponential

distribution are listed in boldface.

Exp(mean=1/d) Exp(1)

Sites 1-22 Sites 25-52 Sites 1-22 Sites 25-52
Prior (0.016,0.345) (0.105, 2.303)

PM (0.050,0.165) (0.057,0.329) (0.053,0.195) (0.075,0.676)
(0.059,0.167) (0.065,0.189)

PRP (0.019,0.195) (0.050,0.254) (0.028,1.585) (0.065, 1.798)
(0.049, 0.275) (0.047,1.341)

PRD (0.023,0.212) (0.045,0.580) (0.035,0.820) (0.116,2.561)
(0.061,0.484) (0.083,1.999)

1—7my (0.007,0.019) (0.001,0.042) (0.007,0.021) (0.011,0.048)
(0.008, 0.020) (0.009,0.021)

TRP (0.011,0.083) (0.023,0.082) (0.007,0.080) (0.022,0.083)
(0.027,0.074) (0.027,0.076)

TRD (0.019,0.092) (0.008,0.070) (0.017,0.092) (0.015,0.078)

(Trp + TrRD)/2

(0.019,0.068)
(0.029,0.069)  (0.029,0.057)
(0.035,0.059)

(0.024,0.072)
(0.026,0.068)  (0.033,0.063)
(0.038,0.062)

(0.831,0.898) (0.638,0.748)
(0.733,0.805)
(0.023,0.030)  (0.023,0.040)
(0.025,0.032)

(0.835,0.898)  (0.635,0.740)
(0.731,0.801)
(0.022,0.030) (0.015,0.035)
(0.024, 0.031)
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4.5 Summary and discussion

Our analyses of the in vivo FMR1 data provide strong evidence for processivity in
maintenance enzymes, but little evidence for processivity in de novo enzymes. This
conclusion about processivity of maintenance methyltransferases is consistent with
that from in vitro experiments in literature, although those experiments (see for
example Vilkaitis et al., 2005; Goyal et al., 2006) were carried out under quite different
conditions from that for the FMR1 experiment and were aimed specifically at the

enzyme Dnmtl. We compare our analysis with these published studies in Table 4.6.

The FMR1 experiments are unique compared with other studies in that the FMR1
experiments are in vivo and therefore involve not only maintenance enzymes, but also
other types of methyltransferases. On the one hand, analysing multiple enzymes
simultaneously presents challenges for statistical modelling. On the other, the experi-
ments provide us with an opportunity to draw conclusions regarding in vivo properties

of methyltransferases.

By comparison, the other two published studies (Vilkaitis et al., 2005; Goyal et al.,
2006), in simple terms, synthesised hemimethylated and unmethylated substrates
(sequences) and subjected them to purified Dnmt1 in vitro. An advantage of these
experiment-based analyses is their ability to study a specific enzyme. Nevertheless,
since DNA replication is not involved in these experiments, the way in which Dnmt1
binds to molecules and modifies cytosines in these in vitro experiments might differ
from the way in which Dnmt1 and other methylation enzymes gave rise to the in vivo
FMR1 data. For example, the hypothesis that the maintenance process couples with
the replication complex does not apply in the in vitro experiments. Perhaps due to
this difference, methylation densities in the DNA products from those two studies are
significantly lower than that in the FMRI data, and runs of hemimethylated CpG
dyads can also be much longer than those in the FMR1 data. These differences could

have led to different quantitative characterisations of processivity as we see in Table
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Table 4.6: Comparison of studies on processivity in methyltransferases. Our analysis
of the FMR1 data is currently the only in vivo study to our knowledge. Vilkaitis et al.
(2005) and Goyal et al. (2006) are two representative in vitro studies.

In Vivo In Vitro
Origin of | FMR1 experiments | Vilkaitis et al. (2005) | Goyal et al. (2006)
data (Miner and Stoger,
unpublished data)
Enzymes | maintenance and de | Dnmtl Dnmt1
studied novo
DNA human in vivo mouse in vitro mouse in vitro
source
Length of || 350bp 520bp 634bp; 566bp
sequence
No. of || 50 30 54
CpG
sites
Analysis || hidden Markov mod- random walk for
method els maintenance activity
Results stretch  of mainte- | “Dnmt1 remains | estimated  diffusion
on main- | nance: 347-1716 nt | associated with | length: 6000 nt (566
tenance (52-256 CpG sites) | one strand”...“in | CpG sites)’
activity stretches as long
as 520 bp [30 CpG
sites|”.
Results stretch of failure of | not determined not determined
on failure || maintenance:  6-17
of main- || nt (1-3 CpG sites)
tenance
activity

“Estimate is based on the average number of CpG sites in one binding event of Dnmtl in the
data, which is 14-16 (Goyal et al., 2006).

4.6.

The three studies under comparisons also take very different approaches to quan-
tifying processivity. Vilkaitis et al. (2005) did not have a statistical model for pro-
cessivity. Instead, they simply stated, as quoted in Table 4.6, that results from their
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experiments indicate that Dnmt1 can be associated with DNA molecules in length as
long as 520 bp, which is also the length of substrates used in the experiments. Goyal
et al. (2006), on the other hand, employed a random walk model for Dnmt1 and
estimated the diffusion length to be around 6000 bp for processivity. In comparison,
our results suggest that maintenance methyltransferases, whether they are Dnmt1 or
other enzymes, can processively methylate hemimethylated sites for 347-1716 nt on
average, although our estimates seem to be smaller than that from Vilkaitis et al.
(2005).

As mentioned in Section 4.2.1 the HMMs developed in this chapter are based on a
simplified description of the methyltransferases and the methylation process. It will
be worthwhile in our future work to relax those assumptions to make the models more
realistic. Two assumptions are particularly worth reconsidering. One relates to the
de novo methylation function of maintenance methyltransferases, Dnmt1 in particular
(Vilkaitis et al., 2005; Goyal et al., 2006). We can allow for this function by introducing
a de novo rate for maintenance methyltransferases into the model. This extension will
enable us to infer the preference ratio of hemimethylated versus unmethylated CpGs
for maintenance methyltransferases; this ratio has been measured under different
experimental conditions (see, for example, Okano et al., 1998; Vilkaitis et al., 2005;
Goyal et al., 2006) and used to determine whether an enzyme is a maintenance or
de novo methyltransferase (Okano et al., 1998). Nonetheless, different experimental
conditions have led to a wide range of the estimated ratio, such as 2-50 as reported in
Goyal et al. (2006). The other future direction is to allow for spontaneous failure of
methylation in maintenance methyltransferases: the enzymes may bind to a CpG but
fail to methylate it regardless of the methylation state of the parent strand. Hence
the extension allows maintenance methyltransferases to act imperfectly, and hence
is more biologically realistic. We are currently working on this relaxed model to see

what more insight it could provide for the study of processivity.

Another possible extension of the HMMs introduced in this chapter is to allow
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for variability in the rates of methylation events (they are assumed to be constant
across CpG sites now), by letting the underlying continuous-time Markov processes
be heterogeneous. However, we think that this direction may not be necessary or even
desirable: not only our main interest here is the dependence rather than the rates
of methylation events, but also the suggested extension increases dimensionality of
the parameter space to nearly four times of the current dimension, and is even more

demanding for the limited data currently available.
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Chapter 5
CONCLUSIONS AND DISCUSSION

5.1 Conclusions and discussion

DNA methylation as an epigenetic mechanism has drawn a considerable amount of
attention in recent years; we are gaining more understanding and appreciation of its
role in gene regulation, which has a large impact on normal development in organ-
isms and can lead to diseases, cancer in particular (see, for example, Feinberg and
Vogelstein, 1987; Jones and Baylin, 2002; Laird, 2003; Chen and Riggs, 2005).

In this thesis we have focused on the transmission process of methylation patterns
over cell division in mammals and investigated the following two issues: (1) inference
for rates of methylation events, which occur during the transmission process, and
for the variation in those rates across CpG sites. Specifically, we have considered
failure of maintenance, parent de novo and daughter de novo events; and (2) the
possibility of processivity in methylation enzymes, namely, maintenance and de novo
methyltransferases. Processivity leads to dependence across sites in the observed
methylation patterns.

Different types of methylation data are available for studying the transmission
process. Here we analysed double-stranded sequence methylation data collected from
the FMR1 locus (data courtesy of Brooks Miner and Reinhard Stoger) using the
hairpin-bisulfite PCR technique (Laird et al., 2004). These double-stranded data
provide information on both parent and daughter strands, thus enabling us to study
more directly methylation events, which involve two generations. However, current
technologies cannot determine which strand in each sequence is the parent strand,

and which is the daughter strand.
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To estimate rates of methylation events and to assess variation in those rates
across CpG sites, we have formulated the question as a latent variable problem and
developed multi-site models to exploit the multi-site information. The latent variables
are: (1) methylation states on the pre-replication parent strand, P; and (2) the strand
type, i.e. which of the two strands in a sequence is the post-replication parent strand
Q and which is the daughter strand D. Using the methylation density and multi-site
information in the data, the multi-site models are capable of distinguishing among
different types of methylation events, as demonstrated in the simulation studies in

Chapter 2, although cases also exist where those events are unidentifiable.

We have further imposed a hierarchical structure to specifically incorporate vari-
ability in a rate as a parameter into the model. This allows us to estimate this
quantity from the data, rather than relying on variability in the estimates; variabil-
ity in the estimates can be due to sampling or the estimation method. Hierarchical
modelling also allows us to borrow information from other sites, which helps reduce
dimensionality of the parameter space. We have adopted a Bayesian framework and
used Markov chain Monte Carlo methods for inference and to assess the strength of
evidence, which is quite desirable especially when high-throughput double-stranded
data are still difficult to get.

In addition to these standard techniques, we have added several features to the
models so that they are more suitable for this particular set of scientific questions.
A prominent feature is the ease with which they incorporate and estimate rates of
bisulfite conversion errors, a type of experimental error. Those errors have a significant
impact on the inference for the failure of maintenance and de novo rates. By contrast,
most existing methods ignore errors in their analyses of methylation patterns. The
second feature is to allow for departure from temporal stationarity and to assess
the level of departure. Temporal stationarity assumes that methylation densities
are stable over cell division; it is an assumption underlying many existing methods.

Allowing for deviation from this assumption makes the models more flexible and
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applicable to genomic regions where stationarity does not hold. We applied our
models to the FMR1 data at sites 2552, of which several sites seem to have departed
from stationarity (Figure 3.12). The third feature is their ability to identify outlier
CpG sites that may have much higher de novo rates than others do.

Applying the multi-site models to the FMR1 data, we conclude that,

1. The average inappropriate bisulfite conversion rate is 1-3% with little variation
across CpG sites. This result is consistent under multi-site models with different
assumptions. It is also consistent with estimates obtained using laboratory
approaches (Genereux et al., 2008). Ignoring this error could lead to significant
overestimation of the failure of maintenance rate and bias in estimates of the

de novo rates.

2. Under the mixture model, the average failure of maintenance rate is 2-4% at
sites 1-22 and 3-6% at sites 25-52, with little variation in either region. These

estimates do not change much under other multi-site models.

3. The mixture model suggests that, de novo events may have occurred at a high
rate at sites 10, 14, 15 and 16 on the parent strand. De novo events have also
occurred at some of the other sites among sites 1-22 on either the parent or the
daughter strand. The FMR1 data, however, do not provide enough information

for separate estimation of parent and daughter de novo rates at most sites.

4. Data at sites 25-52 indicate the occurrence of de novo events on the parent
strand, and that the parent de novo rate does not vary much across CpG sites.
In comparison, we cannot rule out the possibility of no de novo events on the

daughter strand.

5. Data at sites 1-22 are consistent with the temporal stationarity assumption,

whereas data at sites 25-52 indicate that at least a third of the sites have devi-
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ated from temporal stationarity (Figure 3.12). The deviation, if not due to sam-
pling, can be quite interesting: there is the suggestion that aging can increase or
decrease methylation (Richardson, 2003); those sites that show deviation from

stationarity might be an indication of aging of the molecules.

To model processivity for methyltransferases, the hierarchical multi-site models
are no longer adequate, because they assume that methylation events happen inde-
pendently across CpG sites. We have developed hidden Markov models (HMMs) for
this purpose and hence provided the first (to our knowledge) statistical analysis of
the in vivo processivity in methyltransferases (see Table 4.6 for comparisons with
two in vitro studies). Briefly, we model possible behaviour of methyltransferases as
stationary continuous-time Markov chains that produce maintenance, parent de novo
and daughter de novo events. We have incorporated physical distances between CpG
sites into the HMM. Sojourn times, times (or distances in this case) during which an
enzyme remains in a state (active or inactive), are then natural measures of proces-
sivity. Results from applying the HMM to the FMR1 data provide strong evidence
for processivity in maintenance methyltransferases, but little evidence for processiv-
ity in de novo methyltransferases. The average sojourn time for maintenance events
are 347-1716 nucleotides (or about 52-256 CpG sites), and the average sojourn time
for failure of maintenance events are 6-17 nucleotides (or about 1-3 CpG sites). The
strong processivity of maintenance methyltransferases might provide an intriguing ex-

planation for the clustering of methylated CpGs in some CpG islands in the genome.

5.2 Future work

As mentioned in Section 4.5 in Chapter 4, we are currently extending the hidden
Markov models for processivity of methyltransferases to more realistic versions. The
extensions are mainly for maintenance methyltransferases, for which the FMR1 data

contain plenty of information. One extension is to allow these enzymes to methylate
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with certain probability CpG sites unmethylated before replication, and the other
extension is to allow this enzyme, when bound to a CpG, hemimethylated or un-
methylated, fails to methylate the cytosine with certain probability.

Another possible future direction is to go beyond double-stranded data and make
use of the more widely available single-stranded data, extending methods developed
in this thesis. The experiment to obtain single-stranded data is much easier than
hairpin-bisulfite PCR, and it is also easier to obtain data from longer strands, which
would provide methylation patterns from more CpG sites in general. Existing meth-
ods for estimating rates of methylation rates (details in Appendix B) generally ignore
the multi-site information and reduce the data to methylation densities at each site.
Failure of maintenance and de novo rates are not identifiable under those methods
without additional assumptions. There is no doubt that single-stranded-ness presents
great challenges to separate estimation of failure of maintenance and de novo rates.
On the other hand, similar to runs of hemimethylated dyads in double-stranded data,
runs of unmethylated sites in single-stranded data, from hypermethylated regions in
particular, may contain information that is helpful to distinguish failure of mainte-
nance and de novo events. A multi-site approach that exploits this information will

be quite valuable.
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Appendix A

ISSUES AND SOLUTIONS RELATED TO DESIGN OF
PCR EXPERIMENTS

A main goal in collecting DNA methylation patterns is to ensure that the final data
set contains a representative sample of the methylation patterns from each individual.

One challenge is to avoid PCR contamination and redundancy. These are common
and serious problems for the analysis of PCR-amplified DNA. PCR contamination oc-
curs when a PCR reaction intended to amplify a given sample becomes contaminated
by one or more molecules from another PCR reaction. PCR redundancy, actually a
defining characteristic of PCR, refers to a PCR product that contains multiple copies
of a single molecule from the original DNA sample. These problems are more severe
in bisulfite PCR, because the bisulfite conversion process introduces nicks into the
backbone of DNA molecules, rendering most of them unamplifiable. To address these
issues, the Laird Lab use batchstamps and barcodes (Miner et al., 2004). A unique
batchstamp is used to label DNA from each individual and thus enables identifica-
tion and removal of contaminant sequences; a unique barcode is used to label each
molecule collected from a given individual and thus identifies redundant sequences.
Contaminant and redundant sequences have been removed prior to assembly of the
sequences of the FMR1 data we have analysed here.

Another challenge is to ensure that the data reflect the true distribution of methy-
lation densities of a population of molecules. Two factors may contribute to sampling
bias. First, a particular PCR protocol may favour amplifying either densely methy-
lated or unmethylated sequences, sometimes for unknown reasons. Second, bias to-

ward less densely methylated sequences may occur at the bacterial subcloning step:
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one bisulfite-converted, PCR-amplified molecule is transformed into one bacterial cell,
making it possible to sequence each molecule individually. Less densely methylated
molecules have more unmethylated cytosines that are converted by bisulfite. These
sequences yield adenine/thymine (A/T) rich sequences, which may be favoured by
some bacteria (Clark et al., 1994). The experiment to collect the data from the
FMR1 locus on the X chromosome, however, has a built-in control for density-based
sampling bias: each cell from a female has a densely methylated X chromosome and
a sparsely methylated one. The observed numbers of hyper- and hypomethylated
sequences do not differ by a statistically significant amount, indicating no substantial

bias in this data set.
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Appendix B

EXISTING APPROACHES TO ANALYSING
SINGLE-STRANDED METHYLATION DATA

We review the methods developed by Otto and Walbot (1990) and Pfeifer et al.
(1990), the theoretical framework of which is closely related to the single-site maxi-
mum likelihood approach in Genereux et al. (2005), described in Section 2.2. Otto
and Walbot (1990) in fact started with parent-daughter pairs of strands, and derived
recursive equations for frequencies of methylated (M), hemimethylated (H) and un-
methylated (U) CpG dyads, which we denote by (py, pr, pu), over generations. More
specifically, they aimed at estimating maintenance rate p (parameter « in their no-
tation) defined the same way as we do, and a single de novo rate v (parameter (3 in

their notation) defined as
v=Pr(Q=1,D=1|P=1), (B.0.1)

where P, () and D, as before, refer to the methylation states at a single CpG site
on pre-replication parent, post-replication parent and daughter strands. Otto and
Walbot (1990) assumed that de novo events occur simultaneously on parent and

daughter strands, which is different from our models. That is,
1—v=Pr(Q=0,D=0/P=1). (B.0.2)

Equations (B.0.1) and (B.0.2) together imply that de novo methylation events do not
produce hemimethylated CpG dyads under this model and that those dyads must

be attributed to failure of maintenance events. They derived the following recursive
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equations:
gt = 2P (p +2V)p’iz +2vpg (B.0.3)
i 2(1 - u)p}&; (1= 1Pl (B.0.4)
ot — (L= VPl + 200 = v)pg (B.0.5)

v 2
Assuming that the transmission process has attained temporal stationarity, they ob-

tained the following expressions:

v(1+4 p)
= 7 B.0.
2v(1 —p)
= 7 B.0.
PH 1_M+2V’ ( 07)
1= —-v)
—1—pp— pr = . B.0.
PU PM — PH Y (B.0.8)

For the single-stranded sequence data, the above equations are reduced to the follow-
ing one:

2v

S — B.0.
m 1—p+2v (B.0.9)

They then used the empirical methylation density m to estimate relative efficiency
pfv.

Since the single-stranded methylation data provide information only on m rather
than (par, pu, puv), Pleifer et al. (1990) worked directly with counts of methylated and
unmethylated CpG dinucleotides, denoted by M and U. They obtained differential
equations over time for maintenance rate E,, (u in our notation) and de novo rate

E,;, which is equivalent to 2v in the Otto and Walbot method:
OM /ot = aE,M + aE,U, (B.0.10)
oU/ot =b(1 — Eg)U +b(1 — E,,) M, (B.0.11)

where a and b are cell-growth rate constants. At temporal stationarity,

om _ O(M/(M +U))

o o — 0, (B.0.12)
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which is

oM oM oU
— - — +—=-] =0 B.0.13
ot m( o+ at) ( )
Let a = b as in Pfeifer et al. (1990). Equations (B.0.10), (B.0.11) and (B.0.13) then
give rise to the following equation that is similar to equation (B.0.9) under the Otto

and Walbot method:

Ey

"I TE By,

(B.0.14)

The Pfeifer et al. approach does not need to assume parent and daughter de novo
events to occur at the same time, even though there is still no distinction between
parent and daughter de novo rates. Furthermore, it also allows for the possibility that
methylation can be lost on the template strand.

Both methods (Otto and Walbot, 1990; Pfeifer et al., 1990) assume that CpG sites
are independent and that the process has attained stationarity. They also both need
additional constraints to separately estimate maintenance and de novo rates, which

are some weighted averages of the parent and daughter de novo rates.
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