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Abstract

Bayesian Methods for Mixtures of
Normal Distributions

Matthew Stephens D. Phil. Thesis
Magdalen College, Oxford Michaelmas Term, 1997

Mixture distributions are typically used to model data in which each observa-
tion is assumed to have arisen from one of a number of different groups. They
also provide a convenient and flexible class of models for density estimation.

While a Bayesian analysis of mixture models has certain advantages over a
classical approach, it is not without its problems. In theory quantities of inter-
est may be written down as integrals, but in practice these integrals cannot be
done analytically. When the number of groups in the data is assumed known,
the Gibbs sampler can be used to perform this integration numerically, but the
non-identifiability of the mixture model parameters causes label-switching in the
Gibbs sampler output and makes inference for the individual components of the
mixture meaningless. We show that the usual method of dealing with this problem
(imposing simple identifiability constraints on the mixture model parameters) is
sometimes inadequate, and present a more flexible approach to solving this prob-
lem, which allows sensible clustering to be performed in a Bayesian context and
allows interpretations for groups to be discovered rather than imposed. We illus-
trate the success of our approach on several examples.

When the number of groups in the data is considered unknown more sophis-
ticated methods are required to perform the integration necessary for a Bayesian
analysis. One method is described by Richardson and Green (1997), which they
apply successfully to univariate data. We describe an alternative method which
views the parameters of the model as a (marked) point process, extending meth-
ods suggested by Ripley (1977) to create a Markov birth-death process with an
appropriate stationary distribution. We apply this method successfully to both
univariate and bivariate data.

Finally we examine “on-line” methods for mixture models, in which the pos-
terior distribution of the parameters is updated as observations arrive sequentially,
and are then discarded. We show that the computationally trivial Quasi-Bayes
method of Makov and Smith (1977) can be improved upon at the expense of small
additional computational complexity.
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Chapter 1

Introduction

Since the first attempt to analyse a mixture model by Pearson (1894), mixture
models have been used in an incredible range of applications, from fish lengths
(Hosmer, 1973) to philately (Izenman and Sommer, 1988). For a more compre-
hensive list of applications see the monograph by Titterington et al. (1985) and the
more recent article by Titterington (1997). Pearson (1894) used a method of mo-
ments to estimate the parameters of a mixture of 2 univariate normal distributions,
but mixture models are now more commonly analysed using maximum likelihood
or Bayesian methods. Key texts for the non-Bayesian analysis of mixture mod-
els, including the maximum likelihood method, are Titterington et al. (1985) and
McLachlan and Basford (1988). Bayesian methods have recently become popular
due to advances in both methodology and computer power. A comprehensive gen-
eral introduction to Bayesian theory can be found in Bernardo and Smith (1994),
and chapters on the application of Bayesian methods to mixture models are in-
cluded in the books by Robert (1994), and Gelman et al. (1995); see also Robert
(1996). Some key papers on the Bayesian analysis of mixtures are Diebolt and
Robert (1994), Escobar and West (1995) and Richardson and Green (1997).

In this thesis we consider some of the problems posed by application of Bayesian
methods to finite mixture models. We consider models in which data 2" =
xy,...,2, are assumed to be independent observations from a mixture density
with k& (k possibly unknown but finite) components:

pla|m, @,n) =mif(a;d1,m) + -+ mrf(; dr,n) (1.1)

where 7w = (my,...,m;) are the mixture proportions which are constrained to be
non-negative and sum to unity; ¢ = (¢1, ..., ¢ ) are the (possibly vector) compo-
nent specific parameters, with ¢; being specific to component z; and 7 is a (possi-
bly vector) common parameter which is common to all components. Throughout
this thesis p(- | -) will be used interchangeably to denote conditional densities and
distributions.

Mixture models are typically used to model data where each observation is as-
sumed to have arisen from one of k (with &k possibly unknown) groups, each group



being suitably modelled by a density from the parametric family f. The mixture
proportions then represent the relative frequency of occurance of each group in the
population, and the model provides a framework by which observations may be
clustered together into groups for discrimination or classification (see for example
McLachlan and Basford, 1988).

Mixture models also provide a convenient and flexible family of distributions
for estimating or approximating distributions which are not well modelled by any
standard parametric family, and provide a parametric alternative to non-parametric
methods of density estimation, such as kernel density estimation. See for example
Roeder (1990), West (1993) and Priebe (1994).

In this thesis we examine Bayesian methods of analysing mixture models in
the context of both clustering and density estimation, including the case where the
number of components % is unknown. We concentrate on mixtures of univariate
and bivariate normal distributions, but most of our work could easily be extended
to mixtures of other distributions. The structure of the thesis is as follows:

Chapter 1 provides a brief overview of methods of analysing mixture models, and
some of the problems they present.

Chapter 2 provides an introduction to Markov Chain Monte Carlo (MCMC) meth-
ods, and their use in a Bayesian analysis of mixture models in the
particular case where the number of components £ in the mixture is
assumed known. We will also see how symmetries in the posterior dis-
tribution of the mixture model parameters can lead to the problem of
label-switching which makes inference for the individual components
of the mixture difficult.

Chapter 3 is devoted to the development and illustration of a solution to the prob-
lem of label-switching.

Chapter 4 describes a method of performing a Bayesian analysis in the case where
the number of components k£ in the mixture is considered unknown,
based on ideas from the simulation of point processes. The method
is demonstrated on several examples for mixtures of both univariate
and bivariate normal distributions. These examples provide further
demonstration of the solution to the label-switching problem described
in Chapter 3.

Chapter 5 compares some methods of performing an approximate Bayesian anal-
ysis when the observations x, x5, . .. are considered sequentially; each
observation is processed when it arrives, and then discarded before
the next observation arrives. This situation is often referred to as on-
line learning in the engineering literature, and contrasts with the batch
learning methods studied in other chapters, which require all the data
to be available at the same time. Most work in this area was done at a



time when computers were less powerful than they are today, and we
will see that methods developed then (and still in current use) can be
improved upon at the expense of small additional computational com-
plexity.

1.1 Introduction to the analysis of mixture models

We now take a look at some of the questions which may be of interest when
analysing data which is assumed to have arisen from a mixture model, and at some
of the problems which arise when attempting to answer these questions.

1.1.1 Missing data formulation

It is convenient to introduce the missing data formulation of the model, in
which each observation z; is assumed to arise from a specific but unknown (that
is, missing) component z; of the mixture. We will refer to the missing data
2" = z1,..., %, as the allocation variables, and to (z",z") as the completed
data. The model (1.1) can be written in terms of the missing data, with z4,..., z,
assumed to be realisations of independent and identically distributed discrete ran-
dom variables 7, ..., Z, with probability mass function

Pr(Z, =i|m,p,n)=m (G=1,....n; i=1,... k).

Conditional on the Zs, xy,...,z, are assumed to be independent observations
from the densities

p(x]|Z]:Zvﬁv(ﬁ?n):f(x]?qbﬂn) (]:17,71)

Integrating out the missing data /;, . .., 7, then yields the model (1.1):

k
plaj|m pon) = Pr(Z =i|m dn)pla;| Z; =i, 7, b,n)
=1

k
= mif (x5 dum) (1.2)
=1

If the components of the mixture model have a physical interpretation, then
inference for the Zs may be of interest in itself, and we may be interested in
quantities such as the classification probabilities:

Pr(Z; = i|xj,m ¢,n) x Pr(Z; = 1| m,,m)p(x; | Z; =1, m,¢,7)
oc T f (55 ¢iym) (1.3)
which gives
. T X455 Dgy
Pr(Z; =i|xj,m ¢,n) = — G . (1.4)
El:l Wlf(“'j?ﬁblan)




Even if the components of the mixture have no physical interpretation, as may
be the case if the mixture model is being used purely as a method of approximating
or estimating a density, introduction of the allocation variables is still a convenient
notational and computational device.

1.1.2 Questions of interest

As an example of some of the questions which we may wish to answer in a
mixture model analysis we consider briefly a dataset first presented by Postman
et al. (1986), consisting of the velocities (in 10° km/s) of distant galaxies diverg-
ing from our own, from six well-separated conic sections of the Corona Borealis.
The original data consists of 83 observations, but one of these observations (a ve-
locity of 5.607 x 10° km/s) does not appear in the version of the data given by
Roeder (1990), which has since been analysed under a variety of mixture models
by a number of authors, including Crawford (1994), Chib (1995), Carlin and Chib
(1995), Escobar and West (1995), Phillips and Smith (1996) and Richardson and
Green (1997). In order to make our analysis comparable with these we have cho-
sen to ignore the missing observation. The 82 observations used are shown in the
appendix to this thesis (Section A.1), and a histogram of the data is shown in Fig-
ure 1.1. The view of the data given by a histogram may be crucially dependent on
the bin-widths and starting points chosen (see for example Roeder, 1990). More
reliable non-parametric density estimation devices are described in the appendix
to this chapter (Section 1.2) and illustrated for this data in Figure 1.6.

Roeder (1990) gives a brief scientific background to the galaxy data:

“After the Big Bang, it is believed that matter expanded at a tremen-
dous rate. Because of the local attraction of matter, the galaxies
formed. Astronomers predicted that gravitational pull would lead to
some clustering of galaxies; however, there are data to suggest the
presence of superclusters of galaxies, surrounded by large voids (de
Lapparent et al., 1986). ... Given the expansion scenario of the uni-
verse, points furthest from our galaxy must be moving at greater ve-
locities. Distance, then, is proportional to and can be estimated from
velocity.

If the galaxies are clumped, the distribution of velocities would
be multimodal, each mode representing a cluster as it moves away at
its own speed. Conversely, if there is no cluster effect, the distribution
would be determined by the sampling scheme. From our galaxy we
sample a conic section of space, but we have a declining ability to
detect galaxies at greater distances; thus the velocity density should
increase initially, and gradually tail off.”

In this case then the components of the mixture may have a physical interpre-
tation (the number of superclusters of galaxies for example), and inference for k



may be a major aim of the analysis. Inference for k is perhaps the most problem-
atic aim of a mixture model analysis, and is addressed in Chapter 4.

Another common aim of a mixture model analysis, which may apply whether
or not the components of the mixture have a physical interpretation, is to esti-
mate the density (1.1). Figure 1.2 shows an estimate of the density for the galaxy
data, obtained by fitting a mixture of £ = 3 normal distributions to the data using
Bayesian methods described in Chapter 2. When performing density estimation
we may wish to allow £ to vary even where the components of the mixture have
no physical interpretation, as this will affect the smoothness of the density esti-
mate obtained (see for example Figure 2.2). In fact, in a Bayesian setting density
estimation is most naturally performed by taking a weighted average of the den-
sity estimates obtained for different values of &, rather than conditional on a fixed
value of k&, and we will see how this can be achieved in Chapter 4.

When the components of a mixture may have a physical interpretation, the
following may also be aims of a mixture model analysis:

1. Estimating the density of the individual scaled components of the mixture

Wif(l';@aﬁ) (Zzlvvk)

(see for example Figure 1.3).

2. Estimating the classification probabilities (1.4) either for the observed data
points, or for a future data point not yet observed (see for example Figure

1.4).

3. Clustering the points into clusters of “similar” points. This may be done by
choosing z; to maximise Pr(Z; = z;) for j = 1,...,n (see for example
Figure 1.5).

In contrast with density estimation, these aims only appear to make sense condi-
tional on a fixed value of &, and this will be the approach we take. The aims are
clearly highly related, and we will refer to them collectively as the application of
mixture models to clustering, in which we include both classification and discrim-
ination. The problems of performing clustering in a Bayesian setting are outlined
in Section 1.1.5, and solutions to these problems are proposed in Chapter 3.

Mixture models are now usually analysed by either maximum likelihood or
Bayesian methods, each of which present problems. We now examine briefly
both these methods of analysis, and their associated problems.

1.1.3 The maximum likelihood approach

The maximum likelihood approach to parameter estimation in mixture mod-
els obtains point estimates (7, ¢, 7)) of the parameters (7, ¢, ) by attempting to
maximise the likelihood

n

Lim,¢.n) = [ [mif (s dr.m) + -+ mf (a5 d0,m)]. (1.5)

J=1
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Figure 1.1: Histogram of the galaxy data, with bin-widths chosen by eye. Histograms are
notoriously poor density estimation devices; for example Roeder (1990) illustrates how
different bin-widths and starting points give histograms which give quite different pictures
of this data. More reliable non-parametric density estimation devices are described in
Section 1.2 and illustrated in Figure 1.6.
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Figure 1.2: Histogram of the galaxy data overlaid with density estimate obtained by fit-
ting a mixture of & = 3 normal components to the data using Bayesian methods, as
described in Chapter 2 (Section 2.2), which includes some alternative density estimates
based on fitting different mixture models to this data (Figures 2.2 and 2.11). Alternative
non-parametric methods of density estimation are described in Section 1.2 and illustrated
in Figure 1.6.
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Figure 1.3: Estimates of £ = 3 normal components, scaled by their weights, fitted to the
galaxy data using Bayesian methods described in Chapter 2. The problems of obtaining
sensible estimates of the scaled component densities in a Bayesian setting are outlined in
Section 1.1.5, and solutions to these problems are proposed in Chapter 3.
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Figure 1.4: Estimates of classification probabilities for the three components fitted to the
galaxy data in Figure 1.3.
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Figure 1.5: Clustering of the galaxy data into 3 clusters, based on maximising the classi-
fication probabilities shown in Figure 1.4.

Quantities of interest may then be estimated by “plugging in” the point estimates.
For example, the density p(x | 7, ¢, ) may be estimated by

pla | 7, b,7) (1.6)
which is given by (1.1), and the classification probabilities may be estimated by
Pr(Z; =il e, 7, $.7) (1.7)

which is given by (1.4).

Although popular, the maximum likelihood approach to mixture models is be-
set with difficulties, mostly caused by the fact that for many choices of parametric
family f the likelihood (1.5) is unbounded. In particular, consider a mixture of
univariate normal distributions, with likelihood

n

L(mw, p,0%) = H[m/\/(ajj; f1,07) 4 -+ N (25 o, 07)] (1.8)

i=1

where N (z; 1, 0%) denotes the univariate normal density function, with mean
and variance o2. This likelihood tends to infinity if we set 1y = x; and allow
o? to tend to zero, and although this problem can be avoided by constraining the
variances of all components to be equal, application of this constraint is not always
appropriate.

Point estimates of the parameters corresponding to such singularities in the
likelihood surface are of no real interest, and it is usual to seek a parameter esti-
mate which corresponds to a large local maximum of the likelihood surface. Aside
from the computational problems associated with finding such maxima, there may
be several reasonable local maxima between which to choose, each of which may
give quite different plug-in estimates for quantities of interest such as the density
or classification probabilities. In many cases it will be difficult to justify choosing
one of these point estimates of the parameters above the others. Furthermore, the



absence of a single dominant local maximum in the likelihood means that nei-
ther the standard asymptotic theory for maximum likelihood estimation, nor the
theory underlying standard methods of choosing a suitable value for k, such as
Akaike’s AIC (Akaike, 1973), apply in the mixture context. Such problems have
encouraged the development of a Bayesian approach to the problem.

1.1.4 The Bayesian approach

We assume the reader is familiar with the basics of the Bayesian paradigm,
in which parameters are treated as random quantities, and point estimates for pa-
rameters are replaced by distributions on the parameter space which represent our
knowledge or belief about the value of the parameters. A comprehensive descrip-
tion is given by Bernardo and Smith (1994).

The Bayesian approach avoids the problems associated with the maximum
likelihood approach described above. It is not necessary to choose between many
plausible point parameter estimates, as quantities of interest are found by averag-
ing over the parameter space, weighting by the posterior distribution of the pa-
rameters. For example, if we assume that the number of components k is known,
and specify a suitable prior distribution p(7, ¢, n) for the parameters of the mix-
ture model (choice of suitable prior is a controversial topic which we will return
to later) then in theory the posterior distribution p(7, ¢, n | x") is given by Bayes
theorem, and the predictive density (the density of a future observation) given x"
is given by

m%wuxw:=/}@hﬂ|ﬂhm¢»@ﬂwm@nmwdwd¢m7
- / plnss | 70, m)p(me. &, | ™) dre dep diy. (19)

Similarly, the classification probabilities for the observations z, ..., x, are given
by
Pi(Z; = i|a") = [ Pu(Z =i | bl b ) d ds dy

_ [ _mif(xiidim)
> mif (s dnm)

p(m,¢,n|a")dmw de dny (1.10)



and the classification probabilities for a future observation z,,1; are given by

Pr(Z, ) =i | 2" !) = mif (Tnt15 P n) "+ dor do d
I’( +1 Z|$ ) Elﬁlf(wn-l—l;ﬁblan)p(W?(ﬁ?n|x ) wdg n

x / ;(i(fj; Z 77))]9(77, ¢.n, ") dmw do dy
_ / T f(Tng1s iy )
p(xn-l-l | T, ¢, 77)
p(a™ |, @, n)p(m, ¢,n) dm de dn

~ / i f (s b m)p(s oy | 27 e dep .

p(xn-l-l | w, ¢, 77) )

(1.11)

In general all aspects of the posterior distribution of the parameters are valid
quantities for inference, and we will be interested in evaluating integrals of the
form

B(F(m,.n) | 2") = / F(m.bom)p(m, don| ") dmdpdy.  (1.12)

The Bayesian approach also provides a natural framework for considering the
case where the number of components £ is unknown. By allowing k to vary with
the other parameters and specifying their joint prior distribution p(k, 7, ¢, n), in-
ference may be based on the posterior distribution p(k, 7, ¢, n | ™). In particular,
inference for £ may be based on the marginal posterior distribution of &:

Pr(k=1i|2") 1=1,2,3,....

In theory the Bayesian approach appears to have many advantages over the
maximum likelihood approach. In practice it presents new problems of its own,
some of which we will address in this thesis.

1.1.5 Problems with the Bayesian approach
Computational problems

Bayesian methods provide a computational challenge, as integrals of the form
(1.12) are not generally analytically tractable, and standard numerical methods for
integration cannot be applied to give accurate results due to the high dimension-
ality of the parameter space.

In order to examine the problem in more detail we recall the missing data
formulation of the model (Section 1.1.1) and note that if the allocation variables
2™ were known then it might be possible to find the posterior distribution of the
mixture model parameters given the completed data («", 2 ) analytically. For ex-
ample, it is often possible to find a conjugate family of distributions g(7, ¢, n; a)

10



(where a is a parameter of the parametric family of distributions g(+; «)) such that
if the prior distribution of the mixture parameters is of the form

p(m,¢,n) = g(mw,¢,n;a) for some a (1.13)

then the posterior distribution given the completed data (2", z") is of the same
form

p(w,p,n|a",2") = g(w,p,n;a’)  for some o' (1.14)

However, the posterior distribution of the parameters given only the data ™ may
be written as

p(m,g,nla") = p(w,é,n,2" |2")

= ZP(77¢7U|xn,Z”)p(z”|x”) (1.15)

where the sum is over the set of all possible values for z”, and so has k™ terms.
Thus, even if the prior distribution of the model parameters is from the conjugate
family, the posterior distribution is a mixture distribution with £ components,
and so is computationally intractable for moderate values of n.

Diebolt and Robert (1994) showed how a Markov Chain Monte Carlo (MCMC)
method (a version of the Gibbs sampler implied by the Data Augmentation algo-
rithm described by Tanner and Wong, 1987) can be used to approximate integrals
of the form (1.12) in the case where £ is considered known. We describe and
illustrate this method in Chapter 2. More recently, Richardson and Green (1997)
have applied the “reversible jump” methodology introduced by Green (1995), to
perform inference for mixture models in which % is considered unknown. We
present an alternative computational scheme for this case, based on ideas from the
simulation of point processes (see Preston, 1976 and Ripley, 1977) in Chapter 4.

Choice of prior

Choice of suitable prior is generally a contentious issue in any situation where
Bayesian methods are applied, and mixture models provide particular problems in
this respect. In some situations we may have relatively strong prior information
about the mixture model parameters, including the number of components present
in the mixture — perhaps if we had a training set of classified observations (obser-
vations for which we know the component of the mixture from which they arose).
The challenge is then how to represent this knowledge mathematically as a prior
distribution for the parameters. However, we concentrate in this thesis on the case
where we have very little prior information about the mixture model parameters,
and we wish to use priors which are correspondingly “vague” about the value of
the parameters.

11



Much effort has been expended by Bayesians in the search for so-called non-
informative prior distributions which represent “ignorance” or lack of information
about the parameters of a model. For example, Jeffreys (1967) suggests a method
of specifying such a prior (the Jeffreys prior) when there is only a single unknown
scalar parameter. More recently it seems to have been accepted that any prior dis-
tribution will contain some information about the parameters, and the emphasis
has shifted towards the calculation of reference priors (introduced by Bernardo,
1979, and further developed by Berger and Bernardo, 1989, 1992) which result
in posteriors which depend most heavily on the data (in a well-defined way). It
is suggested that reference priors might provide a suitable starting point for a
Bayesian analysis of the data, guaranteeing scientific objectivity without claiming
to represent a definitively “correct” prior. More details, references and illuminat-
ing discussion may be found in Bernardo and Smith (1994) and Bernardo (1997).

Unfortunately the reference prior for most mixture models (and in particular
for a mixture of normal distributions) gives an independent improper prior on the
mixture model parameters, which cannot be used in a mixture context as it leads to

improper posteriors for the component-specific parameters ¢y, . . . , ¢. We can see
this by considering the posterior distribution of ¢, given completed data (2", z"),
where 2" assigns no observations to the first component. If ¢, . .., ¢} are consid-

ered a priori independent then («", z”) contains no information about the param-
eters ¢1, and so the posterior distribution p(¢; | 2™, z"), will be the same as the
prior distribution p(¢ ). If this prior distribution is improper then p(¢; | 2™, ")
will also be improper, and hence (from expression (1.15)) p(¢; | ™) will also be
improper.

In this thesis we use proper priors which attempt to be only “weakly informa-
tive” about the parameters, basing our priors for the univariate data on the hierar-
chical prior specification used by Richardson and Green (1997), and extending this
specification to the case of bivariate data. However, we emphasise that inference
can be very heavily influenced by the priors used, even when the priors appear to
be relatively flat. In general we found that the prior used for the parameters of a
mixture model is less critical when the model is to be used for density estimation,
than when it is to be used for clustering. In particular, if % is considered unknown
then independent and relatively flat priors on the mixture model parameters can
be highly informative for £, and become more informative the flatter they become
(see Section 4.10). The priors we use should therefore be regarded merely as
convenient for the purposes of illustration, and we feel that much further work is
required on the appropriate specification of priors, particularly in the cases where
k is unknown, or the data is multivariate.

12



Symmetric posterior distributions

It is a well-known problem with mixture models that the parameters are not
identifiable in that the likelihood

n

Lm,¢,n) = [[[mf(ejidin) + -+ mflegionm)]  (1.16)

i=1

is symmetric in the components 1, ..., k. That is, the likelihood is the same for
all permutations of the parameters,

I/(Tf, ¢, 77) = <(7Tl/(1)7 ) ﬂ-l/(k))v (qbl/(l)v s 7¢V(k))7 77)

where v is any permutation of 1,. ..., k. If the prior distribution of the parameters
is also invariant under permutations of the parameters (as is usually the case if we
have no real prior information about the components) then the posterior distribu-
tion will be similarly invariant, with up to %! copies of each “genuine” mode. We
will refer informally to the distribution possessing &! symmetric sets of modes.

This symmetry in the posterior distribution of the parameters causes severe
problems when attempting to perform inference regarding the individual compo-
nents of the mixture, as the information we have for each component is exactly
the same — there is no information which allows us to distinguish between the
components in either the prior distribution or the likelihood. For example, by
symmetry the classification probabilities

Pr(ZjZilwn)Z/Pr(Zj:iIx”m,qb,n)p(mqu)dﬂdqbdn (1.17)

do not depend on ¢, and so are all equal to 1/£. This is clearly a problem if we wish

to use the mixture model for clustering, and we address this problem in Chapter
3.

1.2 Appendix: Non-parametric methods of density estimation

We examine briefly two non-parametric methods of performing density esti-
mation: kernel density estimation and spline fitting to log-densities. These are
illustrated on the galaxy data, and may be compared with the density estimates
obtained using mixture models (see for example Figures 2.2, 2.3, 2.11, 2.12, and
4.6).

1.2.1 Kernel density estimation

Kernel density estimation is a non-parametric method of estimating the density

which gave rise to observations x4, . .., x,. The estimate is of the form
~ I & T —x;
ch) = — K J 1.18
Jlaih) m%‘( - ) (1.18)
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where K is a density known as the kernel, and h is a positive number, usually
called the bandwidth. If K is chosen to be the density of the normal distribution
with mean O and variance 1 then (1.18) becomes a mixture of n equally weighted
normal distributions with means z; ( = 1, ..., n) and variance h*, and is referred
to as a Gaussian kernel density estimator. The value of & used has a critical ef-
fect on the smoothness of the density estimator, larger values producing smoother
density estimates.

Wand and Jones (1995) compare various methods of choosing /2 automatically
in order to minimise estimates of the mean integrated squared error (MISE):

MISE = E[/ |f(x:h) — f(x)|da

and some of these methods are implemented by Venables and Ripley (1997a). One
of the methods Wand and Jones (1995) recommend was introduced by Sheather
and Jones (1991); Figure 1.6a shows the density estimate produced using this
method on the galaxy data (computed using the S function width.SJ from Ven-
ables and Ripley, 1997a) and Figure 1.7a shows the corresponding estimate of the
cumulative distribution function, obtained by numerically integrating the density
estimate.

One problem with kernel density estimators is that the smoothness parameter
is constant across the range of the data, making them less flexible than general
mixture models. The double bump at the extreme right of Figure 1.6a might be
viewed as a product of having to choose a smoothing parameter small enough to
accurately model the data in other areas of the parameter space.

1.2.2 Fitting splines to log-densities

This method of density estimation fits a univariate density of the form

o~

flz) xexpg(x; ) (1.19)

to the data, where ¢(-; ) is a family of splines. We use a method of this type by
Kooperberg and Stone (1992), in which ¢ is a cubic spline, and the fit criterion is
maximum likelihood, with a penalty on the number of knots used. This method
is implemented in the S-PLUS library logspline by Charles Kooperberg, and
further details are given in Venables and Ripley (1997b). The precise form of the
penalty on the number of knots can be altered in the function logspline.fit,
and we used the default penalty to produce estimates of the density (Figure 1.6b)
and the cumulative distribution function (Figure 1.7b) for the galaxy data. The
estimates can be seen to differ quite markedly from those obtained using the kernel
density estimator described above and illustrated in the same Figures.

14
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Figure 1.6: Histogram of the galaxy data overlaid with two different non-parametric den-
sity estimates. Top: Gaussian kernel density estimate using bandwidth chosen automati-
cally according to a rule given by Sheather and Jones (1991); Bottom: Fitting splines to
the log-density using the S-PLUS functions logspline.fit and dlogspline from the
logspline library by Charles Kooperberg (see Venables and Ripley, 1997b).
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Figure 1.7: The empirical cumulative distribution function for the galaxy data (solid line)
overlaid with fitted cumulative density function (dashed line) obtained from Top: The
Gaussian kernel density estimate using bandwidth chosen automatically according to a
rule given by Sheather and Jones (1991); Bottom: Fitting splines to the log-density using
the S-PLUS functions logspline.fit and plogspline from the logspline library
by Charles Kooperberg (see Venables and Ripley, 1997b).
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Chapter 2

Basic MCMC techniques for
mixtures

In this chapter we consider the computational methods applicable to the analy-
sis of a mixture with £ components, where k is assumed known. Computational
methods for the case where k is considered to be unknown are discussed in Chap-
ter 4.

We recall that in a Bayesian analysis the parameters § = (7, ¢, n)) are treated
as realisations of a random variable (© say), and that inference requires the eval-
uation of integrals of the form

E(F(O)]2") = /F(a)p(a 2™ do. 2.1)

In most cases analytic evaluation of this integral is impossible, and if the integral is
over a very high dimensional space (as is often the case) then traditional numerical
methods of integration are impossible to apply accurately.

An alternative method of approximating such integrals is provided by Markov
Chain Monte Carlo (MCMC) methods (see for example Gilks et al., 1996), which
rely on the construction of a Markov chain {©(Y} with the property that the sam-
ple path average

~ 1 X .
Py =~ ; F(OW) (2.2)

is a consistent estimator for £ (F'(0)|2"), in that it converges almost surely to
E(F(O)|xz") as N — oo. Such a Markov chain can often be constructed in
situations where it is not possible to sample from p(# | ™) directly, as is usually
the case in the mixture model context.

We now describe briefly the theory underlying MCMC methods, and introduce
the Gibbs sampler, an MCMC method which is particularly suited to the mixture
model context. We then illustrate the use of the Gibbs sampler in fitting mixture
distributions with a fixed number of components to both univariate and bivariate
data.
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2.1 Introduction to MCMC

A Markov chain in discrete time and general state space F is a sequence of
random variables (©(®), @) ), with ©) ¢ E, which obeys the Markov Prop-
erty in time. That is, given the current state ©() (¢ > 0) the distribution of the next
state ©("+1) is independent of the past history of the chain, (0(), ... ©(¢=1) The
state space Y may be quite general, and in particular it may include some discrete
and some continuous components.

The distribution of a time-homogeneous Markov chain {©(")} on state space
E is specified by the distribution of ©(®) and by its transition kernel

P(0,A) =Pr(@MY ¢ 4]0 =0) forAC E. (2.3)

If ) has distribution ~ on £, then #(“+Y) has distribution v P given by

vP (A) = / P(0, A) v(df).

A Markov chain is said to have invariant (or stationary) distribution 7 if 7 = 7 P.
That is if

0l ~ 1 = 0t 1. (2.4)

Intuitively we might expect ©(*) to be approximately distributed according to
7 for large ¢, provided it is able to reach all points in the state space in the support
of 7. We might then expect the sample path average Fiy given by (2.2) to be
an appropriate estimator for [ F'(0) w(df). In order to make this precise we need
to introduce the notion of a Markov chain being irreducible. The following is a
generalisation of the definition of irreducibility for Markov chains in a discrete
state space, where a chain is said to be irreducible if it is possible to move from
any state to any other state in a finite number of steps.

Definition 1. A Markov chain is irreducible if there exists a probability distribu-
tion ¢ on £ such that, for all A C F with ¢(A) > 0

Pr(@ € Aforsomet > 0|0 =) >0
forall § € F.

We can now state the following theorem (taken from Tierney, 1996, p65, with
appropriate notational changes):

Theorem 2.1. Suppose ((9(0), oW, . .. ) is an irreducible Markov chain on state-
space I with transition kernel P and invariant distribution 7, and let F' be a
real-valued function on E such that [ |F(0)|7(df) < oo. Then

Pr (FN — /F(@)w(d@) ‘ 0 = 9<0>> =1

for m-almost all ).
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The theorem tells us that with suitable regularity conditions on F', the sam-
ple path average (2.2) of an irreducible Markov chain with invariant distribution
p(0 | 2") will converge almost surely to £(F'(©) | z"™). Stronger distributional re-
sults are possible with further conditions, including asymptotic results on the
speed of convergence. A full discussion can be found in Tierney (1996) with
proofs given in Tierney (1994) and references therein. We discuss the practical
implications of the speed of convergence in Section 2.1.2.

MCMC methods rely on the construction of a Markov chain fulfilling the con-
ditions of Theorem 2.1 with invariant distribution p(6 | "), and construction of
such a chain is often surprisingly straightforward. An algorithm which has found
wide application and is particularly suited to the mixture context is the Gibbs
sampler, which was given its name by Geman and Geman (1984) who used it to
sample from Gibbs distributions.

2.1.1 The Gibbs sampler

The Gibbs sampler is a method of constructing a Markov chain with sta-
tionary distribution p(6|«") when ® € FE can be partitioned into components
(01,...,0,) € Ey x---x E,, of possibly differing dimensions, where we cannot
sample directly from p(8 | ™) = p(6y,...,6, | 2™) but can sample directly from
the full conditional distributions

p(@l |$n,02, .. .,07»), Ce ,p(@,, | $n,01, .. .,07,_1).

Algorithm 2.1. Given the state ©) = () at time ¢, simulate a value for ©(+1)
in r steps as follows:

Step 1: sample O from (0 |2, o0, ... ,0,(7")).

Step 2: sample ©4" from p(0y | 2", o\ ol ,07@).

Step r: sample O™ from p(8, | 27, o . 9",

Proposition 2.2. Algorithm 2.1 defines a Markov chain with stationary distribu-
tion p(0y,...,0,|x™) which will be irreducible if the full conditional distribution
of 0; gives positive probability to any subset of IJ; for j = 1,...,r.

Proof. ©) 0®) s clearly a Markov chain, as the distribution of ©(+1) is
completely determined by the value of (). We will show that p(0;, ..., 0, |2")

is the stationary distribution by showing that (2.4) holds. Suppose ((9(17"), s @ﬁt))
is distributed according to p(fy,...,0,|z"). Then (@ﬁt“), (9(;), s @ﬁt)) is dis-
tributed according to

p(Oz, ... 0, | )p(O1 ] a", 0z, ...,0,) =p(b1,02,....0,]2").
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Similarly (@ﬁt“), (9(;“), @ﬁ,f), e @ﬁt)) is distributed according to
p((gl, 02, 03, ceey 07» | l’n)

and continuing in this manner we find that (@5”1), e ®£t+1)) is distributed ac-
cording to p(6y,...,60, | ™).
Thus we have shown that

O ~ p(0|2™) = OUFTY ~ p(0]2")

and so p(@ | x") = p(bq,...,0,|«") is the stationary distribution of this Markov
chain. O

2.1.2 Practical considerations: Starting points, burn-in and convergence

Algorithm 2.1, in common with all MCMC algorithms, requires us to choose
(at random or otherwise) a starting value (). Ideally we would sample ©(®)
from the invariant distribution p(6 | «") of the Markov chain, but in most cases
this is not possible, and so ©) is typically chosen either at random from the prior
distribution for , or from near a mode of the posterior distribution. In order to re-
duce the dependence of the estimator Fy (given by (2.2)) on the choice of starting
point, it is standard practice to discard the results of the first m iterations of the
MCMC sampler, for suitably chosen m. These initial m iterations are sometimes
referred to as the burn-in period. If the Markov chain is able to move quickly to
and between all areas of the sample space with reasonable support in the posterior
distribution (sometimes referred to as good mixing) then O will be virtually
independent of ©©) for relatively small m, and only a short burn-in period will be
required before the choice of starting point becomes unimportant. In contrast, if
the chain tends to get stuck in small areas of the state space for long periods of
time then a long burn-in period may be required.

The mixing behaviour of the chain also determines the rate of convergence
of the estimator Fiy to E(F(#)|2"), and so determines the length of chain N
required for acceptably accurate inference. Convergence will be more rapid if
the chain exhibits good mixing behaviour. Many different formal methods have
been proposed for choosing suitable values of m and N; see for example the
review article by Cowles and Carlin (1996). We have taken a less formal approach,
assessing the mixing behaviour of our chains on the basis of graphical output of
the results, and comparing results of chains run from more than one starting point
where we felt further investigation seemed necessary. We fixed on running the
chain for N = 20 000 iterations, discarding the first . = 10 000 values. In most of
our examples these values give a reasonable balance between computational cost
and accuracy of inference (although m = 10000 is probably an unnecessarily
large value for most of the cases we consider). Starting points were generally
chosen by sampling at random from a relatively flat prior distribution over the
sample space.
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2.2 Gibbs sampling for mixtures of univariate normal distri-
butions

We now illustrate the use of the Gibbs sampler in fitting a mixture of univariate
normal distributions to the galaxy data which was introduced in Chapter 1. In
particular we use the output of the Gibbs sampler to estimate the predictive density
given by (1.9) (page 9).

We assume that the data @™ = (xy,...,x,) (with n = 82 for the galaxy data)
are independent observations from a mixture of £ (k£ assumed known) univariate
normal distributions with density

p(l‘ | 777”’70-2) = 7T1N($;/,L1,O'f) +o ﬂ-kN(x;/“Lkvo-Z) (2.5)

where N (z; p;, 02) denotes the density function of the univariate normal distribu-
tion with mean y; and variance o?.

The assumption that & is known is rather restrictive, and we examine the case
where k is considered unknown in Chapter 4. Previous work on this dataset with
mixtures of normal distributions has suggested a value of & between 3 and 7, and
for the purposes of illustration we will consider the cases £ = 3 and k£ = 6 here.

2.2.1 Parameter priors

As explained in Chapter 1 (Section 1.1.5) we take a hierarchical approach to
specifying the prior distribution of the parameters. We follow the suggestions
of Richardson and Green (1997) who base their recommendation on a careful
analysis of the sensitivity of the results to the choice of prior for three real datasets,
one of which is the galaxy data considered here. Although they consider £ to be
unknown, they partition their prior as p(k,8) = p(k)p(# | k), and so we use the
prior they suggest for p(6 | k):

pi~ N(ERT) (i=1. k) (2.6)
o B~T(a,3) (i=1,...,k) (2.7)
g~ T(g,h) (2.8)
7 ~D(6,....05) (2.9)
where I'(n, \) denotes the gamma distribution with mean n /A and variance n/\?,
D(d1,. . .,0;) denotes the Dirichlet distribution on the simplex
{(m1yeoympor, L=y — oo = mpg) i+ - F ey < 1}

with density proportional to

51—1 5k—1_1

T T (1_7T1_..._7Tk_1)5k—1

Y

(3 is a hyperparameter, and ¢, , «, g, h and ¢ are constants which are to be found
from the following formulae, which depend on the observed interval of variation
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| g=0.2 | | h=0.016 |

| €=21.73| | k=0.0016

/@

Figure 2.1: Directed Acyclic Graph (DAG) showing the hierarchical structure of prior,
and values of constants used in our analysis of the galaxy data. We have used a single box
around a quantity to indicates that it is considered to be a known constant, a circle to indi-
cate an unknown quantity, and a double box to indicate observed data. The arrows indicate
the conditional independence structure of the model; see Spiegelhalter et al. (1996) and
references therein for more details of the uses and interpretation of DAGs. The structure
of the prior and the values of the constants used follow Richardson and Green (1997).

of the data, and the length of this interval R:

¢ = midpoint of the observed range of the data = 21.73 (2.10)
1
K=y = 0.0016 (2.11)
a =2 (2.12)
g=0.2 (2.13)
100¢g
h = =0.016 2.14
T (2.14)
6=1. (2.15)

The hierarchical structure of the prior, and values of the constants used are
shown in Figure 2.1. The prior chosen for the means and variances is not the
natural conjugate prior, but gives some of the advantages of conjugacy when im-
plementing the Gibbs sampler. The values chosen for ¢ and « give a prior for y
which is fairly flat over the observed range of data. The choice of @ = 2 with a
relatively flat hyperprior on the hyperparameter /3 expresses the belief that the o?
are similar, without being very informative about their absolute size. This is less
restrictive than constraining all the variances to be equal. The Dirichlet distribu-
tion is the natural conjugate distribution for the mixture proportions, and choosing
d = 1 gives a uniform prior over the space m; + - -+ + 7, = 1.
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2.2.2 The Gibbs sampler

In order to implement the Gibbs sampler, we return to the missing data for-
mulation of the model described in the previous chapter (Section 1.1.1, page 3)
and consider the augmented parameter vector § = (2", 3, &, , o?), which is the
vector of parameters and hyperparameters, augmented by the (unknown) alloca-
tion variables z”. If we partition # into its 5 natural component parts, then due to
the carefully chosen form of the hierarchical prior the full conditional posterior
distributions can be found analytically, and are as follows (using | - - - to denote
conditioning on the values of all other parameters and on the data =™):

plzj =il ) o mN (g pis o) (2.16)
Bl ~T(gthah+ Y o) (2.17)
7| ~D+ny,...,0 +nyg) (2.18)

072> x4 K
fhi] oo~ /\/( Ejjj_l ! 7(0'2»_2712' + li)_l (2.19)

o,y + K
ot (ot b B+ 4 Y (e — )?) (2.20)
Jizg=t
fore =1,...,kand y = 1,...,n = 82, where n; is the number of observations
allocated to class 2
ni=#{j:z =1}

A single iteration of the Gibbs sampler (Algorithm 2.1) consists of simulating
from each of these conditional posterior distributions in turn (we updated the pa-
rameters in the order given), and by construction the stationary distribution of the
Markov chain defined by this algorithm will be p(z", 3, &, &, 0% | 2™).

2.2.3 Results

The Gibbs sampler was run for N' = 20 000 iterations for both £ = 3 and k =
6, starting at parameter values drawn from the prior (and thus starting in a region
of parameter space with low likelihood), and the sampled values of (7, u, o°2) are
shown in Figures 2.5 (k = 3) and 2.6 (k = 6). The runs took 71 seconds (k = 3)
and 117 seconds! (k = 6). The first m = 10000 sample points were discarded as
burn-in, and estimates of the predictive density:

planss | 2") = / plnss | ", 0)p(0] ") dO
N

1
> plaag [09) (2.21)
—m

t=m+1

%

N

!CPU time on a Sun UltraSparc 200 workstation
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Figure 2.2: Histogram of the galaxy data overlaid with estimates of predictive density
(2.21) based on: Dotted line: the output of the Gibbs sampler when fitting £ = 3 normal
distributions to the data (see Figure 2.5); Solid line: the output of the Gibbs sampler when
fitting £ = 6 normal distributions to the data (see Figure 2.6).

were formed using the remaining 10000 sample points. These estimates are
shown overlaid on a histogram of the data in Figure 2.2, and the correspond-
ing estimates of the cumulative distribution function (obtained by integrating the
density estimates numerically) are shown in Figure 2.3. As might be expected, the
density estimate for £ = 6 is somewhat less smooth than for £ = 3 which may not
have enough flexibility to adequately model the observed data. Both are smoother
than the Gaussian kernel density estimate shown in the previous chapter (Figure
1.6a), and differ significantly from the logspline density estimate (Figure 1.6b)
in that they each possess a mode near 34. Discussion of methods of choosing a
suitable value for £ is deferred to Chapter 4.

2.2.4 Mixing properties and label-switching

Some previous analyses of normal mixture distributions using Gibbs sampling
have reported problems with “trapping states”. Robert (1996, page 448) reports

“Despite the theoretical irreducibility of the chain, the [Gibbs
sampler]| becomes effectively trapped when one of the components
of the mixture is allocated very few observations.”

These trapping states appear to be due to allowing components which contain few
observations to have very small variance, and thus allowing the parameter values
to approach singularities in the likelihood corresponding to setting the mean of
one mixture component to be at an observed data point, and allowing the variance
of this component to tend to zero. This can be avoided by constraining the com-
ponent variances to be equal, or (less restrictively) by putting a hierarchical prior
structure on the variances which favours “similar” variances for the components,
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Figure 2.3: Empirical cumulative distribution function for the galaxy data (solid line)
overlaid with fitted cumulative density function (dashed line) obtained by numerically
integrating the estimated predictive densities shown in Figure 2.2.
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Figure 2.4: log,(likelihood) of the sampled parameter values when applying the Gibbs
sampler to fit a mixture of normal distributions (2.5) to the galaxy data. Left: &t = 3;
Right: £ = 6. In both cases the sampler moves quickly to an area of higher likelihood
and does not appear to get stuck in areas of low or high likelihood.

as we do here. This has a regularising effect on the posterior density, reducing
or eliminating the local maxima near singularities in the likelihood. Figure 2.4
shows the log, , likelihood for the 20 000 sampled parameter values for each value
of k. In both cases the sampler moves quickly from a region of low likelihood
to a region of higher likelihood, and there is no evidence of trouble with trapping
states due to singularities in the likelihood.

If we compare the graphs of the sampled parameter values for £ = 3 (Fig-
ure 2.5) and £ = 6 (Figure 2.6), we notice that they exhibit quite contrasting
behaviour. For £ = 3 the sampled values of the parameters lie in a relatively
restricted part of the parameter space, while for £ = 6 they explore the param-
eter space more freely, with periods of stability alternating with more “noisy”
behaviour (particularly evident in the graphs of the means).

The restricted movement about the sample space for £ = 3 may be because
the sampler is stuck in a local mode of the posterior distribution (and thus mixing
poorly) or may be because the posterior distribution of the parameters for £ = 3
is concentrated in this restricted region of the parameter space. We investigated
this by running the simulation for £ = 3 a further ten times, with each simulation
starting from a different point randomly drawn from the prior. All ten runs gave
similar results, with the three fitted components settling down to have a heavily
weighted component with mean near 20, and two smaller components with means
near 10 and 34; the results from one of these runs are shown in Figure 2.7. Com-
paring Figures 2.5 and 2.7, the only obvious difference is in the labelling of the
components: in the first run component 1 has mean near 20, component 2 has
mean near 10 and component 3 has mean near 34; in the second run components
1 and 3 have switched.

This label-switching is due to the symmetries in the posterior distribution of
the parameters described in the previous chapter (Section 1.1.5, page 13). For
k = 3 the posterior distribution of the model parameters has 3! symmetric sets
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Figure 2.5: Sampled values of mixture proportions, means and log,,(variances) when
fitting £ = 3 normal distributions to the galaxy data, using the parameter priors given in
Section 2.2.1 and the Gibbs sampler steps described in Section 2.2.2. The scale of the
graph of the means has been chosen to be comparable with later figures. The results of a
second run of the Gibbs sampler for k£ = 3 starting from a different random starting point
are shown in Figure 2.7.
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Figure 2.6: Sampled values of mixture proportions, means and log,,(variances) when
fitting & = 6 normal distributions to the galaxy data, using the parameter priors given in
Section 2.2.1 and the Gibbs sampler steps described in Section 2.2.2.
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Figure 2.7: Sampled values of mixture proportions, means and log,(variances) for a
second run of the Gibbs sampler used to fit £ = 3 normal distributions to the galaxy data.
The second run used the same priors and Gibbs sampler as the first run (see Figure 2.5)
but used a different random starting point. The graphs are similar to those for the first run,
except that the labels of components 1 and 3 have been “switched”.
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of modes, corresponding to the 3! different ways of labelling the components.
Figures 2.5 and 2.7 show samplers which are exploring 2 different such sets of
modes. The fact that for each of our ten starting points our sampler explores only
one of the 3! sets of modes suggests that in this case the 3! sets of modes lie in
3! well-separated regions of parameter space, and that it will typically take a long
time for the sampler to move from one of these regions to another.

In contrast, the results for £ = 6 (Figure 2.6) show that within this one run
label-switching occurs frequently, as the sampler moves between some of the 6!
sets of modes in the posterior distribution. The switching behaviour is particularly
noticeable in the graphs of the means as they switch between several distinctive
levels and “noise”.

To some extent the presence of label-switching is evidence of good mixing,
and lack of label-switching is evidence of poor mixing. However, since we know
that the posterior distribution of the parameters possesses this symmetry, it is only
necessary for the sampler to explore one of the symmetric sets of modes ade-
quately, and if necessary we can then permute each sample point to give a sample
which explores all &! modes.

The similarities shown between the ten different runs for £ = 3, exemplified
by Figures 2.5 and 2.7, suggests that in each case the sampler is indeed exploring
one set of modes adequately, and not getting stuck for long periods in local modes
of the posterior distribution. The lack of label-switching within the runs for k£ = 3
need not then concern us greatly, and in some ways it provides a natural way of
identifying the components of the mixture, allowing us to use the results sensibly
for clustering and giving sensible estimates of the scaled predictive component
densities:

/ miN (x5 i, ol )p(m, p, 0% | 2”) d dp do®
N

1
~ Z Wft)/\/<x;/,cgt),af(t)> (2.22)

N—m
t=m+1

which are shown in Figure 2.8.

In contrast, estimates of the scaled predictive component densities based on
the results of the Gibbs sampler for £ = 6 (Figure 2.10a) demonstrate the prob-
lems caused by the symmetry on the posterior distribution of the parameters when
attempting to perform inference relating to the individual components of the mix-
ture. The label-switching mixes up any potentially interpretable components, to
give 6 very similar density estimates. It would seem to be helpful if we could
“undo” the label-switching in some way, so that the sampler only explores one
set of modes of the posterior distribution; Chapter 3 is devoted to investigation of
this problem. We applied methods developed there (Algorithm 3.2, Section 3.2)
to the results for & = 6. Figure 2.9 shows the resulting sampled means with the
label-switching “undone”, and Figure 2.10 contrasts estimates of the six scaled
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fitting a mixture of £ = 3 normal distributions to the galaxy data. The estimates are based
on the output of the Gibbs sampler shown in Figure 2.5, with the first m = 10 000 sample
points discarded as burn-in.
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Figure 2.9: Sampled values of the means (y1, . . ., ig) when fitting & = 6 normal distribu-

tion to the galaxy data, with label-switching “undone” by methods described in Chapter
3 (Algorithm 3.2, Section 3.2). Compare these with the original sampled values of the
means (with label switching present) in Figure 2.6

predictive component densities (2.22) based on the raw output of the Gibbs sam-
pler and on the same output with label-switching “undone”. From the results with
the label-switching “undone” we see that the run for £ = 6 has the same compo-
nents near 10 and 34 as the run for £ = 3, and has split the component near 20
into 4 distinct components. See Section 3.4.1 for further details and discussion of
these results.
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Figure 2.10: Estimates of the six scaled predictive component densities (2.22) when fit-
ting a mixture of £ = 6 normal distributions to the galaxy data. Top: Estimates based on
the raw output of the Gibbs sampler, shown in Figure 2.6; Bottom: Estimates based on
the output of the Gibbs sampler with label-switching “undone” using Algorithm 3.2 (Sec-
tion 3.2), which is shown in Figure 3.3. Note how the presence of label-switching mixes
together any interpretable components to create six similar density estimates, and how
“undoing” the label-switching facilitates identification of interpretable individual compo-
nents being fitted to the data.
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2.3 Gibbs sampling for mixtures of univariate ¢-distributions

It is straightforward to modify the Gibbs sampler described in the previous
section to deal with the case where the observations are assumed to arise not from
a mixture of normal distributions, but a mixture of {-distributions, with known
degrees of freedom p:

p(l‘ | ™, K, 0-2) = Wltp(x; Hi, Uf) +o Tt ﬂ-ktp(x; M, UZ) (223)
where ¢,(x; y1;, 07) is the density of the ¢-distribution with p degrees of freedom,
with mean ; and variance po?/(p — 2). To ensure finite variance we require
p> 2.

The {-distribution is similar to the normal distribution but has “fatter tails™;
the smaller the degrees of freedom, the fatter the tails. Real data often has more
observations in the tails than might be expected under the assumption of normality,
and so in many cases a mixture of ¢-distributions will provide a better model than
a mixture of normal distributions.

The ¢-distribution has a well-known representation in terms of the normal and
X distributions:

Y
IfY ~ N(0,1) and ¢ ~ x2/p independently of Y then X = 1+ 07 ~ty(p, 0?).
q

We can thus introduce latent variables ¢; ~ x2/p (j = 1,...,n) and rewrite the
mixture model (2.23):

plzj |7 1, 0%, q;) = mN (250,07 /q;) + -+ mN (255 e, 01/ 45)
(G=1,....n). (2.24)

We now consider the parameter vector augmented by both " and ¢", § =
(2", q", 3,7, p, o?). Partitioning 6 into its 6 natural component parts, and using
the same priors as in the normal case, we obtain the full conditional posteriors:

plz; =il ) o mN (i, 07 /q;) (2.25)
q; | Y F(%[p—l— 1]7 %[p—l_ O-Z_Jz(xj - Mz])zD (226)
B~ (g +kah+ Y o7?) (2.27)
7| ~D 4 ny,...,0 4+ ng) (2.28)

077 Yy UG+ KE -1
ml--'NN< U_zzj':]_ I 7<UIQZ%‘+/€> (2.29)
7 Jizg=1i 17

ot~ T B+ 3 Y gl — o)) (2.30)

Jizg=1

Jizg=t
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fory=1,...,nand: = 1,... k. An alternative is to partition ¢ into 5 component
parts, § = ((z", ¢"), 3, =, pt, ¢?) and sample from the joint distribution of (2", ¢")
given the other parameters, thus replacing (2.25) and (2.26) with

plzj =il ) o< mity(ay; pi, of) (2.31)
q; | va e F(%[p + 1]7 %[p + O-Z_Jz(xj - Mz])zD- (232)

We used this second version of the Gibbs sampler to fit a mixture of £ = 3
14 components to the galaxy data, using the same prior distributions as for the
normal case (Section 2.2.1). Figure 2.11 shows the resulting estimated predictive
density (2.21) and Figure 2.12 shows the corresponding estimate of the cumula-
tive distribution function obtained by numerical integration. The Gibbs sampler
was started from a point drawn at random from the prior, and was run for 20 000
iterations, the first 10 000 being discarded as burn-in. The sampler moved quickly
from the random starting point to an area of higher likelihood. However, the mix-
ing behaviour of the sampler was poor. Figure 2.13 shows the sampled values of
the means (the first 10 000 samples having being discarded as burn-in). Most of
the sampled points consist of a mean near 20, a mean near 23 and a mean near
10, with label-switching behaviour occurring between the first two. However,
for about 300 iterations around iteration 14 000 the means near 20 and 23 are re-
placed by means near 30 and 21. This is an example of “genuine” multimodality
(as distinct from the “symmetric” multimodality which causes label-switching) in
the posterior distribution of the means, and the results indicate that the sampler
finds it difficult to move between these different modes. Longer runs of the Gibbs
sampler will therefore be required in this case for accurate inference, unless we
can improve the mixing behaviour of the sampler. We will see a possible way
of improving the mixing behaviour in Chapter 4, where we allow the number of
components k to vary.

The presence of both “genuine” and “symmetric” multimodality in the pos-
terior distribution of the parameters means that performing sensible inference for
the individual components of the mixture is not straightforward, and is deferred
to the following chapter (Section 3.4.2).

2.4 Gibbs sampling for mixtures of multivariate normals

We now consider data " = (z1,...,,) which are assumed to be indepen-
dent observations from a mixture of k& (k assumed known) multivariate normal
distributions in r dimensions, with density

p(l‘ | ™ K, 2) = 7-[-1'/\/7’(1;;/““7 21) +o ﬂ-kNT’(x;/“Lk? Zk) (2.33)

where N,.(x; 1;, X;) denotes the density function of the multivariate normal dis-
tribution with mean x; and variance-covariance matrix ;.
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Figure 2.11: Histogram of the galaxy data overlaid with estimate of predictive density
obtained by fitting a mixture of k£ = 3 ¢4 distributions by Gibbs sampling.
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Figure 2.12: Empirical cumulative distribution function for the galaxy data (solid line)
overlaid with fitted cumulative density function (dashed line) obtained by numerically in-
tegrating the estimated predictive density shown in Figure 2.11, based on fitting a mixture
of k = 3 t, distributions to the data .
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Figure 2.13: Sampled values of means for the three components when using the Gibbs
sampler to fit £ = 3 ¢4 distributions to the galaxy data, the first 10 000 iterations having
been discarded as burn-in. Label-switching occurs between the first and second compo-
nents around iterations 16 000 and 17 000. However, the change in behaviour for about
300 iterations around iteration 14 000 is not label-switching, but is due to “genuine” mul-
timodality in the posterior distribution of the means, as the means near 20 and 23 are
replaced by means near 34 and 21. The sampler does not move freely between these
modes, and so is not mixing well.

2.4.1 Prior distributions

In a multivariate setting, the Wishart distribution replaces the gamma distribu-
tion as the conjugate prior for the inverse variances. The Wishart distribution in
r dimensions with parameters m and A, which we will denote by W, (m, A), is
usually introduced as the distribution of the sample covariance matrix for a sample
of size m from a multivariate normal distribution in r dimensions with covariance
matrix A. Because of this interpretation m is usually taken as an integer, and for
m > r W,(m, A) has density

m—r—1

W, (Vim, A) = KIA|7Z|V|" % exp{—itr(A™'V) } I(V positive definite)
(2.34)

on the space of all symmetric matrices (= R'"t1)/2), where I(-) denotes an indi-
cator function and

mr . +1—s
K-l — o ri=0/AT (™ ‘
; 7 1;[1 :

However, (2.34) also defines a density for non-integer m provided m > r — 1.
Methods of simulating from the Wishart distribution (which work for non-integer
m > r — 1) may be found in Ripley (1987). For m < r — 1 we will use W, (m, A)
to represent the improper distribution with density proportional to (2.34). This is
not the usual definition of W, (m, A) form < r—1, which is a singular distribution
confined to a subspace of symmetric matrices.

Noting (from the form of (2.34)) that the gamma distribution with parameters
(ar, ) is the same as the Wishart distribution in 1 dimension with parameters
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(2a,(23)7"), we consider the following to be the r-dimensional analogue of the
priors (2.6)—(2.9) used in the univariate case.

N(& w7 (2.35)

i |5 ~ W, (20,(28)7") (2.36)

B~ W.(2g,(20)7) (2.37)

7~ D(m;0,...,0) (2.38)

for: =1,...,k, where x, 3 and h are r x r matrices, £ is an r x 1 vector, and «, &

and g are scalars.
We consider only two-dimensional data, and used the following formulae to
calculate values for the constants:

§=(&,6) (2.39)
L0
K= (% %) (2.40)
a=3 (2.41)
g=10.3 (2.42)
100g 0
h = (aR% 100g> (2.43)
0 ozRg
=1 (2.44)

where ¢; and £, are the midpoints of the observed intervals of variation of the data
in the first and second dimension respectively, and /7, and [?; are the respective
lengths of these intervals.

These formulae were chosen by analogy with the univariate case (equations
(2.10)—(2.15)). Recall that in the univariate case the choice of & = 2 was made
to express the belief that the variances of the components are similar, without
restricting them to be equal. In two dimensions we felt that a slightly stronger
constraint would be appropriate, and so increased « to 3, making a corresponding
change in g from 0.2 to 0.3. We note that the prior on 3

B~ W (0.6, (Qh)_l)

is an improper distribution, but careful checking of the necessary integrals shows
that the posterior distributions are proper. We emphasise that these priors should
be viewed merely as convenient for the purposes of illustration. We feel that
further work is required on defining appropriate priors for the case of multivari-
ate data, particularly for the covariance matrices which might benefit from an
eigen-decomposition, enabling the specification of priors which favour compo-
nents which are a similar size, shape, orientation, or some combination of these
three (such a decomposition is considered by Banfield and Raftery, 1993).
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2.4.2 Full conditional posterior distributions

The full conditional posterior distributions of the parameters and hyperparam-
eters, for use in the Gibbs sampler, are as follows:

plz; =1 ) o MmN ()5 16, 25) (2.45)
-1

Bl -~ W, (29 + 2ka, {Qh +2)° z;l} ) (2.46)

7| ~DO0+ny,...,0+ng) (2.47)

il o N (ST 4 1) (2 4 1), (ST 8) ) (248)

ST~ W, <2a + n;, {2[3 + Z(l'] — pi)(x; — /,LZ')T} _1> (2.49)

Jizg=t
fort = 1,...,kand j = 1,...,n, where n; is the number of observations allo-
cated to class ¢:
ni=#{j:z =1}
and z; is the mean of the observations allocated to class :
B 1
X, = — X
2 n; 7
J:z5=1

2.4.3 Example: The Old Faithful data

The Old Faithful data (the version from Hérdle, 1991, also considered by Ven-
ables and Ripley, 1994) consists of data on 272 eruptions of the Old Faithful
geyser in the Yellowstone National Park. Each observation consists of two ob-
servations: the duration (in minutes) of the eruption, and the waiting time (in
minutes) before the next eruption. The data are given in the appendix to this the-
sis (Section A.2), and a scatter plot of the data is shown in Figure 2.14. The data
is clearly multimodal, and would appear to be suitably modelled as a mixture of
two bivariate normal distributions. Figure 2.15 shows an estimate of the predic-
tive density based on the output of the Gibbs sampler when fitting a mixture of
k = 2 bivariate normal distributions to the data using the priors described in Sec-
tion 2.4.1. The Gibbs sampler was started from a point drawn at random from the
prior, and was run for 20 000 iterations (taking 193 seconds), the first 10 000 iter-
ations being discarded as burn-in. The sampler moved quickly from the random
starting point to an area of higher likelihood, and appeared to mix well, with no
evidence of problems due to trapping states.
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Figure 2.14: Scatter plot of the Old Faithful data (from Héirdle, 1991). The z axis shows
the duration (in minutes) of the eruption, and the y axis shows the waiting time (in min-
utes) before the next eruption.
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Figure 2.15: Estimated predictive density (2.21) for Old Faithful data, obtained by fitting
a mixture of £ = 2 multivariate normal distributions to the data shown in Figure 2.14,
using the priors given in Section 2.4.1 and the Gibbs sampler steps given in Section 2.4.2.
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244 Example: Correlations in the duration for the Old Faithful data

Another interesting two-dimensional view of the Old Faithful data can be ob-
tained by considering the relationship between successive values of the duration,
which are not independent as can be seen by examining a scatter plot of the dura-
tion of the t¢th eruption against the duration of the ¢ + 1-th eruption (Figure 2.16).
Ignoring the time-series structure of the data (and so using the wrong likelihood)
we tried fitting a mixture of £ = 4 bivariate normal distributions to this data, us-
ing the priors described in section 2.4.1. The Gibbs sampler was started from a
point drawn at random from the prior, and was run for 20 000 iterations (taking
288 seconds), the first 10 000 iterations being discarded as burn-in; Figure 2.17
shows the resulting predictive density estimate. The sampler moved quickly from
the random starting point to an area of higher likelihood, and appeared to mix
well, with no evidence of problems due to trapping states. Both views of the Old
Faithful data are analysed under the assumption that % is unknown in Chapter 4.
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Figure 2.16: Scatter plot showing the non-independence of successive values of the dura-
tion for the Old Faithful data from Hérdle (1991).

(DA
LDA
—_—
i
= ¥
c
i)
=
g o 4
>
©
NA
-

1 2 3 4 5 6

duration_t

Figure 2.17: Estimated predictive density (2.21) based on fitting a mixture of & = 4
bivariate normal distributions to the data shown in Figure 2.16, using the priors given in
Section 2.4.1 and the Gibbs sampler steps given in Section 2.4.2.
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Chapter 3

Label-switching and Bayesian
clustering

In Chapter 1 we saw how the symmetry of the posterior distribution of the mixture
model parameters causes problems when attempting to apply Bayesian methods
to mixture models in the clustering context, and in particular how the symmetry
causes the scaled predictive component densities, and the classification probabil-
ities, to be the same for all components of the mixture (see Section 1.1.5, page
13).

In our analysis of the galaxy data in the previous chapter (Section 2.2) we saw
how the symmetry of the posterior distribution can cause label-switching to occur
in the Gibbs sampler as the sampler moves between symmetric sets of modes,
and how this can hinder interpretation of the individual components being fitted
to the data. We also saw how in some cases (in particular in fitting & = 3 normal
distributions to the galaxy data, Section 2.2) the posterior distribution possesses
symmetric sets of modes which are separated by regions of such low probability
that label-switching is very unlikely to occur in the Gibbs sampler, and how in this
case the output of the sampler appears to provide sensible estimates of the scaled
predictive component densities (Figure 2.8). This suggests that we might seek a
method of “undoing” the label-switching where it occurs, and then base inference
on the output of the Gibbs sampler with the label-switching “undone”.

We note that label-switching may also be a problem in applications for which
interpretation of the individual components of the mixture is of no interest, as
label-switching movements between modes due to symmetry can hide movement
between “genuinely” different modes. It is important to see how the sampler
moves between “genuinely” different modes in order to assess its mixing proper-
ties. Methods of “undoing” the label-switching may then be of interest even in
applications where the components themselves have no physical interpretation.

In this chapter we examine previous approaches with dealing with this prob-
lem, and explain why they are inadequate. We then describe alternative methods
of dealing with the problem, and demonstrate them on some univariate and bi-
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variate data, including the galaxy data considered in the previous chapter. The
methods are applied to more problems in Chapter 4.

Initially we consider the problem in the context of a mixture of (possibly mul-
tivariate) normal distributions, parameterised by § = (7, p, X2), with density

pla | p, ) = m N (x5 p1, 50) + - - + meN (25 g, X (3.1
which is invariant under permutations of 6 defined by

v(0) = ((m(l), e Wy(k)), (/,Ll,(l), . ,/,Ll,(k)), (Zy(l), el Zy(k))>

where v is any permutationof 1, . .., k. We consider the problem in a more general
context in Section 3.3.

3.1 Previous approaches

Previous attempts to deal with the problem of label-switching have centred
around the idea of imposing identifiability constraints on the parameter space,
such as m; < --- < 7 or (when considering mixtures of univariate distribu-
tions) pq < --- < pg, which can be satisfied by only one permutation of 8 for
each . Imposing an identifiability constraint on the parameters breaks the sym-
metry of the posterior distribution of the parameters, and so we might hope that
it would allow us to perform sensible inference for the individual components
of the mixture. Inference conditional on such a constraint may be performed by
post-processing the sample (01, ... (")) produced by the Gibbs sampler, by
applying permutations v, . .., vy such that the constraint is satisfied by the per-
muted or relabelled sample points 11 (0(V), ... vx(0™)). This is made formal by
the following Proposition and Corollary.

Proposition 3.1. Consider identifiability constraints § € A, where A is a set such
that for all 0, v(0) € A for exactly one permutation v = vy say. Let g be the
function defined by g(8) = v4(0). Then

E(F(9(0))]2") = E(F(©)|«",0 € A).
Proof.

E(F(9(0)) ")) = [ Fla(0)p(0] ") do

= [ Fraonptato) ) do
[p(f]2") = p(g(#)]«") by symmetry of p]

= k! /A F(0)p(0|x")d§ [symmetry]
gy / F(0)p(0 | =) I(0 € A)db
= B(F(0)]2",0 € A).

43



Corollary 3.2. Let random variables ©") ©®) ... be such that for any function
of the parameters, I,

1
N Z F(OY) — E(F(0)|x") almost surely as N — oo (3.2)

as will be the case for the Markov chain constructed using the Gibbs sampler, for
example. Then for A and g as in Proposition 3.1

N Z F(g ) = E(F(0O)]2",0 € A) almost surelyas N — 0o (3.3)

and so the sample path average of the permuted sample is an appropriate estimate
of E(F(©)|z",0 € A).

Proof.

1 N
~ > F(g(0Y)) = E(F(g(©))|2")  [by equation (3.2)]
t=1

= E(F(0)[2",0 € A) [by Proposition3.1.]  (3.4)
[

3.1.1 Inference with the permuted sample

Proposition 3.1 and Corollary 3.2 show that inference conditional on an iden-
tifiability constraint § € A may be performed by finding permutations v, . .., vy
such that the constraint is satisfied by the permuted sample points v, (01V)), ... vx(0V).
Quantities of interest may then be estimated by their average over the permuted
sample. For example, the scaled component densities given § € A may be esti-
mated by:

/WN(:L' pi, Si)p(m, p, X 2", 0 € A)drmdp d¥ ~

1 (®) C® (t)
N—m Y TN (@ s Sigy). (35

t=m+1
Similarly we can obtain estimates of the classification probabilities of the ob-
served data (see equation (1.10)):
milN (5 i, i)
El 7'['1./\/(1']‘; Hi, Zl)

1 N w(t).N(:z;j;/,L(f) () ))

~ Z vi (1) (1) "G
N —m t=m+1 D 7Tl(t) (23 /~‘§ )v th))

Pr(Z;, =i|a",0 € A) =

plr,p, 22", 0 € A)dr dp d%

(3.6)
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and the predictive classification probabilities for a future data point x,; (see
equation (1.11)):

Pr(Z,y =1|2" 0 € A) /m/\/(an;/,Li, Yoplw, p, 2", 0 € A)dr dp d%
3.7)

which is approximated by (3.5).

3.1.2 Problems with this approach

Unfortunately, insufficient care in the choice of suitable identifiability con-
straints can lead to much of the symmetry in the posterior distribution of the pa-
rameters remaining, and as a result inference for the individual components of the
mixture may continue to make little sense. For example, consider the output of
the Gibbs sampler used in the previous chapter to fit a mixture of & = 6 normal
distributions to the galaxy data (Section 2.2), in which label-switching occurred
frequently (Figure 2.6, page 28). Suppose we choose to impose the constraint
1 < --- < pp on the parameter space, and so post-process the output of the
Gibbs sampler by applying permutations so that this constraint is satisfied. The
graphs of the means of the permuted sample (Figure 3.1a) show that the rela-
tively isolated components centred near 10 and 34 (top left and bottom right in
the figure) have suffered slightly from the addition of some “noise”, although es-
timates of the scaled predictive component densities (Figure 3.1b) suggest that
this noise carries little weight. There appears to be some evidence of continued
label-switching behaviour in the graphs of the means of the other 4 components,
presumably due to symmetries in the posterior distribution which remain despite
imposing the constraint. This is reflected in the corresponding scaled predictive
component density estimates, which continue to exhibit either multimodality or
skewness (Figure 3.1b) making them difficult to interpret physically in the con-
text of fitting normal distributions to the data.

Despite the problems with this approach, few authors have tried anything more
sophisticated. Richardson and Green (1997) suggest labellings be chosen to order
on the means, variances, weights or “some combination of all three”, without
being more specific on what that might mean. Celeux et al. (1995) suggest various
relabelling schemes, but they all rely on the “true” values of the parameters being
known, which makes it difficult to imagine circumstances in which they might be
useful.

3.2 A possible solution

Our initial approach is to “undo” the label-switching by seeking permutations
v1, ..., such that the relabelled sample points 1/1(0(1)), ce I/N(H(N)) are all la-
belled in the “same way” in that they agree well on the (ordered) scaled component
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(b) Scaled predictive component density estimates based on permuted sample.

Figure 3.1: Graphs showing the result of imposing the identifiability constraint iy <

- < i when fitting a mixture of & = 6 normal distributions to the galaxy data.
The output o) ... 80 of the Gibbs sampler used to fit this model (Section 2.2)
was post-processed by applying permutations v4, ...,y so that the permuted sample
v1(0M), ..., va (@) satisfied the constraint. Top: The means of the six components,
from the permuted sample; Bottom: Estimates of the scaled predictive component den-
sities based on the permuted sample with the first 10 000 sampled values having been
discarded as burn-in (equation (3.5)).
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densities:
(TN (s 1, 20)s - s TeN (5 0, B))- (3.8)

We consider two sample points #(1) and 6(?) to be labelled in the “same way” if
DIOW Y 0%] = 37 AW S PN G, 8]

is small, where A[- || -] is a suitably chosen measure of divergence from one scaled
density to another. We attempt to ensure that the relabelled sample points all agree
well with each other by seeking permutations v, . .., vy and a parameter value 6
to minimise

D= D[n(0")]9]. (3.9)

t=1

For suitable choice of A[- || -] (an example of which we give in Section 3.2.2) the
following gives a computationally tractable algorithm for attempting to minimise
D.

Algorithm 3.1. Starting with some initial values for v, ..., vy (setting them all
to the identity permutation for example), iterate the following steps until a fixed
point is reached:

Step 1: Choose 0 to minimise

S” D[ (09)19].

t=1

Step 2: Fort =1,..., N choose 14 to minimise

k
O)[0] = 3" AL Nl SO N 7N (57, 50)].
=1

3.2.1 Notes on Algorithm 3.1

Algorithm 3.1 can be viewed as a k-means type clustering algorithm (Lloyd,
1957), with k! clusters corresponding to the £! different ways of labelling the com-
ponents. The idea is to cluster together those sample points (¢t = 1,..., N) which
have been labelled in the “same way”, in that they give similar scaled density
estimates for the scaled components. Step 1 estimates the k! symmetric cluster
centres, and Step 2 allocates each sample point to the cluster with the nearest
centre.
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The algorithm is guaranteed to reach a fixed point, as each step decreases D
and there are only finitely many possible values for the permutations v, . .., vy.
As with all algorithms which are monotonic in the fit criterion, the solution reached
may depend on the starting point, and there is no guarantee that the algorithm will
converge to the global optimal solution. It is suggested that the algorithm be run
from several starting points. If different runs give different optimal permutation
and parameter values then they will provide competing views of the individual
components; the optimal value of the fit criterion for each run gives an informal
impression of the relative validity of these competing views.

The calculations required for Step 1 depend on the choice of A[- || -]. Step 2
can be seen as /V minimisation problems of the form

k
Choose v to minimise Z c(i,v(1)) (3.10)

=1

where ¢(¢, () is of the form
(i 1) = AN (), S |7 PN (s S2)]

Problem (3.10) is equivalent to the integer programming problem:

Choose {yi}(i =1,..., k[ =1,...,k) to minimise Z Z yir ¢

=1 [=1
k

k
subject to y; = 0 or 1 and Zy” = Zy” =1 (3.11)

=1 =1
with the correspondence between the problems being:

If {y;;} is an optimal solution to problem (3.11) then the correspond-
ing optimal solution to problem (3.10) is ¥(:) = [ if and only if
yir = 1.

Problem (3.11) is a special version of the Transportation problem, known as the
assignment problem, for which efficient algorithms exist (see for example Taha,
1989, page 195). We used a NAG Fortran routine to solve this problem.

3.2.2 A possible choice of A || -]

We motivate our definition of A[- || -] by recalling the definition of the Kullback—
Leibler divergence from a density f to a density ¢:

. :1;
KL o0 = [ fo)tog 25
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and the Kullback-Leibler divergence from probabilities (p, 1 — p) to (¢, 1 — ¢)

- P 1 —
KLlp|q] =plog§+(1 —p)log ——

We then define the divergence from a weighted density function pf(-) to a weighted
density function ¢g(-) by

AlpfC)llag()] = KLIpl a +pKLIF() 1 9()] (3.12)

which gives

N (a5 Y,
N (a5 12,

2(1)
z )dx. (3.13)
ZZ

2)

With this choice of A[- || -] Algorithm 3.1 translates into Algorithm 3.2 below.
A proof of this is given in the appendix to this chapter (Proposition 3.3, Section
3.7).

Algorithm 3.2. Starting with some initial values for v, . .., vy (setting them all
to the identity permutation for example), iterate the following steps until a fixed
point is reached:

Step 1: Let 0 be given by:

- 1
Ri= 3 wy?(z) (3.14)
1
- Z ) @ Z o (3.15)
Hi ve(iYHue(d) ve (i)
1 1
S () (y(t) (t ~ e () ~ AT (t)
Y= Z Trut(z)<2ut(z) + (qut(z) - MZ)(MW(Z') — [t:) )/ Z Toe(d) (3.16)
1 1

fortr=1,... k.
Step 2: Fort =1,..., N choose 14 to minimise

k
S {0 bog [+ b [S7 (S0 + (1 —ﬁ»(ﬂii}i) —i)")]



Step 1 is computationally straightforward. Step 2 can be solved as a version
of the Transportation problem, as described in Section 3.2.1, with

el 1) = {mi"% 1o 18] + =4 [S7 (2 + () - ) (ul? — 7))

- 7Tl(t) log7; — (1 — 7Tl(t)> log (1 — %J}

We demonstrate the use of Algorithm 3.2 on some examples in Section 3.4.

3.3 An alternative more generally applicable solution

Consider now the more general mixture model, with parameters § = (7, ¢, 1)
and density

pla|m, ¢p,n) =mif(x;o,m) + -+ mef(2; o, n). (3.17)

The likelihood for § is once again the same for all permutations of ¢

V((g) = <(7Tl/(1)7 s 77Tl/(k))7 (Qbu(l)v SRR Qbu(k))v 77)

and the same problems with symmetry arise.

In some cases we may be able to adapt Algorithm 3.1 to this situation, attempt-
ing to “undo” the label-switching by making the permuted sample points agree on
the scaled component densities

<7T1f(';¢1777)7'"77ka(';¢k777)>- (3.18)

However, in some cases the optimisations required in Steps 1 and 2 of the algo-
rithm may be rather computationally demanding, and the resulting algorithm may
be too slow to be of practical use.

In an attempt to find an algorithm which is very generally applicable we con-
sider “undoing” the label-switching by making the permuted sample points agree
on the & x n matrix of classification probabilities P = (p;;) where

ﬂ-lf(x]?qbvn)
pi =Pr(Z; =i|®, ¢,n) = T T (3.19)

A natural measure of the divergence from one matrix of classification probabilities
P = (p;;) to another such matrix ¢) = (¢;;) is given by

DIP|IQ) = Z Z Pii log (3.20)

7=1 =1

Let P = (pf;)) be the matrix of classification probabilities corresponding to
the sample point ), and let v;( P(*)) be the matrix of classification probabilities
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corresponding to the permuted sample point (/). Then the (i, j)th element
of v;(PM) is p(yi)(i)j. In order to ensure that the permuted sample points agree on
the classification probabilities we seek permutations vy, ...,y and a matrix of
classification probabilities P = (p;;) (whose columns are constrained to sum to
unity) to minimise

N
Z ") P). (3.21)

Each step of the following algorithm reduces D:

Algorithm 3.3. Starting with some initial values for v, ..., vy (setting them all
to the identity permutation for example), iterate the following steps until a fixed
point is reached:

Step 1: Choose P to minimise

> Dlv(PY) || P).

t=1

Step 2: Fort =1,..., N choose 14 to minimise
(t)

D[w(PY) || P] = ZZPW g 2l

=1 j7=1 p”

Step 1 is solved easily by setting

1 N
~ ()
Pi; = N ;pyt(z)]

Step 2 can be solved as a version of the Transportation problem, as described
in Section 3.2.1, with

()
P
Z pil lf . (3.22)

Py

Algorithm 3.3 has obvious parallels with Algorithm 3.1, and the remarks made
in Section 3.2.1 regarding convergence and choice of starting point apply equally
here. We note that the algorithm may be computationally quite demanding on
memory, as there are N matrices of classification probabilities, each of which
consist of nk numbers. It may not be possible to store all these in memory at one
time, which will slow the algorithm down. From the point of view of searching for
interpretations for the data this algorithm is also not so attractive as Algorithm 3.2
as it does not work directly with the shapes of the components. However, we will
see in our examples that the fact that the algorithm assumes no particular shape
for the components is very useful in some circumstances.
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3.4 Examples

We now demonstrate Algorithms 3.2 and 3.3 on both univariate and bivariate
data.

3.4.1 Fitting £ = 6 normal components to the galaxy data

For our first example we consider the output of the Gibbs sampler used to fit
k = 6 normal components to the galaxy data, described in Section 2.2. In this
case, for the purposes of illustration, we applied Algorithms 3.2 and 3.3 to post-
process all 20 000 sample points generated by the Gibbs sampler, but in general we
recommend that the first m burn-in samples are discarded before the algorithms
are applied, in order to avoid problems which may be caused by atypical initial
sample points.

We ran each algorithm using 10 different starting points: the first chosen by
initialising all permutations to the identity (corresponding to using the raw output
of the Gibbs sampler) and 9 others chosen by selecting the initial permutations
at random. Algorithm 3.2 gave the same optimal permutations for all 10 starting
points; Algorithm 3.3 gave several different optimal solutions depending on the
starting point used, but they all gave qualitatively very similar results. Algorithm
3.2 was generally much quicker than Algorithm 3.3, though it often took more
iterations to converge to a fixed point. For example, for the runs which took
the raw output of the Gibbs sampler as their starting point Algorithm 3.2 took
15 iterations and 377 seconds to converge, while Algorithm 3.3 took 9 iterations
and 1080 seconds!. Further experience with the algorithms has shown that while
in some cases the optimal permutations found do depend on the starting point
chosen, these differences seldom make a significant difference to inference, and
all future examples are based on running the algorithm with the raw output of the
Gibbs sampler used as a starting point.

The label-switching in evidence as the parameter plots move between several
distinct levels in the raw output of the Gibbs sampler (Figure 3.2), appears to have
been eliminated from the permuted samples obtained using both algorithms (Fig-
ures 3.3 and 3.4). As a result, the estimates of the scaled predictive component
densities based on the permuted samples provide a more sensible picture of the
components fitted to the data than those based on the raw output of the Gibbs
sampler (see Figure 3.5). Both algorithms appear to have succeeded in identi-
fying four normal components quite clearly, and two (on the right-hand side of
the figures) whose positions are less clear. We interpret the slightly bumpy na-
ture of these components as being due to “genuine” multimodality in the posterior
distribution of the parameters. The two algorithms differ slightly in the way in
which they deal with this “genuine” multimodality. We note that Algorithm 3.2
also proAVides (through equations (3.14)—(3.16)) a natural way of finding estimates
(7, i, X2) for the parameters (7, p, ). Estimates based on the permuted sample

!CPU times on a Sun UltraSparc 200 workstation
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are shown under the scaled predictive component density estimates in Figure 3.5b.

The data points can be clustered into groups by choosing the allocation vari-
ables z; (j = 1,...,n) which maximise estimates of either the classification
probabilities (3.6) or the predictive classification probabilities (3.7). The latter
is computationally convenient, as it is equivalent to maximising the estimates of
the scaled predictive component densities which we have already calculated for
Figure 3.5; the resulting clusterings of the data are shown in Figure 3.6. The al-
gorithms differ in their choice of allocation variable z; for only one point, and in
each case the clustering groups the data into only 5 distinct groups — the sixth
component has no data points allocated to it.
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Figure 3.2: Sampled values of mixture proportions, means and log,,(variances) when
fitting £ = 6 normal distributions to the galaxy data, using the Gibbs sampler described

in Section 2.2.
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Figure 3.3: Permuted sample values of mixture proportions, means and log; ,(variances)
when fitting £ = 6 normal distributions to the galaxy data, obtained by applying Al-
gorithm 3.2 to the sample shown in Figure 3.2. The algorithm appears to have been
successful in simultaneously removing the label-switching behaviour from the mixture
proportions, means, and variances. 55
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Figure 3.4: Permuted sample values of mixture proportions, means and log; ,(variances)
when fitting £ = 6 normal distributions to the galaxy data, obtained by applying Al-
gorithm 3.3 to the sample shown in Figure 3.2. The algorithm appears to have been
successful in simultaneously removing the label-switching behaviour from the mixture
proportions, means, and variances.
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Figure 3.5: Estimates of the scaled predictive component densities (3.5) when fitting £ =
6 normal distributions to the galaxy data. In each case the estimates were formed after
having discarded the first m = 10 000 sample points as burn-in.
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Figure 3.6: Clusterings of galaxy data, based on fitting £ = 6 normal components. The
clusterings were obtained by maximising the estimated predictive classification probabil-
ities (3.7), based on the permuted samples obtained from Algorithms 3.2 and 3.3, which
is equivalent to maximising the corresponding scaled predictive component density esti-
mates shown in Figure 3.5b) and c). Note that the clusterings differ in their allocation of
only one data point (z = 21.137), and that in each case the clustering splits the data into
only five distinct groups, as no data points are allocated to the sixth component.
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3.4.2 Fitting k = 3 {, components to the galaxy data.

Although Algorithm 3.2 uses distances defined between scaled normal com-
ponent densities, we hoped that it could be successfully applied in the context of
using a Gibbs sampler to fit a mixture of ¢ distributions to data, by applying the al-
gorithm to the sampled values of the parameters (7, g, o?) treating them exactly
as if they were the results of a Gibbs sampler for fitting a mixture of normal distri-
butions. Having found the optimal permutations, inference is then performed by
reverting to treating the parameters as the parameters of ¢ distributions. For exam-
ple, estimates of the scaled predictive component densities are made by replacing
the normal densities in equation (3.5) with ¢ densities.

We used both Algorithms 3.2 and 3.3 to post-process the results from the
Gibbs sampler described in Section 2.3 to fit a mixture of & = 3 ¢, components to
the galaxy data. The first m = 10000 sample points were discarded as burn-in,
and the algorithms were applied to the remaining 10 000 sample points, using the
raw output of the Gibbs sampler as a starting point.

The sampled values of the means for the three components, from the raw out-
put of the Gibbs sampler, and the permuted samples obtained from the two algo-
rithms are shown in Figure 3.7. It seems that both algorithms have succeeded in
“undoing” the label-switching which occurred between the first and second com-
ponent around iterations 16 000 and 17 000 in the raw output of the Gibbs sampler.
However, the algorithms differ in their treatment of the “genuine” multimodality
in the posterior distribution of the means, which is exemplified by the change in
the means of the first two components of the raw output of the Gibbs sampler,
from means near 20 and 23 to means near 34 and 21, for about 300 iterations
around iteration 14 000 (Figure 3.7a).

Algorithm 3.2 “shares” the sampled values of the mean near 34 between the
first two components, whilst Algorithm 3.3 puts them all in the first component.
We believe that this difference is not due to the particular starting point chosen; nor
is it an artifact of Algorithm 3.2 having been developed in the context of mixtures
of normal distributions and then applied to ¢ distributions. Rather it is due to the
fact that Algorithm 3.2 works directly with the shapes of the components, which
it assumes to be of a given (unimodal) form, causing it to be less sensitive to,
or less permissive of, multimodality in the scaled predictive component densities.
In contrast, Algorithm 3.3 does not make any assumptions about the shapes of
the components, and the permuted sample it produces gives a clearer picture of
the two “genuine” modes in the distribution, effectively by “undoing” the label-
switching separately for each “genuine” mode. Algorithm 3.2 would presumably
behave in this way if it were applied separately to the sample points lying in the
two distinct modes.

We do not believe that it makes any sense to perform clustering, or inference
for the individual components of the mixture, by averaging over such different
modes which clearly represent quite different views of the data. We suggest that
for the purposes of clustering the two modes should be considered separately,
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though it seems that such a division will be somewhat arbitrary, and there may be
points which might be said to lie in either (or neither) mode. Notwithstanding this
reservation, we divided the sample by eye, based on the means of the permuted
sample produced by Algorithm 3.3 (Figure 3.7¢c), into a minor mode which con-
sisted of 326 sample points (13 786—14 111), and a major mode which consisted
of the remaining 9674 sample points. Estimates of the scaled predictive com-
ponent densities and corresponding clusterings of the points into & = 3 groups,
based on the permuted sample obtained from Algorithm 3.3, are shown in Figure
3.8 (for the major mode) and Figure 3.9 (for the minor mode). The probabilities
of these two different views can be estimated by the proportion of sample points
which lie in each mode, giving 0.0326 for the minor mode, and 0.9674 for the ma-
jor mode. However, the poor mixing of the sampler between the major and minor
modes means that longer runs (or more runs from different starting points) would
be required in order to obtain accurate estimates for these quantities. In the next
chapter we will see how the mixing of the sampler can be improved by allowing
the number of components k to vary (Section 4.4.1).

Considering the major mode and minor mode separately raises the question
of the validity of the clustering inference we performed in the previous section
when fitting £ = 6 normal components to the galaxy data, since the bumpy nature
of the estimates of the scaled predictive component densities (on the right-hand
side of Figures 3.5b and 3.5c¢) indicates the presence of “genuine” multimodality
in the posterior distribution of the parameters. How different do modes have to
be before they should be considered separately? We currently have no answer to
this question, beyond the application of intuition. A more formal method might
be obtained by developing Algorithms 3.2 or 3.3 to cluster together those sample
points which correspond to the same mode of the posterior distribution of the
parameters and therefore give a consistent view of the data.
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(c) Permuted sample from Algorithm 3.3

Figure 3.7: Sampled values of means of the three components when fitting £ = 3 ¢4
distributions to the galaxy data. Figures b) and c) show the means for the permuted sample
obtained by applying Algorithms 3.2 and 3.3 respectively to post-process the raw output
of the Gibbs sampler described in Section 2.3.
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Figure 3.8: Estimates of the scaled predictive component densities and corresponding
clustering of data when fitting & = 3 ¢4 distributions to the galaxy data, based on the
major mode. The sample points corresponding to the major mode were picked out by eye
from the graphs of the means of the sample permuted using Algorithm 3.3 (Figure 3.7¢).
These sample points were used to form estimates of the scaled predictive component
densities using equation (3.5), replacing the normal densities in (3.5) with ¢4 densities.
The clustering was obtained by choosing allocation variables to maximise the estimated
scaled predictive component densities shown in a), which is equivalent to maximising the
predictive class probabilities (3.7).
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Figure 3.9: Estimates of the scaled predictive component densities and corresponding
clustering of data when fitting & = 3 ¢4 distributions to the galaxy data, based on the
minor mode. The sample points corresponding to the minor mode were picked out by eye
from the graphs of the means of the sample permuted using Algorithm 3.3 (Figure 3.7¢).
These sample points were used to form estimates of the scaled predictive component
densities using equation (3.5), replacing the normal densities in (3.5) with ¢4 densities.
The clustering was obtained by choosing allocation variables to maximise the estimated
scaled predictive component densities shown in a), which is equivalent to maximising the
predictive class probabilities (3.7).
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3.4.3 The Iris Virginica data.

As an example of a clustering problem in two dimensions, we consider the
famous Iris data, collected by Anderson (1935) which consists of four measure-
ments (petal and sepal length and width) for 50 specimens of each of three species
(setosa, versicolor, and virginica) of iris, giving 150 specimens in all.

Wilson (1982) suggests that the virginica and versicolor species may each be
split into subspecies, though analysis by McLachlan (1992) using maximum like-
lihood methods suggests that this is not justified by the data. In the next chapter
(Section 4.7) we investigate in a Bayesian context whether data for the virginica
species is suitably modelled by a single normal distribution, or whether a mixture
of two or more normal components is justified. In this chapter we concentrate
on using Bayesian methods to produce a clustering of the data for the virginica
species into two groups, by fitting a mixture of £ = 2 normal distributions to the
data. In order to reduce the data to two dimensions we consider only the measure-
ments of sepal length and petal length for the 50 examples of this species, which
are given in the appendix to this thesis (Section A.3). A scatter plot of the data
is given in Figure 3.10 where the observations are numbered 1 to 50 in order of
their listing in Table 1.1 in Andrews and Herzberg (1985), which is the numbering
used by McLachlan (1992) and also the numbering used in the data supplied with
S-PLUS.

We used the Gibbs sampler, as described in Section 2.4, to fit a mixture of
two bivariate normal distributions to this data, with the priors as in Section 2.4.1.
The sampler was run for 20 000 iterations, starting from a random starting point,
and appeared to mix well. The first 10 000 sample points were discarded as burn-
in. Label-switching was present in the raw output of the Gibbs sample, and so
we tried applying both Algorithm 3.2 and Algorithm 3.3 to the sample. Both
algorithms appeared to be successful in “undoing” the label-switching; see for
example Figure 3.11. Although the optimal permutations found by the two algo-
rithms were different (of the 10 000 permutations, about 500 were different), all
plots made based on the results of the two algorithms were indistinguishable by
eye (results not shown).

Estimates of the scaled predictive component densities based on the raw out-
put of the Gibbs sampler, and the permuted sample obtained from Algorithm 3.3,
are shown in Figure 3.12. The corresponding estimates based on the permuted
sample obtained from Algorithm 3.2 were indistinguishable by eye from the re-
sults for Algorithm 3.3. The label-switching in the raw output of the Gibbs sam-
pler mixes together the two components to create two very similar estimates of the
scaled predictive component densities, which are not suitable for performing clus-
tering of the data. In contrast, the scaled predictive component density estimates
based on the permuted sample separate the two components, and allow sensible
clustering to be performed. The clustering obtained by choosing the allocation
variables to maximise the estimated scaled predictive component densities ob-
tained using Algorithm 3.3 (Figure 3.12b) puts the eight observations numbered
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Figure 3.10: Scatter plot of petal length against sepal length for the Iris Virginica data.
The numbering of the observations is in order of their listing in Table 1.1 in Andrews
and Herzberg (1985), which is the numbering used by McLachlan (1992) and also the
numbering used in the data supplied with S-PLUS. The superposed observations near the
top-right of the figure are numbers 18 and 23.

6,8,18,19,23,31,32 and 36 in one cluster, and the remaining observations in the
other cluster (note that observations 18 and 23 are superposed in Figure 3.10).
An identical clustering is obtained for the results of Algorithm 3.2. McLachlan
(1992) obtains a clustering by fitting a mixture of two normal components to the
full four-dimensional data (rather than the two dimensions we consider here) us-
ing maximum likelihood methods. The smaller of his clusters contains only five
observations: 6,18,19,23 and 31.
Further illustration of Algorithms 3.2 and 3.3 may be found in Chapter 4.

3.5 Discussion

Some readers may be concerned that we are deviating somewhat from a princi-
pled Bayesian approach to the problem by post-processing the results in this way.
Since relabelling the sample is equivalent to imposing an identifiability constraint
on the parameter space it is effectively making a quite substantial change to the
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(c) Permuted sample, obtained by applying Algorithm 3.3 to the output of the Gibbs sampler.

Figure 3.11: Sampled value of the sepal length (x-coordinate of the means) for the two
components, obtained when using the Gibbs sampler to fit a mixture of £ = 2 normal dis-
tributions to the Iris Virginica data. In each case the first m = 10 000 sample points have
been discarded as burn-in. Note that the label-switching which clearly occurs between the
two components in the raw output of the Gibbs sampler is successfully “undone” by both
Algorithms. There are small differences in the graphs b) and c) which cannot be seen by
eye on this scale.
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(b) Based on the permuted sample obtained by applying Algorithm 3.3 to the output of the
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Figure 3.12: Estimates of the scaled predictive component densities when fitting 2 normal
distributions to the Iris Virginica data, based on both the raw output of the Gibbs sampler,
and the permuted sample obtained using Algorithm 3.3. Dark areas correspond to areas
of higher density, but the figures are not all shaded on the same scale, and in particular
the contour lines show that the component on the left of b) has smaller weight than the
component on the right. The presence of label-switching in the Gibbs sampler output
leads to very similar estimates of the scaled predictive density for the two components in
a). Permuting the sample using Algorithm 3.3 succeeds in “undoing” the label-switching
and in doing so produces density estimates for the components which are suitable for
clustering inference.
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prior based on examination of the data, in an apparently unprincipled way. We
now present two possible views on the validity of the approach.

3.5.1 The Revisionist Bayesian view

Firstly, we can view the results of different ways of choosing the labelling
as the results based on different priors. Suppose we show the results of several
different labellings to an expert in the field, who picks out one of the labellings
and is able to offer a physical interpretation of the results. In some cases such a
physical interpretation may be expressible in terms of a simple constraint such as
p1 < -+ < pyg, for example if the results prompted the expert to realise that the
sample contained data from a number of different year-groups where the mean
for each group might be expected to increase with age. However, one might hope
(perhaps optimistically) that such a constraint would have been known and men-
tioned by the expert before the original analysis, and so we anticipate that our
method would more often reveal interpretations which cannot be summarised by
such a simple constraint. In either case, we can consider the imposition of the
constraint as a refinement of the prior prompted by forcing the expert to examine
his expert knowledge (in other words, his prior belief) more closely in the area of
parameter space which is consistent with the data.

We suspect that some readers will be unhappy with this view, and will prefer
to take the Mode-hunter view outlined below. However, there are some fairly
natural questions which we feel can only be answered if we are prepared to take
the Revisionist view. For example, looking at the component density estimates in
Figure 3.5 it seems reasonable to ask the question “What is the probability that
a given observation x arose from the component centred near 10 (bottom-middle
in the Figure).” This can only be answered if we are prepared to accept that the
permutations we have applied (and the components we have thus identified) have
some genuine legitimacy in themselves.

3.5.2 The Mode-hunter view

Alternatively, we can view the relabelling methods as a way of searching for
modes in the posterior distribution of quantities of interest. For example, Algo-
rithm 3.2 can be see as a way of searching for modes in the posterior distribution
of the scaled component densities

(WlN(x;/,Ll,Zl),...,WkN(x;/,Lk,Zk)>. (3.23)

This distribution will be invariant under permutations of the component labels in
the same way as the posterior distribution of the parameters, and will therefore
possess up to k! symmetrically equivalent sets of “genuine” modes. The posterior
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mean of this distribution, which is estimated from the Gibbs sampler by

< Zwl :1; Ml , 2 ,. Zwk :1; Mk ,Z(t)>> (3.24)

may therefore be a poor summary of the full joint distribution, as Figure 2.10
demonstrates. Relabelling the output of the Gibbs sampler can be seen as a method
of ensuring that we obtain representatives of only one of the k! symmetrically
equivalent sets of “genuine” modes, thus ensuring that the mean is a better ap-
proximation of one of the symmetrically equivalent modes. Figure 3.5 may be
viewed then as an estimate of the mean of the distribution taken over only one
set of “genuine” modes. Any “genuine” multimodality may of course still cause
problems when approximating the mode by a mean, as evidenced by the rather
bumpy nature of the component in the bottom right corner of the Figure.

Similarly, Algorithm 3.3 may be regarded as a way of searching for modes
in the posterior distribution of the classification probabilities. Thus although the
Mode-hunter view does not allow us to answer questions such as “What is the
probability that a given observation = arose from the component centred near 10”
(or perhaps more accurately, the meaning of such a question is not clear), it does
allow us to view classification probabilities based on the relabelled sample as an
estimate of the mode of the joint distribution of the classification probabilities.

Having drawn a distinction between the two views, we remark that in ei-
ther case we wish to permute the sample so that the permuted sample points
v (0M), ... vk (™)) “agree” with each other in a suitably chosen way. The Revi-
sionist because it makes for more interpretable results; the Mode-hunter because
it gives a convenient approximation to the mode. We feel that a more model-based
method, such as Algorithm 3.2, seems preferable if we wish to take the Revisionist
view and seek more interpretable results. However, Algorithm 3.3 appears to pro-
vide results which are more helpful to a user attempting to separate “genuinely”
different modes in the posterior distribution of the parameters; a process which we
feel is important for the meaningful application of Bayesian methods to clustering
using mixture models. While both algorithms require care in their application and
the interpretation of their results, and neither provides a completely automatic so-
lution to the problems of multimodality encountered in mixture models, we feel
that both algorithms provide useful tools for anyone contemplating a Bayesian
approach to clustering with mixture models.

3.6 A connection with approximating posterior distributions

In conclusion, we now take a brief look at the connection between the label-
switching problem and the problem of analytically approximating the full poste-
rior distribution of the parameters. This was the context in which the problems
of symmetry first came to my attention, and led to the attempt at a solution to the
problem of label-switching described in Stephens (1996, 1997).
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Suppose we attempt to summarise the information contained in the posterior
distribution of the parameters by fitting a density from some parametric family
to the parameter values 01", ..., #N) obtained from the Gibbs sampler. The fact
that the joint distribution of the parameters is invariant under permutations of the
component labels suggests fitting a density of the form

53 0z a) (3:29)

VESy

where ¢(+; @) is some family of densities parameterised by «, and S} is the set of
all permutations of {1, ..., k}. If we rewrite this density as

1
EDSrACH 320

then we see it is a mixture of ! equally weighted components, in which the per-
mutations correspond to the allocation variables (2" in our usual formulation of
the mixture model).

If we treat (V) ..., #N) as independent observations from the density (3.25),
and we treat vy, ...,y as parameters to be estimated, then each step of the fol-
lowing algorithm increases the joint likelihood

N
L(vy,...,vNya) = Hg(l/t(e(t));a). (3.27)

t=1
Algorithm 3.4. Starting with some initial values for v, ..., vy (setting them all

to the identity permutation for example), iterate the following steps until a fixed
point is reached:

Step 1: Choose a to maximise
N

[To(mi(6):a).

t=1

Step 2: Fort =1,..., N choose v; to maximise
g(’/t(‘g(t)) ;a).

This algorithm has obvious parallels with Algorithm 3.2, and is guaranteed
to converge for the same reasons. The implementation of Step 1 will depend on
the choice of ¢, and Step 2 is once again solved by treating it as a version of the
transportation problem.

We note that when viewed as a method of estimating « this algorithm is the
“clustering” approach to parameter estimation for mixture models, in which the
allocation variables (in this case, the permutations) of the mixture are treated as
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parameters to be estimated, and we search for a joint maximum likelihood es-
timate of the parameters and allocation variables. This approach is difficult to
justify theoretically, as in general the estimates for ¢ will be inconsistent and tend
to underestimate the variance of the components (Marriott, 1975). This tendency
may be exacerbated by the fact that 81, .. .. #®") are not actually independent ob-
servations. However, it has the advantage of leading to a computationally tractable
algorithm for suitable choice of g. With N observations (/V possibly very large)
from k! components, more theoretically sound algorithms for estimating «, such
as EM-type algorithms or Bayesian methods, are computationally daunting for
moderate values of k (greater than 5 say).

In our initial work on the label-switching problem (Stephens, 1996, 1997) we
considered an algorithm of the same form as Algorithm 3.4 with our choice of ¢
being

k
9(0;a) = D(m;ar) [ [V (s a, as)T (07 % a4, a5).
=1

Parts of the maximisation in Step 1 of Algorithm 3.4 must then be done numer-
ically, leading to an algorithm which is computationally more expensive than
Algorithm 3.2. For this reason, and also the fact that we believe inference for
the component densities to be of more interest than inference for the parameters
themselves, we have abandoned this algorithm in our current implementation. For
suitable choice of ¢g though this may provide a computationally attractive method
of “undoing” label-switching in some cases, and certainly provides a useful tool
when seeking an analytic approximation of the form (3.25) to the posterior distri-
bution of the parameters.

3.7 Appendix
Proposition 3.3. Let

k

D[ 6@] =3 ARON ™ S 2PN P 8] (328)

where
ANt SO [P N (5 23] =
(1) (1)
W, Wy LT
m; ' log sz) + (1l —m )log1 7r2(2)
(1) 1) vy, Nap s
+ /N(l’;/,bi , ) log L dz. (3.29)

Recall Algorithm 3.1 which consists of 2 steps:
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Step 1: Choose 0 to minimise

> D[ (0] 4.

t=1

Step 2: Fort =1,..., N choose v; to minimise
D)]10] = ZA N (3 iy Sitip) 1N (3 7, £4)]

With A[-|| -] as given by equation (3.29) these steps are equivalent to

Step 1: Let 0 be given by:

fori=1,... k.
Step 2: Fort =1,..., N choose v; to minimise
k
Sl bog [Sil+ a0 (S0 (80 + (e = ) (e~ 7))
=1

— Wl(/i)(i) log@; — (1 — ! )( )) log(1 —7; )}

and so Algorithm 3.1 translates to Algorithm 3.2.

Proof. The translation of Step 1 is given by Proposition 3.6 below. The translation
of Step 2 follows from Lemma 3.5 below. U

Lemma 3.5 and Proposition 3.6 follow Lemma 3.4, which they will require.

Lemma 3.4. The value of the integral

l:= /N(:L', iy 20) 10g<./\/(:1;; (i ZJ) dx
Is
—log 278 — e[S (8 + (u — )t — ) T)]
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Proof.

I= /N(x;/u,Ez)log(N(x;m,Ei)) di

= E{—% log [27 3| — Jur[X7 (Xy — ) (Xp — i) '] }

where X

—2log 27| —

~ N(/M,Z[)

-E{tr[ (X m)(&—mfﬂm—m)(m—/u)T)]}

1
2
= —Llog |27%;| — Lur[E7 (D + (/M pi) (e — i) )]

Lemma 3.5.

Dlv(

0) 0] = Z{ olog 4+ (1 =m0 log(1 — ) — )2 log |5

where C' is a function which does not depend on the permutation v or on =

(7.1, 5).

Proof.

LHS = D[v(0)]| ]

=Y AN G Son) | RN (57 S0)]

+ o) / N (@5 iy, Zoiy) log N (w;uuu)aZu(i))dl‘}
_Z{ 10g7‘(‘Z (1 —Wy(i))log (1 —5‘('\2)
o) /N(x;ﬂu(i)vzu(i))log N(x;ﬁuii)dw}
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= Z{mlog T+ (1 —m;)log (1 — ;)

T / N (s i, X)) log N (s s, X5 d:z;}
— Z{ g log 7 + (1 — m,0)) log (1 — =)
— moi {5 log 12X 4 S (X7 (S + (o) — 1) (o) — 70) )] }}

[By Lemma 3.4]
o Z{ olog 4+ (1 =m0 log(1 — 7) — 7,02 log S|

e[S (S + G = ) gy — )7)] |

Proposition 3.6. The minimum over § = (7, i, EA]) of

D= ZDW ) 16)

is achieved at

Proof. By Lemma 3.5 we can split the problem up into:

P1: Choose 7; ( = 1, ..., k) to maximise Z{ 1og 7r2-|-<1 (7;‘), ) 1og(1—%)}

=1

and

P2: Choose ji; and i (1 =1,...,k) to minimise
N
Z{WS)(Z)% log [X;] + wi’i)(i)%tr[Z;I <Zfzi)(i) + (/“Lf/i)(i) - ﬁi)(ﬂ(yi)(i) —fi)")] }

t=1



Dividing P1 through by N we obtain

(t)
T I
Choose 7; to maximise % log 7; + (1 — M) log(1 — ;)

for which the solution is well known to be

t
_ Dot 7Tz(/t)(z’)
—

Ty

P2 can be solved for ji; by differentiating, and setting the derivative to zero,
which gives

~ (1) (1)
P = Z ()P i) / Z (i)
t t

Eaton and Olkin (1987, page 1642) show that for positive definite symmetric ma-
trices A and B, the minimum of

tr(AB) — log | B|
is achieved at B = A™', or equivalently, the minimum of
tr(B~'A) + log | B|

is at B = A. From this we deduce

S (1) (v () o~ (s ()
X = Z Toetiy (Zuety F gy = Bty = 10)") / Z Toeli)’
1 1
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Chapter 4

Bayesian analysis of mixtures with
an unknown number of
components

We now consider the case where we wish to model data =" = (xq,...,2,) as
independent observations from a mixture with an unknown number of components
k, with density

p(l‘ | kvﬂ-v(ﬁ?n) = 7Tlf(51?3¢1777) + 1t ka(l’,ébkan) (41)

where the mixture proportions 7, . . ., T are constrained to be non-negative and
sum to unity, ¢, . .., ¢ are vectors of component-specific parameters, and 7 is a
vector of parameters common to all components. If the components of the mixture
have a physical interpretation then inference for £ may be one of the main aims
of our analysis. Alternatively, if the components of the mixture have no obvious
physical interpretation and the mixture model is being used as a convenient repre-
sentation of an unknown density, then the choice of k& will affect the flexibility of
the model. Density estimates based on small values of £ will tend to be smoother
than those based on larger £ — compare for example the density estimates for the
galaxy data shown in Figure 2.2 based on £ = 3 and & = 6. Procedures which
allow £ to vary may therefore be of interest whether or not the components have
a physical interpretation.

A classical approach to this problem is to perform an analysis of the data using
a range of different values of %, and then attempt to select &£ using some model-
choice criterion such as Akaike’s AIC (Akaike, 1973), or by hypothesis testing.
However, the absence of a single dominating local maximum in the likelihood (see
Section 1.1.3) means that the theory underlying AIC does not apply in the mixture
model context. Hypothesis testing is also not straightforward in this context, as
the theory used to construct the null distribution of the likelihood ratio statistic
does not hold (see for example McLachlan and Basford, 1988, pages 21-29). Fur-
thermore, these methods restrict us to choosing a particular value for %, and do not

76



provide us with a coherent method of combining our results for different values
of k; something we may wish to do in the context of predictive density estimation
for example.

In the Bayesian paradigm, inference is based on the posterior distribution of
the parameters p(f | ™) where § = (k, 7, ¢, n). Inference for £ is then based on
the marginal posterior distribution

Pr(k=i|a") i=1,2,3,.... (4.2)

Models £ = 1 and £ = [ may be compared via the ratio of their posterior proba-
bilities

Pr(k=id|2") pla”™ |k =1)Pr(k =1)
Pr(k =1]2") pla®|k=1)Pr(k=1)
o, Pr(k=4)
= BZliPr(k =) (4.3)
where
pla" [k =1

B = 4.4
e R =) @4

is known as the Bayes factor for comparing £ = ¢ with & = [. The Bayes factor
does not depend on the prior distribution of %, and as a result researchers often
report Bayes factors rather than posterior probabilities.

Work on this problem has been fairly recent. Escobar and West (1995) con-
sider an approach which assumes a prior structure based on the Dirichlet process,
which (according to West, 1997) is

“more geared towards density estimation than deconvolution or
parameter estimation; here the number of components is treated sim-
ply as a nuisance parameter to be averaged away.”

Other approaches include Chib (1995), Carlin and Chib (1995) and Phillips and
Smith (1996).

More recently Richardson and Green (1997) consider the problem in the con-
text of mixture of univariate normal distributions with parameters § = (k, 7, ., 0'?),
though the methods they develop are more generally applicable. Assuming a suit-
able prior distribution of the form

p(0) = p(k)p(m, p, 0% [ k) (4.5)

they describe a method of constructing an irreducible Markov chain with p(6 | 2™)
as its stationary distribution using “reversible jump” Markov Chain Monte Carlo
methods (Green, 1994, 1995). If 0(1), .. ,H(N ) is the realisation of such a chain
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then (by Theorem 2.1, Section 2.1) we may estimate quantities of interest by an
appropriate sample path average. For example,

Pr(k =i|") = B(I(k = i)|2")

= —#{t: kD =i} (4.6)

and the predictive density for a future observation may be estimated by averaging
over different values of £:

planss |27 = [ plonsa |00(0] ") do

N
1
~ > p(wngr [09), 4.7)
t=1

This approach has a number of advantages over considering models for different
fixed values of k separately. In particular it can lead to improved mixing over
the mixture model parameters (we see an example of this in Section 4.4.1), and
it removes the need to calculate the marginal densities p(z" | k) (which is not
altogether straightforward) when finding the posterior distribution for £.

In this chapter we present an alternative method of constructing a Markov
chain with p(# |2") as its stationary distribution. The method is based on the
construction of a continuous time Markov birth-death process (as described by
Preston, 1976) with the appropriate stationary distribution, extending work by
Ripley (1977) who first applied this idea to the simulation of point processes. The
method we present appears to be computationally slightly more expensive that that
of Richardson and Green (1997) in the context of mixtures of univariate normal
distributions, though direct comparisons are difficult and the efficiency of both
methods may be improved by future modification. Both methods certainly give
computationally tractable solutions to the problem, with rough results available in
a matter of minutes. However, the mathematics required to perform our algorithm
is much simpler, particularly in the case of bivariate data; work is still in progress
on extending the method of Richardson and Green to this case (Posse, 1997).
Our method is illustrated by fitting mixtures of normal (and ?) distributions to
univariate and bivariate data in Sections 4.4—4.9.

4.1 Construction of the birth-death process

Consider the model (4.1) with parameters (k, 7, ¢,n). We will assume that
given hyperparameters w, and common component parameters 7, the prior distri-
bution of (k, 7, @) is of the form

plh,m,@lw,n) = plk|w,n)p(m,¢|k,w,n) (4.8)
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where p(7, @ | k,w,n) is a distribution in which 7 and ¢4, . . . , ¢;, are independent
with

| k,w,n~D,...,1) (4.9)
and ¢y, ..., ¢; independently distributed on a space ¢ according to density
p(-[w,m). (4.10)

We will further assume that p(- |w, ) is a density we can simulate from. In this
section we will treat w and 7 as fixed, and describe the construction of an irre-
ducible Markov chain with stationary distribution p(k, 7, ¢ | ™, w, ). In Section
4.2 we will describe how this can be combined with Gibbs sampling steps to cre-
ate an irreducible Markov chain with stationary distribution p(k, 7, ¢, w,n | 2").
Quantities of interest may then be estimated by forming sample path averages (by
Theorem 2.1).

4.1.1 The connection with point processes

We note that the prior distribution of (7, ¢») defined above does not depend on
the labelling of the components, in that

p((ﬂ-lv SR 77Tk)7 (le, .. 7¢k) | k7w777> = p((ﬂ-u(l)v .- '77T1/(k))7 (qbu(l)v SR 7¢u(k)) | k7w777>

for all permutations v of 1, ..., k. Since the likelihood

n

L(kvﬂ-v(ﬁvn) = p(xn | kvﬂ-v(ab?n) = H[Wlf(l'ﬁﬁblan) +o ﬂ-kf(x]?qbkvn)]

J=1

is also invariant under permutations of the components labels, the posterior distri-
bution

plk,m, @ 2" w,n) o< Lk, m,¢,n)plk,m, ¢ |w,n) 4.11)

will be similarly invariant. If we ignore the labelling of the components, we can
consider any set of & parameter values {(m, D1)y ey (Th, qbk)} as a set of & points
in [0, 1] x ®, with the constraint that 71 + - - - + 7 = 1. The posterior distribution
p(k, 7, ¢ | 2™) can thus be seen as a (suitably constrained) distribution of points
in [0,1] x @, or in other words a point process on [0, 1] x ®. (Alternatively the
posterior distribution can be seen as a distribution of points in ¢, with each point
¢; having an associated mark 7; € [0, 1], with the marks being constrained to sum
to unity. This is known as a marked point process.)

Methods for simulating point processes often rely on the construction of a
continuous time Markov process with appropriate stationary distribution; an idea
which originated with Ripley (1977). A continuous time Markov process is a
sequence of random variables {©(Y} which obeys the Markov property: for any
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fixed ¢, the distribution of {©(0*2) : s > 0} given (") is independent of {O) :
t < to}. {0} is said to have stationary distribution 7 if

00 ~ 7 = 0! ~ 1 forall s > 0.

It is clear that for any fixed time period to, {©(0) @) @B%) 1 is then a
Markov chain in discrete time with stationary distribution 7. We describe the
construction of a continuous time Markov process with stationary distribution
p(k,m, ¢ | 2", w,n), from which we construct a discrete time Markov chain with
the same stationary distribution.

4.1.2 Introduction to general Markov birth-death processes

Preston (1976, Section 5) describes a general Markov birth-death process on
a state space ) = | J, 2 where the (2, are disjoint. Briefly, the idea is that the
process evolves by jumps, of which only a finite number can occur in a finite time.
The jumps are of two types: “births”, which are jumps from a point in €23 to Qx4 1,
and “deaths”, which are jumps from a point in 2 to a point in ;.

When the process is at y € (1, the behaviour of the process is defined by the
birth rate (3(y), the death rate §(y), and the birth and death transition kernels
K/gk)(y; -) and Kék)(y; -) which are probability measures on {14, and Q;_; re-
spectively. Births and deaths occur as independent Poisson processes, with rates
B(y) and 6(y) respectively. The time to the next birth/death event is therefore
exponentially distributed, with mean 1/(3(y) + §(y)), and it will be a birth with
probability

bicy) — W)
Pr(birth) = Bly) +6(y)
and a death with probability
. _ )
Pr{death) = Bly)+d(y)

If a birth occurs then the process jumps to a point in {2, with the probability
that this point is in any particular set /' C ;. ; being given by Kék)(y; F). Ifa
death occurs then the process jumps to a point in {2;_;, with the probability that
this point is in any particular set G C €2,_; being given by Kék)(y; G).

By the memoryless property of the exponential distribution this process has
the Markov property. It is necessary to impose conditions on (3 and 4 to ensure
that the process exists, and has a stationary distribution. Suitable conditions, and
a more formal construction are given by Preston (1976).

4.1.3 Birth-death processes for the components of a mixture model

We will construct a birth-death process on the state space 2 = | -, i, where
), is the parameter space of the mixture model with k£ components, ignoring

80



the labelling of the components. A birth corresponds to increasing the number
of components by one, while a death corresponds to decreasing the number of
components by one. We will use set notation to refer to members of (), writing
y = {(m, A1),y (Thy qbk)} € ), to represent the parameters of the model

plx) = mif(x; di,m) + - + mef (25 0ns 1), (4.12)

and we may write (7;,¢;) € yfori = 1,..., k. (Recall that we are treating 7 as
fixed.)
We restrict births and deaths to be of the following form:

Births: If at time ¢ our process is at y = {(m1,¢1),...,(7r, ¢x)} € € and a
birth is said to occur at (7, ¢) € [0, 1] x @, then the process jumps to

yU(m, @) := {(7‘[‘1(1 — W),qb1>, el <7Tk(1 — W),gbk>, (W,qb)} € Qpaq.
(4.13)

Deaths: If at time ¢ our process is at y = {(m,gbl), e (wk,qbk)} € Q and a
death is said to occur at (7;, ;) € y, then the process jumps to

o) i={ (1) (T 6

1 —m 1 —m’

<§%%@HOV”« T ¢O}€th(4M)

Y
1—7'['2'

These definitions have been chosen to ensure that the constraint wy +-- -+ = 1
remains satisfied after a birth or death.

The following proposition defines a general Markov birth-death process with
stationary distribution p(k, 7, ¢ | ©”,w, n). The definition may look complicated,
but it is very straightforward to create a simple process of this form which is easily
simulated from, as we explain in Section 4.1.4.

Proposition 4.1. Assume that given hyperparameters w, and common component
parameters 1), the prior distribution of (k, w, ¢) is of the form

plk,m @ |w,n) = p(k|wn)p(r,¢|kw,n)

where p(7, ¢ | k,w,n) is a distribution in which 7 and ¢, . . . , ¢y, are independent
with
| k,w,n~D,...,1) (4.15)
and @1, . . . , ¢y, independently distributed on a space ® according to density
(- |w;m) (4.16)

81



which we assume we can simulate from.
Then the general Markov birth-death process with birth rate 3(y), death rate

§(y), and birth and death transition kernels Kék) (y:+) and K" (y; -) which satisfy

B KDy F) = / by (7, 6))k(1 — 7P (6w, ) dr d
(m,¢):yU(m,@)EF A 17)
4.

and
SKP ) = Y d\me)i(re) (@18
(m.)€y:y\(m,@)EF
forsomeb: Qx([0,1] x®) = RT andd : Q x ([0,1] x ®) — RT, has stationary
distribution p(k, ™, ¢ | ", w,n), provided

| p(k+1]w,n)
(k= Dy (7 &) L(yu(m, 6) = =

forally € Qy and (7,¢) € [0,1] x ®, where L(y) is the likelihood of the model
represented by y:

=b(y; (m,0))L(y)  (4.19)

n

L({(m1:61)s - (b)) })= [ [[mif (25 du,m) + -+ + mef (2 wm)].

i=1

Proof. The proof is deferred to the appendix to this chapter (Section 4.11.1). [

4.14 An easily simulated process

Consider the process obtained by setting

B(y) = b(y; (7, ) = A (a constant) (4.20)
in Proposition 4.1. In this process births and deaths occur as follows:

Births: Births occur at a constant rate A,, and when a birth occurs it occurs at a
point (7, ¢) € [0, 1] x ®, chosen according to density

q(7,¢) = k(1 —m)" " p(d | w,n).

Deaths: When the process is at y = {(m, D1)y ooy (Th, qbk)}, each point (7;, ¢;)
dies independently of the others as a Poisson process with rate

d<y\(7T]7 ij) ) (ﬂ-]v qu))v

and so we have

Sy)= Y d(y\(7.0):(m.¢))
(

T,P)EY
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and when a death occurs it occurs at (7, ¢;) € y with probability

d<y\(7T]7 ij) ) (ﬂ-]v qb]))
i(y)

Algorithm 4.1 below simulates this process. We note that the algorithm is very
straightforward to implement, requiring only the ability to simulate from p(- | w, 1),
and to calculate the model likelihood for any given model. The main computa-
tional burden is in calculating the likelihood, and it is important that calculations
of densities are stored and reused where possible.

Algorithm 4.1. Starting with initial model y = {(m, D1)y ooy (Th, qbk)} S
iterate the following steps:

1. Let the birth rate 3(y) = A.

2. Calculate the death rate for each component, given by:

8i(y) = d(y\(mj, &5) ; (5, &5))
L<y\(ﬁjv¢j)> p(k |w777)
Lly)  (k+1)plk+1]w,n)
[from (4.19).]

=\

G=1,....k)

3. Calculate the total death rate 6(y) = >, d;(y).

4. Simulate the time s to the next jump, from an exponential distribution with

mean 1/(6(y) + d(y))-
5. Simulate the type of jump: birth or death with respective probabilities
. By)
Pr(birth) = —————
(birth) Bly) + d(y)
i(y)
Pr(death) = —————.
(death) Bly) +(y)

6. Adjust y to reflect the birth or death:

Birth: Simulate the point (7, ¢) at which a birth takes place by simulating
7 and ¢ independently from densities £(1 — 7)*~! and p(¢ |w,n)
respectively. We note that the former is the Beta distribution with
parameters (1, k), which is easily simulated from by simulating
Yy ~T(1,1) and Y; ~ TI'(k, 1) and setting m = Y3 /(Y; + Y2).

Death: Select a component to die: (7, ¢;) € y being selected with proba-
bility §;(y)/d(y) forj =1,... k.

7. Return to step 1.
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4.2 A Markov chain with stationary distribution p(k, 7, ¢, w, 7 | 2")

Algorithm 4.1 describes the simulation of a continuous time Markov process
with stationary distribution p(k, 7, @ | 2", w,n). If we consider this process only
at fixed time intervals ¢, 2¢o, ... then this defines a discrete time Markov chain
with stationary distribution p(k, 7w, ¢ | 2™,w,n). By considering the parameter
vector augmented by the allocation variables, § = (k, 7, ¢, w,n, z") and combin-
ing Algorithm 4.1 with steps of the Gibbs sampler we can simulate from a Markov
chain with stationary distribution p(# | ™), as described in Algorithm 4.2 below.
This Markov chain will be irreducible (and so satisfy the conditions of Theorem
2.1) provided the full conditional posterior distributions for each parameter give
support to the full parameter space, as will often be the case.

Algorithm 4.2. Given the state O = () at time ¢, simulate a value for 9(+1) =
At+1) ag follows:

Step 1: Sample (k(t)', w®' qb(t)/) by running the birth-death process for a fixed
time 1o, starting from (), 7r(), () and fixing (w,7) to be (w(®, n®).

Step 2: Set k(D) = )

!

Step 3: Sample (z")(+) from p(z" | KD 70 0 (0 O zn).

Step 4: Perform Gibbs sampling steps to obtain (*+") and w(*+1).
Step 5: Perform Gibbs sampling steps to obtain 7w ("*1) and ¢ +1).

Proposition 4.2. Algorithm 4.2 defines a Markov chain with stationary distri-
bution p(k, 7, ¢,w,n,z" | x"), which will be irreducible provided the full con-
ditional posterior distributions for each parameter give support to all parts of the
parameter space.

Proof. Suppose 0(*) ~ p(6 | z™). We wish to show that #(+!) ~ p(f | 2") and so
this is the stationary distribution of the Markov chain. We note that

p(0]2") = plw,n|=")p(k, 7, @ [w,n,2")p(" [k, 7, @,w,m,2").  (421)
Step 1 has stationary distribution p(k, 7, ¢ | 7, w®, ™) and so after Step 1
(k(t)’7ﬂ-(t)’7¢(t)'777(t)7w(t)) ~ plk,m, d,w,n|a").
Then after Step 3,
(;€(7f+1)7 70 W n®, w®, (Zn)(t+1)) ~ plk, 7, ¢y w,m, 2| 2,

and the result follows as in the proof of Proposition 2.2 (page 19). We note that
Step 5 could be replaced by setting () = 7" and ¢ = ¢’ without
affecting the irreducibility or stationary distribution of the chain. However, the
mixing of the chain will generally be improved by the Gibbs sampling step. [
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4.3 Examples: prior distributions and values for (), ;)

Our examples (Sections 4.4 to 4.9) demonstrate the use of Algorithm 4.2 to
perform inference in the context of both univariate and bivariate data =™ which are
assumed to be independent observations from a mixture of an unknown (finite)
number of normal distributions. In the case of univariate data we also consider
modelling the data as arising from a mixture of an unknown (finite) number of ¢
distributions (with fixed degrees of freedom).

4.3.1 Prior distributions
We assume a truncated Poisson prior on the number of components k:

)\k
p(k) il kE=1,... kna = 100 (4.22)
where ) is a constant; we will perform analyses with several different values of A.
Conditional on k£ we use the following priors for the model parameters:

1. The fixed-« prior, which is the name we give to the hierarchical prior de-
scribed in Chapter 2 (Section 2.4, page 2.4), which was also used by Richard-
son and Green (1997). In the notation of the previous section we have

i = (i, %) (4.23)
n unused (4.24)
w=7 (4.25)
plo|w,n) = plp, X[ B) (4.26)
with
i~ N6 R (=1, k) (4.27)
BB AW (20,(20)7) (i=1,...,k) (4.28)
B~ W(2g,(2h)7") (4.29)

with the constants given by equations (2.39)—(2.43) on page 37. The full
conditional posterior distributions required for the Gibbs sampling steps in
Algorithm 4.2 are then as given in equations (2.46) to (2.49). The Gibbs
sampling updates were performed in the order (3, 7, pt, X2).

2. The variable-« prior, in which ¢ and « are also treated as hyperparameters
(so w = (4, )) on which we place “vague” priors. This is an attempt
to represent the belief that the means will be close together when viewed
on some scale, without being informative about their actual location. We
chose to place an improper uniform prior distribution on £, and a “vague”
W,(I,(II,)~') distribution on x where I, is the r x r identity matrix. In
order to ensure the posterior distribution for « is proper, this distribution is
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required to be proper, and so we require [ > r—1. Weused [ = r—1+40.001
as our default value for /.

The full conditional posteriors used by the Gibbs sampling steps of Algo-
rithm 4.2 are then as for the fixed-« prior, with the addition of:

E e~ N, (ki)™ (4.30)
K|~ Wkl b+ 1, (U + SS)™Y) (4.31)

where i = >, pi/k and SS = 3" .(p; — £)*. The Gibbs sampling updates
were performed in the order (3, k, &, 7, p, 2).

These priors were chosen for their computational convenience. We will see
that inference for £ can be highly sensitive to the priors used, and warn against
considering these priors as “non-informative” or “weakly” informative. Further
discussion is deferred to Section 4.10, after we have examined some examples of
the use of these priors.

432 Values for (1, ),)

Algorithm 4.1 requires the specification of a birth-rate A;, and Algorithm 4.2
requires the specification of a (virtual) time ¢, for which the birth-death process is
run. Doubling A, is mathematically equivalent to doubling ¢,, and so we are free
to fix to = 1, and specify a value for ;. Larger values of A, will result in better
mixing over & at the cost of more computation time per iteration of Algorithm
4.2. We found that setting A\, = X (the parameter of the Poisson prior in (4.22))
generally gave reasonable performance in the examples we considered.

4.4 Example 1: Galaxy data

As our first example of the use of Algorithm 4.2, we use it to fit the following
mixture models to the galaxy data:

a) A mixture of an unknown number of normal distributions using the fixed-«
prior described in Section 4.3.1.

b) A mixture of an unknown number of normal distributions using the variable-x
prior described in Section 4.3.1.

¢) A mixture of an unknown number of ¢ distributions on 4 degrees of freedom,
with the fixed-« prior.

RT3

We will refer to these three models as “Normal, fixed-x""; “Normal, variable-x”";
and “t4, fixed-x” respectively.

For each of the three models a)-c) above we performed the analysis with four
different values of the parameter A (the parameter of the truncated Poisson prior
on k): 1,3,6 and 25. The choice of A = 25 was considered in order to give some
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6 5000 10000 15000 20000 0 5000 10000 15000 20000 0 5000 10000 15000 20000
Fitting normals, fixed kappa Fitting normals, variable kappa Fitting ts with 4 degrees of freedom, fixed kappa

log_10(likelihood)
-80 -75 -70 -65 -60 -55 -50

log_10(likelihood)
-80 -75 -70 -65 -60 -55 -50

log_10(likelihood)
-80 -75 -70 -65 -60 -55 -50

Figure 4.1: log,(likelihood) of the parameter values sampled using Algorithm 4.2 to fit
the three different models a)-c) to the galaxy data using A = 3. Left: Normals, fixed-
r; Middle: Normals, variable-~; Right: ¢4s, fixed-x. In each case the sampler moves
quickly to an area of higher likelihood and does not appear to get stuck in areas of low or
high likelihood.

idea of how the method would behave as A was allowed to get very large. None
of the runs reached the upper limit of k,,,, = 100, and so the results were not
materially affected by the truncation of the prior on £ at this limit.

4.4.1 Starting points, computational expense, and mixing behaviour

Each run consisted of 20000 iterations of Algorithm 4.2, with the starting
point being chosen by setting & = 1, setting (¢, x) to the values chosen for the
fixed-« prior, and sampling the other parameters from their joint prior distribution.
Figure 4.1 shows graphs of the log,,(likelihood) for the runs of the sampler with
A = 3. We see that the sampler moves quickly from the low likelihood of the
starting point to an area of parameter space with higher likelihood, and there is no
evidence that the sampler gets stuck for prolonged periods in “trapping states”.

The runs for A = 3 for the three models a)-c) took 239 seconds, 230 seconds
and 267 seconds' respectively, which corresponds to about 80 iterations per sec-
ond. Roughly the same amount of time was spent performing the Gibbs sampling
steps as performing the birth-death calculations. The main expense of the birth-
death process calculations is in calculating the model likelihood, and a significant
saving could be made by using a look-up table for the normal density (this was
not done). The time spent performing birth-death calculations could also be de-
creased by reducing the (virtual) time ¢y for which the birth-death process is run
at each iteration, but this would be at the expense of poorer mixing. It is not easy
to see how an optimal balance between computational expense per iteration and
the quality of mixing should be achieved.

Mixing over k

Figure 4.2 shows the sampled values of £ for the runs with A = 3. It can be
seen that the value of k& changes rapidly; in fact the percentage of iterations of the
algorithm in which £ changed for the three models a)-c) were 36%, 52%, and 38%

!CPU times on a Sun UltraSparc 200 workstation
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Figure 4.2: Values of k& sampled using Algorithm 4.2 when fitting the three different
models to the galaxy data using A = 3. The three columns show results for Left: Normals,
fixed-x; Middle: Normals, variable-~; Right: t,s, fixed-«x. In each case k can be seen
to vary rapidly, suggesting that the sampler mixes well over £, and so (4.6) will give a
reliable estimate of p(k | ™) for values of k visited reasonably often.

0.0 0.2 04 0.6 0.8 1.0

0.0 0.2 04 06 0.8 1.0

0.0 0.2 0.4 0.6 0.8 1.0
!
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Fitting normals, fixed kappa Fitting normals, variable kappa Fitting ts with 4 degrees of freedom, fixed kappa

Figure 4.3: Graphs for the galaxy data of pr(k < j) (given by equation (4.32)) against
T, for increasing values of j. These are based on the sampled values of £ shown in
Figure 4.2, and obtained using Algorithm 4.2 when fitting the three different models to
the galaxy data using A = 3. The columns show results for Left: Normals, fixed-«;
Middle: Normals, variable-x; Right: ¢4s, fixed-~. The gap between the lines for ; and
j — 1 gives an estimate for Pr(k = j) based on the first 7 samples, and these estimates
can be seen to stabilise quickly.
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respectively. Figure 4.3 shows graphs against 1" of

R , tokW <jt=1,...,T
Prlh < j) = 24 —]T } (4.32)

for increasing values of ;. The gaps between the lines for jy and j — 1 give an
estimate for Pr(k = j) based on the first 7" samples (7' = 1,...,20000), and we
see that the rapid mixing leads to these estimates stabilising fairly quickly.

Mixing over the mixture model parameters (within k)

Richardson and Green (1997) note that allowing % to vary can result in much
improved mixing behaviour of the sampler over the mixture model parameters.
For example, we saw in previous chapters (Sections 2.3 and 3.4.2) how when
fitting £ = 3 ¢4 distributions to the galaxy data with the fixed-« prior, there are two
well-separated modes, which the Gibbs sampler (with & fixed) struggles to move
between (the minor mode is visited only once in 10 000 iterations). We applied
Algorithm 4.2 to this problem, using A = 1. Of the 10 000 points sampled, there
were 1913 visits to £ = 3, during which the minor mode was visited on at least
6 different occasions (Figure 4.4). In this case the improved mixing behaviour
results from the ability to move between the modes for k& = 3 via states with
k = 4: that is (roughly speaking), from the major mode with means near 10, 20,
and 23 to the minor mode with means near 10, 21 and 34 via the four component
model with means near 10, 20, 23 and 34.

If we are genuinely only interested in the case k£ = 3 then the improved mix-
ing behaviour of the variable & sampler must be balanced against its increased
computational cost, particularly as we generated only 1913 samples from & = 3
in 10 000 iterations of the sampler. In an attempt to gain efficiency we tried trun-
cating the prior on % to allow only £ = 3 and k£ = 4, using A = 0.1 to favour the
3 component model strongly. In 10000 iterations of the resulting sampler there
were 7371 visits to k = 3, with about 6 separate visits to the minor mode (results
not shown). Alternative strategies for obtaining a sample from the birth-death
process conditional on a fixed value of £ are given by Ripley (1977).

4.4.2 Inference for &

In the Bayesian paradigm, inference for k is based on the posterior distribution
of £ given the data. Figure 4.5 shows histograms which enable us to see how using
different models (¢, versus normal) and different priors on £ (A = 1, 3,6) and on
the parameters (u, o2) (fixed-« or variable-r) affects the posterior distribution of
k. The histograms show the total proportion of sampled values of each value of
k, after having discarded the first 10 000 samples of each run to ensure that the
algorithm had reached an equilibrium. We see that the posterior distribution of &
is sensitive to the prior used, both in terms of choice of A and the prior (variable-x
or fixed-«) used on the parameters (u, o°?).
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Figure 4.4: Sampled values of means for three components, sampled using Algorithm
4.2 when fitting a variable number of ¢4 components to the galaxy data, with fixed-x
prior, A = 1, and conditioning the resulting output on £ = 3. The resulting sample
of 1913 sample points was permuted by applying Algorithm 3.3 (see previous chapter).
Comparing this figure with the corresponding results for the fixed k& sampler (Figure 3.7¢)
we see that the variable k& sampler visits the minor mode at least 6 separate times in 1913
iterations, compared with once in 10 000 iterations for the fixed & sampler.

4.4.3 Predictive density estimation

Figure 4.6 shows the predictive density estimates (4.7) based on the different
runs. We see that these estimates depend more on the value of A chosen than
on the choice of normal or ¢4, and fixed-«x or variable-x. Although the density
estimates become less smooth as A increases, even the density estimates for (the
unreasonably large value of) A = 25 do not appear to be overfitting badly.

4.4.4 Interpreting components via label-switching

The variable-k sampler developed here has ignored the labelling of the compo-
nents of the mixture, and so produces a sample which is essentially “unlabelled”.
Our work in Chapter 3 suggests that in order to interpret the results of our analysis
in terms of the individual components fitted to the data, we might seek a labelling
of the sample which gives interpretable predictive density estimates for the indi-
vidual components. This can be done by considering the subset of the sample
obtained by conditioning on a fixed value of £, and applying Algorithm 3.2 or
Algorithm 3.3 (from the previous chapter) to this subset. For example, consider
our results for the Normal, variable-x model with A = 3. If we apply Algo-
rithm 3.2 successively to the 6 subsets of the sample obtained by conditioning on
k =3,4,5,6,7 and 8 (the union of which covers over 95% of the sample) then the
resulting predictive density estimates for the individual components are as shown
in Figure 4.7.

If we examine the components corresponding to & = 5 we see four fairly nor-
mal components, and a fifth which is multimodal, which we interpret as being due
to genuine multimodality in the posterior distribution of the parameters. This fifth
component is split roughly into 2 when & = 6, into 3 for £ = 7, and into 4 for
k = 8, while the other 4 components remain relatively unchanged, except for a
steady decrease in the weight and variance of the component centred near 23. This
raises the question of whether we might be able to obtain an alternative view of
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Figure 4.5: Graphs showing estimates (4.6) of Pr(k = ¢) fori = 1,2, ..., for the galaxy
data. These estimates are based on the values of & sampled using Algorithm 4.2 when
fitting the three different models to the galaxy data with A = 1, 3, 6, with in each case the
first 10 000 samples having been discarded as burn-in. The three columns show results for
Left: Normals, fixed-x; Middle: Normals, variable-x; Right: t4s, fixed-~. The posterior
distribution of £ can be seen to depend on the type of mixture used (normal or ¢4), the
prior distribution for % (value of \), and the prior distribution for (u, a2) (variable-x or
fixed-x).
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Figure 4.6: Predictive density estimates (4.7) for the galaxy data. These are based on the
output of Algorithm 4.2 when fitting the three different models to the galaxy data with
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Normals, variable-x; Right: s, fixed-x. The density estimates become less smooth
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the posterior by combining the results for all different ks, and grouping together
components which are “similar”, in that they have similar predictive density esti-
mates. However, attempts to do this have failed to produce any easily interpretable
results.

4.4.5 ¢ distributions or normal distributions?

We turn now to the problem of whether we should model the data with ¢ distri-
butions or normal distributions. A fully Bayesian approach to this problem might
be to fit ¢ distributions with an unknown number of degrees of freedom p (with
p = oo corresponding to the normal distribution), which is treated as a random
quantity with a prior distribution. Inference would then be based on the posterior
distribution of p. However, the lack of a natural conjugate prior for p means that
this is not entirely straightforward. We therefore use an alternative method; the
following analysis is the result of in-depth discussions with Mark Mathieson.

We assumed the data has arisen from a mixture of normals or a mixture of #,s,
and use the prior distributions

p(t4) = p(normal) = 0.5 (4.33)
p(k|ts) = p(k|normal)  1/k! (k=1,..., kpae = 100) (4.34)

with (conditional on the type of mixture and the number of components) the fixed-
k prior given in Section 4.3.1. We then used Algorithm 4.2 to fit a mixture of ¢,
distributions to the data and estimate the posterior distribution of &

p(k |ty a™). (4.35)

We performed five separate runs of 20 000 iterations, the first 10 000 iterations of
each run being discarded as burn-in, and found the mean and standard error of the
resulting estimates, which are shown in Table 4.1. We obtained estimates for

p(k | normal, 2™) (4.36)

in a similar way, and the results are also shown in Table 4.1.
By Bayes theorem we have

. p(k7t4 | xn)

klty,a") = for all & 4.37
R TED 0

and so

p(k7t4 | wn) . p(xn | k,t4)p(k,t4)

= for all k, (4.38)
plk [ty zm)  p(k|ts, am)p(a”)

p(ta]a") =

and similarly

p(a™ | k,normal)p(k, normal)

p(normal | z") = for all &. (4.39)

p(k | normal, 27 )p(a™)
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k= 2 3 4 5 6 > 6
plk|tq, 2") 0.056 | 0.214 | 0.601 | 0.115 | 0.012 | 0.001
(0.014) | (0.009) | (0.011) | (0.005) | (0.001) | (0.000)
p(k | normal, 2™) | 0.000 | 0.554 | 0.338 | 0.093 | 0.013 | 0.001
(0.014) | (0.011) | (0.004) | (0.001) | (0.000)

Table 4.1: Estimates of the posterior probabilities p(k |t4,2") and p(k|normal,z").
These are the means of the estimates from five separate runs of Algorithm 4.2, each run
consisting of 20 000 iterations with the first 10 000 iterations being discarded as burn-in;
the standard errors of these estimates are shown in brackets.

k= 2 3 4 5 6 > 6
plta, k| a™) 0.051 | 0.196 | 0.551 | 0.105 | 0.011 | 0.000
p(normal, k| ™) | 0.000 | 0.047 | 0.028 | 0.008 | 0.001 | 0.000

Table 4.2: Estimates of the posterior probabilities p(t4, k|2") and p(normal, k| z").
These were obtained from the estimates of p(z" |k = 3,¢4) and p(2™ |k = 3, normal)
given by Mathieson (1997) and the results shown in Table 4.1, as described in the text.

Thus if we can estimate p(a" | k,14) for some k and p(2™ | k, normal) for some k
then we can estimate p(¢4 | «") and p(normal | ™). Mathieson (1997) describes a
method (which he refers to as THM) of obtaining estimates for p(x" | k,t4) and
p(«™ | k,normal) using importance sampling, and uses this method to obtain the
estimates

—logp(a” |k = 3,t4) ~ 227.64 (4.40)
—log p(2™ | k = 3,normal) ~ 229.08 (4.41)

giving (using equations (4.38) and (4.39))

p(ta]a™) ~ 0.916 (4.42)
p(normal | ™) ~ 0.084 (4.43)

from which we can estimate p(t4, k| 2™) = p(t4 | 2" )p(k | t4, 2") and similarly for
normals — the results are shown in Table 4.2. We conclude that for the prior
distributions used, mixtures of ¢, distributions are heavily favoured over mixtures
of normal distributions, with & = 4 ¢, components having the highest posterior
probability.

4.5 Example 2: Old Faithful data

For our second example, we return to the first view of the Old Faithful data
we considered in Chapter 2 (Section 2.4.3), which consists of 272 observations in
two dimensions, with two moderately separated groups (Figure 2.14). We used
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Algorithm 4.2 to fit a mixture of an unknown number of bivariate normal distri-
butions to the data, performing separate runs for A = 1 and A = 3 with both the
fixed-x and variable-« priors (detailed in Section 4.3.1).

Each run consisted of 20000 iterations of Algorithm 4.2, with the starting
point being chosen by setting & = 1, setting (¢, x) to the values chosen for the
fixed-« prior, and sampling the other parameters from their joint prior distribution.
In each case the sampler moved quickly from the low likelihood of the starting
point to an area of parameter space with higher likelihood. The run for fixed-«
with A = 3 took about 13 minutes. Figure 4.8 shows the resulting sampled values
of the number of components &, which can be seen to vary more rapidly for the
variable-x model, due to its greater permissiveness of extra components. For the
runs with A = 3 the proportion of iterations which resulted in a change in £ were
9% (fixed-«) and 39% (variable-«). For A = 1 the corresponding figures were 3%
and 10% respectively. Thus the mixing over k appears to be poorer than for the
galaxy data. This is presumably partly due to the tighter posterior distribution on
k for this data, and partly due to births of reasonable components being less likely
in the two-dimensional case. This poorer mixing means that longer runs may be
necessary to obtain accurate estimates of p(k | z").

Figure 4.3 shows graphs against 7' (1" = 1,...,20000) of pr(k < j) (equa-
tion (4.32)) for increasing values of 7, and we see that these estimates stabilise
fairly quickly. Figure 4.10 shows histograms representing estimates of the pos-
terior distribution of & for the different runs, based on the sample with the first
10000 iterations discarded as burn-in. Once again the posterior distribution for
k depends heavily on the prior used. However, the predictive density estimates
shown in Figure 4.11 appear less sensitive to changes in the prior.

4.6 Example 3: Old Faithful revisited

Recall that successive durations for the Old Faithful data are not independent,
and that a scatter plot of the duration of the ¢{th eruption against the duration of
the (¢ + 1)th eruption (Figure 2.16, Section 2.4.4) gives an impression of four
or more groups. As before, we ignored the time-series structure of the data, and
used Algorithm 4.2 to fit a mixture of an unknown number of bivariate normal
distributions to the data, performing separate runs for A = 1 and A = 3 with both
the fixed-x and variable-« priors (detailed in Section 4.3.1). The sampler was run
for 20 000 iterations from a random starting point, and appeared to mix well both
between £ and within k. The run for fixed-~ with A = 3 took about 15 minutes.
The first 10000 iterations of each run were discarded as burn-in, and estimates
(4.6) of the posterior distribution of £ for the different runs are shown in Figure
4.12. Once again the posterior distribution for £ depends heavily on the prior used,
while the predictive density estimates shown in Figure 4.13 appear less sensitive
to changes in the prior.
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Figure 4.8: Values of & sampled using Algorithm 4.2 when fitting a normal mixture to the
first view of the Old Faithful data (Example 2) using A = 1, 3. The two columns show
results for Left: Fixed-« prior; Right: Variable-« prior.
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Figure 4.9: Graphs for the first view of the Old Faithful data of pr(k < j) (given by
equation (4.32)) against 7', for increasing values of j. These are based on the sampled
values of & shown in Figure 4.8, and obtained using Algorithm 4.2 when fitting mixtures
of normal distributions to the data using A = 1,3. The columns show results for Left:
Fixed-~ prior; Right: Variable-~ prior. The gap between the lines for j and j — 1 gives
an estimate for Pr(k = j) based on the first 7' samples, and these estimates can be seen
to stabilise fairly quickly.

98



[ee] @
=] [}
2 2 z @
5 S z S
< <
8 o g s
[SE o o
[ o Qo o
o o
S o

0 2 4 6 810 14 0 2 4 6 810 14

k (Fixed kappa, lambda=1) k (Variable kappa, lambda=1)
(@A=1
[ee] ]
=] [}
2 2 z @
5 S z S
< <
8 o 8 o
[SE o o
Q o Q o
= =
o o

0 2 4 6 810 14 0 2 4 6 810 14

k (Fixed kappa, lambda=3) k (Variable kappa, lambda=3)
b A=3

Figure 4.10: Graphs showing estimates (4.6) of Pr(k = i) for¢ = 1,2, ..., for the Old
Faithful data. These estimates are based on the values of k& sampled using Algorithm 4.2
when fitting normal distributions to the data, using A = 1,3. The two columns show
results for Left: Fixed-~ prior; Right: Variable-x prior. The posterior distribution of &
can be seen to depend on the prior distribution for & (value of A), and the prior distribution
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Figure 4.11: Predictive density estimates (4.7) for the Old Faithful data. These are based
on the output of Algorithm 4.2 when fitting normal distributions to the data using A = 1, 3.
The two columns show results for Left: Fixed-x prior; Right: Variable-~ prior. Dark
shading corresponds to regions of high density, and the figures are all shaded on the same
scale. The density estimates appear to be less sensitive than the posterior distribution of %
to choice of prior.
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Figure 4.12: Graphs showing estimates (4.6) of Pr(k = i) for i = 1,2,..., for the
Old Faithful data revisited. These estimates are based on the values of k& sampled using
Algorithm 4.2 when fitting normal distributions to the data, using A = 1,3. The two
columns show results for Left: Fixed- prior; Right: Variable-x prior. The posterior
distribution of % can be seen to depend on the prior distribution for & (value of A), and the
prior distribution for (g, o?) (variable-x or fixed-x).
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Figure 4.13: Predictive density estimates (4.7) for the Old Faithful data revisited. These
are based on the output of Algorithm 4.2 when fitting normal distributions to the data
using A = 1, 3. The two columns show results for Left: Fixed-« prior; Right: Variable-x
prior. Dark shading corresponds to regions of high density, and the figures are all shaded
on the same scale. The density estimates appear to be less sensitive than the posterior
distribution of % to choice of prior.
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Figure 4.14: Graphs showing estimates (4.6) of Pr(k = i) fori = 1,2, ..., for the Iris
Virginica data. These estimates are based on the values of & sampled using Algorithm
4.2 when fitting normal distributions to the data, using A = 1, 3. The two columns show
results for Left: Fixed-« prior; Right: Variable-« prior. The mode of these estimates is
k = 1 for at least 3 of the four priors used, and seems to indicate that the data does not
support splitting the species into sub-species.

4.7 Example 4: Iris Virginica data

For our fourth example we return to the Iris Virginica data considered in the
previous chapter (Section 3.4.3). We recall that there have been suggestions that
this data supports the division of the virginica species into subspecies (Wilson,
1982), and we wish to investigate this claim by fitting a mixture of an unknown
number of bivariate normal distributions to the 50 observations of sepal length and
petal length (shown in Figure 3.10), using Bayesian methods.

Our analysis was performed with A = 1,3 and with both fixed-« and variable-
 priors (see Section 4.3.1). We applied Algorithm 4.2 to obtain a sample of size
20000 from a random starting point, and discarded the first 10 000 observations
as burn-in. The mixing behaviour of the chain over £ was reasonable, with the
percentages of sample points for which £ changed being 6% (A = 1) and 21%
(A = 3) for the fixed-« prior, and 5% (A = 1) and 36% (A = 3) for the variable-x
prior. The mode of the resulting estimates for the posterior distribution of % is at
k = 1 for at least three of the four priors used (Figure 4.14) and the results seem
to support the conclusion of McLachlan (1992) that the data does not support a
division into subspecies (though we note that in our analysis we used only two of
the four measurements available for each specimen). The full predictive density
estimates for this data are shown in Figure 4.15.
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Figure 4.15: Predictive density estimates (4.7) for the Iris Virginica data. These are based
on the output of Algorithm 4.2 when fitting normal distributions to the data using A = 1, 3.
The two columns show results for Left: Fixed-x prior; Right: Variable-~ prior. Dark
shading corresponds to regions of high density, and the figures are all shaded on the same
scale.
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4.8 Example 5: Pima data

For our penultimate example we consider a dataset discussed by Ripley (1996)
which consists of the readings of 9 variables for 768 women of Pima Indian her-
itage, living near Phoenix, Arizona. These women were tested for diabetes ac-
cording to World Health Organisation criteria, and we consider only those who
tested positive. There is a suggestion of multimodality in the diabetic group (see
for example Ripley, 1996, page 99) and in order to investigate this further we at-
tempted to fit a mixture of bivariate normal distributions to two of the measured
variables: plasma glucose concentration and diastolic blood pressure (in mm Hg).
We discarded records which had one or both of these variables missing, leaving
250 records for analysis (see Section A.4 in the appendix to this thesis). A scatter
plot of the data is shown in Figure 4.16.

As before, we performed four separate analyses, using A = 1,3 with both
fixed-~ and variable-« priors (see section 4.3.1). In each case we used Algorithm
4.2 to obtain a sample of size 20 000 from a random starting point, and discarded
the first 10 000 observations as burn-in. The mixing behaviour of the chain over &k
was reasonable, with the percentages of sample points for which & changed being
4% (A = 1) and 12% (A = 3) for the fixed-« prior, and 27% (A = 1) and 59%
(A = 3) for the variable-« prior. Traces of the sampled value of k£ for A = 3 with
the variable-« prior (not shown) showed a trend to fitting increasing values of &k
throughout the run, indicating that the chain had not converged and would have to
be run for longer (or started from a more carefully chosen start point) if accurate
inference was required. Estimates for the posterior distribution of & (Figure 4.17)
show that the data supports models with more that one component, with the two
component model being heavily favoured by the posteriors corresponding to the
fixed-x priors. With the variable-« priors the posterior for k£ depends heavily on
the prior used for % (that is, the value of A chosen) which indicates that for this
choice of prior on (p, X) the data is not very informative for k.

In order to obtain a sensible clustering of the observations into two groups we
considered the results of our run with A = 3 and the fixed-~ prior conditioned on
k = 2. We applied Algorithm 3.2 from the previous chapter to obtain a labelled
sample which was suitable for clustering inference, and the clustering obtained by
choosing allocation variables to maximise the estimated predictive classification
probabilities (3.5) is shown in Figure 4.18.

The full predictive density estimates for this data are shown in Figure 4.19,
and the estimate corresponding to A = 3 with the variable-« prior can be seen to
be less smooth than the others, due to the large number of components being fitted
to the data in this case.
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Figure 4.16: Scatter plot of the Pima data.
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Figure 4.17: Graphs showing estimates (4.6) of Pr(k = 7) for ¢ = 1,2, ..., for the Pima
data. These estimates are based on the values of & sampled using Algorithm 4.2 when
fitting normal distributions to the data, using A = 1, 3. The two columns show results for
Left: Fixed-x prior; Right: Variable-x prior. These estimates support a model with two
or more components. The estimates for the variable-x prior are highly dependent on the
value of A chosen.
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Figure 4.18: Clustering based on fitting 2 normal distributions to the Pima data. The
clustering was obtained by conditioning the results for A = 3 with fixed-x on & = 2,
and permuting the resulting sample using Algorithm 3.3. The allocation variables were
then chosen to maximise the estimated scaled predictive component densities based on
the permuted sample (equation (3.5)), which is equivalent to maximising the estimated
predictive classification probabilities (see Section 1.1.4, Chapter 1).
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Figure 4.20: Left: Scatter plot showing the Simulated Ring data. Right: Predictive
density estimate for Simulated Ring data, obtained by fitting normal distributions to the
data, using A = 3 and the variable-~ prior. The posterior distribution for the number of
components k£ had most of its support between 20 and 30.

4.9 Example 6: Simulated Ring data

As a final example we present the results of a density estimation problem for
data which is not well modelled by a mixture of a reasonable number of normal
components. We simulated a uniform ’ring” of data, by simulating 2000 random
points uniformly in the square of side-length 2 about the origin, and then removing
all those points within a radius of 0.5 and outside a radius of 1. A scatter plot
of the remaining 1183 data points is shown in Figure 4.20. Algorithm 4.2 was
run for 10 000 iterations, with the variable-x prior, and A = 3. The first 1000
iterations were discarded as burn-in (the run was made rather short due to the
computational complexity; we did not concern ourselves greatly with convergence
for this example) and a predictive density estimate formed with the remaining
9000 sample points is shown in 4.20. Some of the circular structure has been
preserved by fitting large numbers of normal components (up to 30), but the sharp
edges of the boundary have been considerably smoothed out.

4.10 Discussion — Effect of prior on posterior for &

We have seen in our examples how the posterior distribution for the number of
components k in a mixture can be highly dependent on not just the prior chosen
for k, but also the prior chosen for the other parameters of the mixture model.
Richardson and Green (1997), in their investigation of one-dimensional data, note
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that when using the fixed-« prior, the value chosen for & in the prior (¢, ™) for
the means (1, . .., p; has a subtle effect on the posterior distribution of k. A very
large value of x, representing a strong belief that the means lie at £ (chosen to be
the midpoint of the range of the data) will favour models with a small number of
components and larger variances. Decreasing « to represent vaguer prior knowl-
edge about the means will initially encourage the fitting of more components with
means spread across the range of the data. However, continuing to decrease , to
represent vaguer and vaguer knowledge on the location of the means, eventually
favours fitting fewer components. In the limit, as x — 0, the posterior distribu-
tion of &£ becomes independent of the data, and heavily favours a one component
model for reasonable amounts of data, as the following proposition makes precise.
(This point is also made by Jennison, 1997).

Proposition 4.3. For the fixed-« distribution described in Section 4.3.1 with 7 ~

D(d,...,0),
plet k) (kS0 £ )
| =k . 4.44
In particular, for 6 = 1,
- pla” | k) kln!
1 = 4.4
ﬁl—r>r(lJp(:1;”|k:1) (n+k—1)! (4.45)
Proof. Proof is deferred to the appendix to this chapter (Section 4.11.2). U

We note that a corollary of Proposition 4.3 is that for 6 = 1, the Bayes factor
for comparing the two component model with the one component model tends to
2/(n + 1), and so a one component model is heavily favoured provided there is a
reasonable amount of data. Priors which appear to be only “weakly” informative
for the parameters of the mixture components may thus be highly informative for
the number of components in the mixture.

Since very large and very small values of « in the fixed-« prior both lead to
priors which are highly informative for &, it might be interesting to search for a
value of x (probably depending on the observed data) which leads to a fixed-x
prior which is “minimally informative” for k£ in some well-defined way.

Further progress might also be made by seeking priors which express the idea
that the components of the mixture are different enough for discrimination to be a
reasonable aim, and thus avoid fitting several similar components where one will
suffice. Alternatively we might try distinguishing between the number of com-
ponents in the model, and the number of “groups” in the data, by allowing each
group to be modelled by several “similar” components. Groups might be created
by clustering together similar components in the mixture by post-processing the
output of the MCMC sampler. Alternatively, a more principled approach would be
to use a prior structure which expresses the idea that components representing as-
pects of the same group are similar when compared with components representing
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other groups. For example, the group means might be a priori distributed on the
scale of the data, and each group might consist of an unknown number of normal
components, with means distributed around the group mean on a smaller scale
than the data. The discussion following Richardson and Green (1997) provides a
number of other avenues for further investigation.

Finally, we close with the remark that despite the manifest problems with spec-
ifying suitable priors, our examples show that it is possible to obtain some useful
results with Bayesian methods for mixture models in a clustering context. In
particular, the fixed-~ prior with A\ = 1 appears to give a sensible posterior dis-
tribution for k in all our examples (provided we use ¢4 distributions to model the
galaxy data.)

4.11 Appendix

4.11.1 Proof of Proposition 4.1

Proof. We begin by introducing some notation. Let A represent the parameter
space for the k-component model, with the labelling of the parameters taken into
account, and let {2, be the corresponding space obtained by ignoring the labelling
of the components. If (7, ¢) € Ay, then we will write [, @] for the corresponding
member of ). _

With A = J,», Ax, let P(-) and P(-) be the prior and posterior probability

measures on A, and let P;(-) and P,(-) denote their respective restrictions to Ay.
For notational convenience we drop the dependence on (w, n) for p(k |w,n) and
p(¢ | w,n). The prior distribution is then of the form

plk.m, @) = p(k)p(w. & | k) (4.46)
where p(7, ¢ | k) has density

p(m, @ k)= (k—DU(m+ -+ 71 < D)pl1) ... p(dr) (4.47)

when considered as a distribution on [0, 1]~ x ®F,

Thus for (7, ¢) € Aj, we have

dP{(m, @)} = p(k)(k — DU (71 + - + 75y < 1)
B(61) ... p(on) dmy ... dme_y ddy ... ddy. (4.48)

Also, by Bayes theorem we have

AP{(m,$)} x L([w, $))dP{(m. )} (4.49)

and so we will write

dP{(m, )} = [([m, ])dP{(m, $)} (4.50)
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for some /([ @) x L([, ).
Now let (-) and z(-) be the probability measures induced on €2 by P(-) and

P(-) respectively, and let 11 (-) and 7, (-) denote their respective restrictions to §.
Then for any function g : @ — R we have:

/Qk 9(y) dpr(y) = /Ak g([m, @]) dPi{ (7, )} 4.51)
and
| st = [ ol 6 ab{im.0)}
= [ alim. @011 01y P (7. 9))
= /Q 9(y) f(y) dpw(y). (4.52)
We define births on A by k

(m,0)0(r,0) = (ML= 7),61), ., (el = 7). 60), (7,0))  (453)

and will require the following Lemma:
Lemma 4.4. If (7w,¢) € Ay and (7,¢) € [0,1] X ® then

dPeyi{(m,@)U(m, )} = Ltk(1 — m)*7'5(6) dm db dP{ (0, ) }
Proof.

LHS = dPyy{ (7, ¢)U(r, ¢)}
- de+1{( m(L—7),61), ..., (mi(1 —W),qbk),(w,qb)>} [equation (4.53)]
((

- deH{ 7, 0), (m(1 — 7)), ..., (mi(1 —W),qbk)>} [symmetry]
= plk+ 1)p(&)p(d1) ... plop)kU (T + m(l —7) + -+ mea (1 =) < 1)
dodeoy ... .dogd(mi(l — 7)) ... d(me—1(1 — 7)) dn [equation (4.48)]
= p(k+ 1)p(&)p(d1) ... p(op)k(k — DU (71 4 -+ + mpy < 1)
dpdey ...doy (1 — )" 'dmy ... dm_y dm  [changing variables in integral]
= k(1 — 7)) dm dp dP{(m, d)}  [equation (4.48)]
= RHS.

O

Preston (1976) shows that for a process to possess stationary distribution /i it
is sufficient that the following detailed balance conditions hold:
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Definition 2 (Detailed Balance Conditions). /¢ is said to satisfy detailed balance
conditions if

/ B(y) diin(y) = / S()KP T (2 FY djigyr (2) fork >0, F C
F Qpy1
(4.54)

and

/ 8(2) dfinr(2) = | BWK(y; @) diinly) fork >0,G C Quyr. (4.55)
G Qp

These have the intuitive meaning that the rate at which the process leaves any
set through the occurrence of a birth is exactly matched by the rate at which the
process enters that set through the occurrence of a death, and vice-versa.

We therefore check that ;i satisfies the detailed balance conditions for our pro-
cess. Let /(-) denote the generic indicator function,so /(z € A) = 1ifz € A and
0 otherwise. We check the first part of the detailed balance conditions as follows:

LHS = /F B(y) dfin(y)

= [ 1we B du(y)  lequation (4:52)

= [ twer) [ b o)k - 1 B do fly) dialy)
QL [0,1] Jo
[equation (4.17)]
=[] ] e Pblas (ro o) )b = 7)) dr do dyy)
o o]/
[rearranging.]

RHS = [ 3()K (2 F) diinga (2)

Qpi1

_ / 5() KD (25 F) £(2) dpng (=) [equation (4.52)]
Qpy1

= / Z d(2\(m, ¢); (7, ¢)) f(2) dpry1(z) [equation (4.18)]
Skt (m,p)Ez:2\(m,@)EF
k+1

A ZI([”7¢]\(Wiv¢i) € ) d([m, )\ (mi, 6i); (7is 07)) -
- f([m, @) dPey1{(m, @)} [equation (4.51)]
= /A (k+ DI([m, @\(Thy1, ry1) € F) d([7, @\(Thq1, Pha1); (That, 1)) -

- f([m, @)) dPeg1{(w, @)} [by symmetry of Pri(-)]
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= /A (k+DI([n", ¢ € F)d([n", ¢]; (Frt1, Srs1)) [ ([7, @ 1U(Fh1, dhgr)) -

- AP (7', @YU(Trp1, i) b (W, @) U(FEg1, Grgn) = (70, )]
_ /Aw(k )& € F)d([x', &]: (7, &) ([, #)0(r. 6)) -
de+1{ )U(m, @)} [writing (7, ¢) for (wpq1, dry1)]
/Ak /01/ F)(k+1)d([7",¢']; (7, ¢)) f([=", ¢'1U(r, ¢)) -

’““ V(1 = 75" 5(¢) dr dp dP{ (=, ')} [Lemma 4.4]

/Qk/m/ (ye F)(k+1)d(y; (z,9)) f(y (T7¢))p(pk(-]|€—)1)

— 1) 7 15(¢) dr dp dur(y)  [equation (4.51)]

andso LHS = RH S provided
(k + 1)d(y; (7, 6)) f(yU(r, 6)) 2ot = by; (7, ) f(y)

which is equivalent to the conditions stated in the proposition as f(y) « L(y).
The remaining detailed balance conditions can be shown to hold in a similar
way. U

4.11.2 Proof of Proposition 4.3

The proof of Proposition 4.3 is given as a sequence of Lemmas and Corollar-
ies.
Lemma 4.5.
L(E6)T(ny +0)...T(ng +9)
Dom i D(wy . 0)dmy L dmy =
/ﬂ-l g (777 ’ ’ ) ™ Tk—1 F(cs)kF(EznZ—I—IaS)

where 1, = 1 — m + - - - + mi_1 and the integral is over Ty + - - - + w1 < 1.
Proof.

LHS = | n{* ... 0" D(w:d,...,0)dmy ... dmj_y

- ['(kd
/ STy Wf L 7T2 F((5)) dmy ..
= 5 /W”1+5 v nk+5_1 dmy...dmy_q
ES)T(ny +0)...T(ng +9)
PO (X2 mi +k5)

cdmp—y

—| =

I

= RHS.

114



Lemma 4.6.

/exp{—gzﬂ:(% _M)Z}N(Mf?’fl)dﬂ = " exp{—g<55_|_ M

i=1

where
I
xr = — l’]‘
7=1
and .
SS=> (z;,—x)
7=1
Proof.

LHS—/eXp{—%zn:(%—u)Q} (& K71 dp

= [\ en{ -5+ atz - wi) e~ - 7} o
= ew{-5s} [ew{ -2 -0 = S 97}

= \/gexp{—gss} /GXp{_”U;"f@ B nzji-imy B mZJ_/i(sv——l_x/l?}d/l

= " exp{—g<55+M>}

nv + K 2 nv + K
= RHS.
O
Corollary 4.7.
v n = 1 (n = 0),
exp{ =23 (2 — ) pN (s 67" ) s x .
/ 2; ! §\/;exp{—555} (n>1),
where SS >0, and SS > 0 if n > 1 (assuming the x; are distinct).
Proof. Follows directly from Lemma 4.6. U
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Lemma 4.8.
1 (n=0),
I"(k; B) < { consty/k (n=1),
consty/k3* (n > 1),
where

I*(r; B) = /Wmmﬁ)(%)g/exp{—gi(%—M)Q}N(M;&ﬁ‘l)dudv

i=1

and const is a constant which does not depend on « or (3.

Proof. Case n = 0 is trivial. Otherwise

n

(k3 3) = /Wmmﬁ)(%)g/exp{—gi(%—M)Q}N(M;&ﬁ_l)dudv

v 3% s uNE [k v
< / W<§> \/; exp{—555} dv  [Corollary 4.7]
= const\/k 3" / por g exp[—v(ﬁ + SS/Z)] dv
['(a+ 251
(B4 58/2)" %
VKB |
(B+55/2)" "%

= consty/k3“

= const

If n =1then SS =0, and
I*(k; B) < consty/k.
If n = 2then SS > 0, and

Ve — = consty/k/3".

I"(k; ) < const———————
e (85/2)"" 7

Lemma 4.9.
k

/F(ﬁ;g,h) 11 [/ I'(v;; a,ﬁ)(%) 7

=1

. /exp{—% Z (x; — /,Li)z}/\/<ﬂi;f,li_1> du; dvi] ds

Jizg=t
>0
< const\/E#{n >0}

where n; = #{j : z; = i} and const is a constant which does not depend on k.
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Proof.

LHSg/ (B;9,h) H H [const; /] H [const; /3] [Lemma 4.8]

iy = ting=1 1n;>1

= Const\/E#{””O}/F(ﬁ;g,h)(ﬂ“)#{””l} dp

— consty/rT >0
= RHS.

Lemma 4.10.
pla”, 2" | k) < Const\/E#{npo}
where n; = #{j : z; = i} and const is a constant which does not depend on k.

Proof.

pla™, 2" | k) = /p(:z;”, 2" 10, k)p(6|k)do

n

= /H{WZJN<$]‘;/,LZJ,UZ_]1>}D(7T;(S,...,(S)'
j=1

LW (is €7 T (0 0, 3)| (85, ) de do dpe

=1

[ ‘
[rosan | [ rosen(z)®

5 D(s 6, 0) dmy L dmgy -

x5

. /exp{—% Z (x; — /,Li)z}/\/<ﬂi;f,li_1> du; dvi] ds

Jizg=1

< const\/E#{npo} [Lemmas 4.5 and 4.9].

Lemma 4.11. If [*(x; 3) is as defined in Lemma 4.8 then
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Proof. By definition of /*(x; ) and Lemma 4.6 we have

TG
~r—0 \/E
=lim | I'(v; & ﬁ)<i>% ! exp{—g<55+M>}dv.
k—0 T 2T nv + K 2 nv + kK

The integrand on the RHS is bounded above by

s n(52) e -5

which is integrable by straightforward integration for n > 0. The integrand also
clearly possesses a limit as « — 0, and so by the dominated convergence theorem
(see for example Billingsley, 1986, page 213) the limit of the integral is equal to
the integral of the limit, which gives the stated result. U

Lemma 4.12.
The limit Tim 21K =1
xr—0 \/E
Proof. We note that
pa" [k =1) :/I*(Hs;ﬁ)
VE VE

where [*(k; ) is as defined in Lemma 4.8. By Lemma 4.8

exists and is non-zero and finite.

I'(8;9,h)d3

1 (K’ﬁ)F(ﬁ;g,h) < const'(3; g, h) (n=1), 4.56)
VE const 3°T(B3;9, k) (n > 1),
which are both integrable (by straightforward integration). By Lemma 4.11
I*(r; 8)
INCND
e (8:9,h)
possesses a finite limit as x — 0. Thus we have
Coplatk=1) I*(k; 3) ‘
= [ lim [*(ﬁ;ﬁ)l“(ﬁ- g,h)dp [dominated convergence]
xr—0 \/E T

which is finite (by equation (4.56) above, and straightforward integration) and
non-zero since the integrand is strictly positive for all 3. U
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Lemma 4.13.

el = k) o (#{n: > 0} > 1),
m-——-—= "
w0 p(at [k =1) | ik (#ni> 01 =1).

Proof. If #{n; > 0} > 1 the result follows from Lemma 4.10 and Lemma 4.12.
If #{n; > 0} = 1 then z" allocates all observations to the same component, ¢
say, and

pan = [0 = [ pla 2 [0.K)p(0 1)
= /ﬁ{wc/\/@j;uc,vc_lﬂp(w; §y oy 8)-

T (s )P0 0, 3)| 185 g, ) de do dp

=1
=p(a" |k = 1)/#?1)(77;5,...,5)0[77

T(k6)D(n + 6)

=@ k= D56 T 7o)

[by Lemma 4.5]

and so pla", 2" k) T(k6)D(n +6)

li :
0 p(zn [k =1)  T(6)[(n + ko)
O
Proposition 4.3 then follows as a Corollary:
Corollary 4.14.
m pla” | k) _ kF(k(S)F(n +4)
k=0 p(a” |k =1) L6 (n + k)
Proof.
. p(x” | k)
LHS =lim ——
S =lim e |k — 1)
p(x
= hmz (o | k — 1
= Zl ) [since these limits are finite]
(xm | k =1)
. pla", 2" k) . p(at, 2" | k)
Z lim ey T > lime et
27 #{n;>0}=1 p(l’ |k o 1) 27 #{n;>0}>1 p(l’ |k o 1)
L'(E&)T(n +9)
L 4.13].
TGV (n + k) Lemmad.13]
O
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Chapter 5

Sequential methods for mixture
models

In this chapter we compare some methods of analysing mixture distributions in a
Bayesian manner when the observations 1, x5, ... from the model arrive sequen-
tially; each observation is processed when it arrives, and then discarded before the
next observation arrives. This situation is often referred to as on-line learning in
the engineering literature, and contrasts with the barch learning methods we have
studied in previous chapters, which require all the data to be available at the same
time.
According to Huo and Lee (1997)

“The advantage of a sequential algorithm over a batch algorithm
is not necessarily in the final result, but in computational efficiency,
reduced storage requirements, and the fact that an outcome may be
provided without having to wait for all the data to be processed.”

Sequential algorithms are often used in an adaptive context, where we have infor-
mation about the mixture model parameters from a sample which comes from a
similar (but different) source to that which is providing the current observations,
and we wish to adapt the model to more accurately represent the current source.
For example, a speech recognition system might have been previously trained to
recognize words from one speaker, and we may wish to adapt the system to recog-
nize words from another speaker. See for example Huo et al. (1995, 1996); Huo
and Lee (1997).

Early work on sequential methods for mixture distributions was done in the
field of signal processing, at a time when computers were significantly less pow-
erful than they are today. As a result, many of the methods were rather simplistic
and performed rather poorly even in very simple situations where perhaps only
one parameter of the mixture was unknown. For details of the history see Titter-
ington et al. (1985). A significant improvement in performance for simple prob-
lems (where the densities of the mixture model are assumed to be known, and
only the mixture proportions 7 are unknown) came with the work of Makov and
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Smith (1977) who introduced the quasi-Bayes (QB) method which is still in use
today (Huo et al., 1995). However, since then little progress has been made, de-
spite a large increase in computer power. In searching for a method which would
take advantage of this increased computer power we developed a method which
we will refer to as the Kullback—Leibler (KL) method for reasons which will be-
come apparent. This method was developed independently of Bernardo and Girén
(1988), who claim that its performance is superior to QB. In this chapter we ex-
amine the performance of QB and KL on some simulated data, and find that this
claim is justified. We also introduce some simple extensions to these methods and
apply them to the more difficult case of observations from a mixture of univariate
normal distributions where the mixture proportions, means and variances are all
unknown. In such cases the asymptotic behaviour of these methods (as the num-
ber of observations — o) is unclear, but we found we could obtain some useful
information from samples of size 1000 and 2000.

5.1 Some simple sequential approximation methods

Assume that z;, x5, . .. are sequentially arriving independent observations from
a mixture of £ components (k assumed known and finite) with density

pla|m, ¢p,n) =mif(x;o,m) + -+ mef(2; o, n). (5.1

Let ¢ denote the unknown parameters of the model, and assume that we have a
prior distribution for ¢

p(0) = g(0;a?) (5.2)

where ¢(+; a) is the conjugate family of prior distributions, parameterised by a,
for the mixture family f. By this we mean, as in Section 1.1.5, that the posterior
distribution of ¢ given the completed data (z", z") will also be a distribution from
the family ¢(-; @), and in particular we have

p(0| X1 = 1,71 =1) = g(0;a(i)) forsome a(z). (5.3)

Then the posterior distribution for § given a single observation z; from the model
will be

k
P01 X1 =21) =) Pr(Zi=i| Xy =a)p(0| Xy = 21,21 = i)
2:1
= p(i)g(b;a(i)) say, (54
=1

where both p(7) and (i) may depend on ; and «(®). In the situations we consider
p(2) and a(7) will be straightforward to calculate.
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Suppose now we are able approximate (5.4) by choosing ") such that

Zp(i)g(& a(i)) = g(0;aM). (5.5)

Then starting with a prior ¢(9; a(o)) and an observation X; = 2; we have a method
of obtaining an approximate posterior g(f; a{!)). Let us view this as a method of
obtaining ¢") from «(®) and z;, and write

oM = SU(a(O), r1)

to define a Sequential Update function SU. On receiving a further observation
X, = x5 we can update M) to a(?) in exactly the same way:

a? = SU(a(l), Tg)
and in general we have
a™t = SU(a"™, 2,14) (5.6)
giving sequential approximations
po]a") = g(0;a"™) (5.7)

to the posterior distributions p(§ | ™) (n = 1,2,...).
Some previously suggested methods for making the approximation (5.5) in-
clude

1. Decision Directed (DD): choose a{!) to be the a(i) corresponding to the
largest p(7).

2. Probabilistic Teacher (PT): select a(!) at random from a(1), . . . , a(k), choos-
ing a(7) with probability p(z).

3. quasi-Bayes (QB): set aV) = 3% p(i)a(i).

4. Kullback—Leibler (KL): choose a!) to minimise the Kullback—Leibler di-
vergence from 3.~ p(i)g(0; (7)) to g(#; aV))

KLY pli)g(:a(i)) || g(6:a)

where the Kullback-Leibler divergence from a density ¢(-) to a density f(-)
is defined by

KL[g() [ /()] =/ (0)log(g(0)/f(9)) db (5.8)
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DD corresponds intuitively to classifying each incoming observation to the
class with highest probability, and then updating the density for # assuming this
classification is correct. PT is based on a similar idea, with the classification being
done by simulating from the class probabilities. Both these approaches have been
shown to be seriously deficient in their long-term behaviour, even in very simple
problems, leading to estimates of the posterior distribution p(# | ™) which are
wildly inconsistent (in that their modes do not tend to the “true” value of 6 as
n — o0). We therefore do not study these methods here, but refer the reader to
Titterington et al. (1985) and references therein for further information.

Makov and Smith (1977) (see also Smith and Makov, 1978) introduced the
QB method in the context of observations from mixture distributions in which the
component densities are assumed known, and the only unknowns are the mixture
proportions 7. They show that the QB method is consistent in this context, in that
the mode of p(7 | 2") tends to the “true” value of @ as n — oo (assuming the
model for the data is correct). A later paper (Smith and Makov, 1981) extends the
method and convergence result to the case of a mixture of two normal distributions
with known mixture proportions and variances, but unknown means.

The KL method was suggested by Bernardo and Girén (1988), also in the
context where the densities of the mixture components are assumed known. They
claim that its performance is superior to QB in that it leads to a more accurate
approximation of p(7 | 2™). Despite this, examples of its use are hard to find
while QB still enjoys a certain popularity (see for example Huo et al., 1995).

In this chapter we compare the performance of the QB and KL sequential
methods on some simulated data, and show that in general the KL method pro-
vides a more accurate approximation to the required posterior distribution, at the
expense of greater computational complexity. We consider the following cases:

Case 1: data xy, x5, ... are assumed to be independent observations from a mix-
ture with density

pz|m) = fi(z) + -+ mfi(z) (5.9)
where the component densities fi, ..., fi are assumed known.
Case 2: data x4y, x5, ... are assumed to be independent observations from a mix-

ture of k univariate normal distributions with density
plz|m, p,0?) =mN(z;pr,00) + -+ mN(x; g, o7) (5.10)
where 7, p and o2 are all considered unknown.

In the literature, examination of sequential methods has been confined almost en-
tirely to Case 1, which may arise if the component densities can be accurately es-
timated from classified data which is not informative for the mixture proportions.
Travén (1991) considers an on-line algorithm for Case 2 from a non-Bayesian
perspective.
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Case 1 is simpler than Case 2, not just because of the smaller number of pa-
rameters to be estimated, but because the likelihood (5.9) is not symmetric in
(71,...,m) and so the posterior distribution of 7 does not possess the multi-
modality due to symmetry which we have discussed in previous chapters (Section
1.1.5 for example). In contrast, if we use a symmetric prior for the parameters
(7, p,0?) in Case 2 then their posterior distribution may be highly multimodal
due to symmetry. Multimodal distributions are generally difficult to approximate
accurately analytically, and so for simplicity we will assume in Case 2 the exis-
tence of a training set T of observations whose correct classifications are known.
This will remove the symmetry in the posterior distribution p( | 7, «"), reducing
its potential multimodality and thus making it easier to accurately approximate
analytically. In assuming the existence of a set of classified observations, we are
restricting ourselves to the situation where the components of the mixture have
a physical interpretation. Further work might investigate sequential methods for
use where a training set 7 is not available.

Before looking at some simulated examples (sections 5.4 and 5.5) we intro-
duce a natural extension of the simple sequential methods described here, and also
see how a Gibbs sampler (similar to the one used in Chapter 2, Section 2.2) can
be used to approximate p(6 | ™) in a non-sequential way, providing a benchmark
against which to compare the sequential methods.

5.2 A natural extension of the simple sequential methods

The sequential approximations described in the previous section approximate
the posterior distribution p(6 | ™) by a single distribution from the conjugate fam-

ily:
B0 |2") = g(0;a™). (5.11)

Updating p(6 | 2™) to p(é | 2"*') on receiving an observation x,,1, involves updat-
ing a(™ to «("*Y) using x4,

a™ ) = SU(a™, 2 y1). (5.12)

A natural extension would be to approximate the posterior distribution by a
mixture of R distributions from the conjugate family

R
plo L") =Y pMg(0;al”) (5.13)
r=1

for some fixed integer R. Updating p(é | 2") to p(# | z"*') on receiving an obser-
vation x4 then involves updating

() (n)

(py 7. .. p, ,a(ln),...,ag,”))
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to

(p(lnH) ety a(lnH) . a(”+1))
using ,,41.
A computationally simple method of performing this update is to use
plm ) = p) (5.14)
a"t =SUa\, 2pq1) (r=1,...,R). (5.15)

We will refer to the procedure defined by this updating method as QB(R) or
KL(R) according to the sequential update function SU employed. Although this
method of performing the updates is rather unprincipled, we found that these mod-
ified procedures resulted in a significant improvement in performance when ap-
plying the methods to data from Case 2 (see Section 5.5). Brief investigation of
more principled methods, which involved updating the pﬁ”) at each step, did not
detect any further improvement in performance in the examples we looked at.

5.3 Analytic approximation of p(¢ | ") with the Gibbs sampler

The sequential methods described in previous sections give an analytic ap-
proximation p(é | ™) to the posterior distribution p(6 | ™). An analytic approx-
imation can also be obtained by batch methods using a Gibbs sampler to con-
struct an irreducible Markov chain with stationary distribution p(é, 2" | z™). If
(0D (")) (t =1,..., N) is a sampled path of such a chain then an appropriate
estimate for p(# | ") is given by the sample path average:

p(0]x") =" p(0] =" a")p(z" |2

| X
LS00,
t=1
| X
=5 > g(bia;) say. (5.16)

For an accurate approximation we wish /N to be large. However, (5.16) then
becomes difficult to work with, and for some tasks we may need to simplify this

approximation, for example by choosing p1, ..., pr and aq, ..., ag such that
| N R
T2 90a) &Y prg(6;d,) (5.17)
t=1 r=1
where R is “small”, and the p, (r = 1,..., R) are constrained to be non-negative

and sum to unity.

We make the approximation (5.17) by grouping the component densities ¢(6; a;)
(t =1,...,N)into R groups, the rth group consisting of N, “similar” densities
(r =1,..., R) using the following k-means type clustering algorithm:
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Algorithm 5.1. Start with an initial grouping of the densities g(6; a;) (t = 1,..., N)
into R groups, by putting the first N/ R in the first group, the next N/ R in the sec-
ond group, and so on. Let w; be the group of the ¢{th density, and NV, be the
number of densities in the rth group. Iterate the following steps until a fixed point

is reached:

1. Choose a, (r =1,..., R) to minimise

KL{NL > a0 g(0;4,))|.

r
trwe=r

2. Reallocate the N densities into R groups by choosing w; (t = 1,..., N) to
minimise
KL|g(03a0) | 9(0;,)].

When a fixed point is reached, approximate the posterior distribution of the pa-
rameters by

N,
po|z") W g(0;a,). (5.18)

||MD:1

We will use the notation GS(V, R) to denote this method of forming an approxi-
mation to p(é | 2™).

5.3.1 Notes on Algorithm 5.1

The iterated steps of Algorithm 5.1 are guaranteed to reach a fixed point, as
(by simple application of the definition of A L[- || -]) each step increases

Z/ (0; ;) log g(0; @, ) dG_ZZ/ (0; a,)log g(0; @) do

r=1 tw=r

and there are only a finite number of possible values for wy, ..., w,.
Step 1 of the algorithm ensures that we have

— Z (0; ;) ~ g(0;4,) (5.19)

twt r

and so
N

p(0]2") ~ WZ g(8;a;) [from (5.16)]
R

9(0; ar)
R N )
%Z#g(@;ﬁr) [from (5.19)] (5.20)
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which gives us the approximation (5.18).

We will make use of this approximation as a benchmark against which to com-
pare the performance of the sequential methods in some of the simulated examples
which follow.

5.4 Case 1: Component densities assumed known

We now compare the performance of the KL and QB sequential methods on
some simulated data from a mixture with density

pla|m) =mifi(z)+ -+ mfula) (5.21)

where the component densities fi,..., fr are assumed known. The form of the
conjugate prior for 7 is

p(7) = D(m;d) (5.22)

and the sequential update steps for QB and KL are given in the appendix to this
chapter (Section 5.6.4).

5.4.1 Mixtures of 2 univariate normal distributions

Our first examples assume that we have sequentially arriving observations
from a mixture of two known distributions, mixed in unknown proportions. Since
(71, m2) are constrained by m; + 7, = 1 there is effectively only one unknown 74
in the model. In this particularly simple case the full Bayesian posterior distri-
bution p(7r | ™) can actually be calculated for reasonable sample sizes n (see the
appendix to this chapter, Section 5.6.1), and this provides a benchmark against
which we can compare the performance of the sequential approximation methods
QB and KL.

We simulated 1000 independent observations from the following densities,
which have an increasing amount of overlap in the scaled component densities
(Figure 5.1):

a) p(x) =0.3N(z;0,1) + 0.7V (x;2,1)
b) p(z) = 0.3N (x;0,2) + 0.7TN (x;2,2)
¢) p(x) = 0.3N (z;0,4) + 0.7V (z; 2, 4).

In all three cases we assumed a D(7r; 1, 1) prior on 7 (that is, a uniform prior on
[0, 1] for 7y).

We applied both the QB and KL sequential methods (the details of which are
given in Section 5.6.4) to the 1000 sampled values from the models a)—c), and
thus obtained approximations to the posterior distribution for 7;. As expected,
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the QB method was faster than KL. For example, for the 1000 observations from
model a) QB took 0.95 seconds while KL took 1.64 seconds'.

Figure 5.2 compares the true posterior distribution for 7; with the approxima-
tions obtained using the QB and KL sequential methods. It can be seen that the
QB approximation is quite different from both the true posterior distribution and
the KL approximation, which are indistinguishable by eye on this scale.

We note that a large amount of overlap in the scaled component densities
makes it harder to guess which component any particular observation arose from,
and so p(m; | ™) will tend to be more variable for observations =" from c) than for
observations from b) or a). It is clear from Figure 5.2 that the QB approximation
is not able to take this into account, as the uncertainty in the QB approximation to
the posterior is the same for a), b) and ¢).

5.4.2 A mixture of 4 univariate normal distributions

We now compare the performance of the QB and KL methods on a sample of
2000 independent observations simulated from a mixture of four known normal
distributions

p(z) = 02N (2; —1,1) + 0.1N (2;0,2) + 0.3N (x; 1,3) + 0.4N (x; 1.5,0.5)
(5.23)

whose scaled components are illustrated in Figure 5.3. We used a D(7; (1,1,1,1))
prior on 7. QB took 2.3 seconds and KL took 10.4 seconds for the 2000 observa-
tions.

In this case the full posterior distribution is not computationally tractable. We
therefore use the GS(10 000, 1) method described in Section 5.3 as a benchmark
against which to compare the sequential approximations. Figure 5.4 compares
the marginal posterior densities of 7, 72, 73 and 7, obtained from the QB and
KL methods with those obtained using the GS(10000, 1) method. The known
“true” parameter values are shown as vertical dotted lines. The QB method gives
densities which are far too peaked, and the KL. method seems to give densities
which are slightly too peaked. Further experience with more problems of this kind
has lead us to conclude that there is a general tendency for KL to produce densities
which are overly peaked about slightly incorrect parameter values. However, its
performance is certainly superior to QB.

!CPU times on a Sun UltraSparc 200 workstation
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Figure 5.1: Plots showing the two scaled components of the mixtures used in Section
54.1. Left: a) p(z|m) = 0.3V (2;0,1) + 0.7 (2;2,1); Middle: b) p(z|7y) =
0.3N (2:0,2) 4+ 0.7V (x; 2, 2); Right: ¢) p(a | m1) = 0.3N (2;0,4) + 0.7V (2; 2, 4).

density

10 15 20 25 30
density

10 15 20 25 30
|
|
o
w
10 15 20 25 30
|
|
[
o

density

5

5
5

0
0
|

0

Figure 5.2: Comparison of approximations p(rwy |2") obtained using QB and KL se-
quential approximations with the true posterior distribution p(7 | ™). The KL approx-
imation and the true posterior distribution are indistinguishable by eye on this scale.
The three graphs show results for 2™ being 1000 observations simulated from Left: a)
p(z) = 03N (2;0,1)4+0.7N (2; 2, 1); Middle: b) p(z) = 0.3V (2;0,2)+0.7N (2; 2, 2);
Right: ¢) p(z) = 0.3N (2;0,4) 4+ 0.7A (22, 4).
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Figure 5.3: The four scaled components of the mixture (5.23).
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130



5.5 Case 2: Mixtures of univariate normal distributions

We now consider the case where x,x5,... are assumed to be independent
observations from a mixture of k£ univariate normal distributions with density

plo |7, 0%) = TN (w5 1, 02) + -+ + TN (31, 07) (5.24)

where 7, p and o2 are now all considered unknown. For notational convenience
we will write v; for 07* (+ = 1,...,k). The form of the conjugate prior for
§ = (7, p, v) is then

p(0) = D(aw;d) [ [ vjimi/2, /20N (5305, 1/ (s505) (5.25)

i=1

= ¢(0;d,m,1, u,s) say. (5.26)

Details of the KL and QB sequential update steps for this case are given in the
appendix to this chapter (Section 5.6.5).
Our examples consist of the following simulated data sets:

a) 1000 observations (10 of which form a training set of classified observa-
tions) from

p(z) = 03N (2;0,1) + 0.7TNM (2;2,1) (5.27)

b) 2000 observations (30 of which form a training set of classified observa-
tions) from

p(z) = 02N (2; —1,1) + 0.1N (2;0,2) + 0.3N (z; 1,3) + 0.4N (x; 1.5,0.5)
(5.28)

In each case we used a vague but proper prior for 4, namely p(0) = ¢(6;d, m,1, u,s)
with d]‘ = 1,m]‘ = 0.1,l]‘ = 0.1,u]‘ = 0, and $; = 0.01 (] =1,.. ,k) We then
found the distribution of # given the training set 7 of classified observations

p(0]T) = g(6;d®, m® 10 u® s) (5.29)

using the conjugate analysis given in the appendix to this chapter (Section 5.6.2).
Using (5.29) as our prior distribution, we obtained approximations to the posterior
distribution p(# |7, 2™) by applying the following procedures to the remaining
observations z":

1. The QB sequential method.

2. The KL sequential method.
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3. The QB(5) sequential method. This was performed by applying GS(10 000, 5)
to the first 10 unclassified observations to obtain an approximation

po|T, ") Zprlo 0@10

and then applying the QB(5) sequential update steps (described in Section
5.2) to the remaining unclassified observations, to obtain an approximation

po|T, ") Zp,,

4. The KL(5) sequential method, performed as in 3 above, but replacing the
QB(5) update steps with KL.(5) update steps.

5. The GS(10000, 1) batch method (see algorithm 5.1).
6. The GS(10000, 5) batch method (see algorithm 5.1).

The full details of the Gibbs sampler used are given in the appendix to this chapter
(Section 5.6.3); in each use of the Gibbs sampler the first 1000 iterations were
discarded as burn-in.

The approximations to the marginal posterior distributions for the individual
components of 7r, p and o2 obtained using these six methods are shown in Figures
5.5 and 5.6 (for the sample from (5.27)) and Figures 5.7, 5.8 and 5.9 (for the
sample from (5.28)). The batch methods GS(10 000, 1) and GS(10 000, 5) provide
benchmarks against which the sequential methods may be judged. We see that QB
tends to produce densities which are overly peaked about incorrect values, as does
KL to a lesser extent. The modified procedures QB(5) and KL(5) are a definite
improvement over QB and KL respectively, with KL being the better (though
computationally more complex) of the two.
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Figure 5.5: Estimates of the marginal posterior densities for the components of 7, p, and
o2 using QB, KL, and GS(10 000, 1) with observations from (5.27). The true parameter
values are indicated with a vertical dotted line.
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Figure 5.6: Estimates of the marginal posterior densities for the components of 7, p,
and o2 using QB(5), KL(5), and GS(10 000, 5) with observations from (5.27). The true
parameter values are indicated with a vertical dotted line.
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Figure 5.7: Estimates of the marginal posterior densities for the components of 7, p,
and o2 using QB and QB(5) approximations with observations from (5.28). The true
parameter values are indicated with a vertical dotted line.
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Figure 5.8: Estimates of the marginal posterior densities for the components of 7, p,
and o2 using KL and KL(5) approximations with observations from (5.28). The true
parameter values are indicated with a vertical dotted line.
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Figure 5.9: Estimates of the marginal posterior densities for the components of 7, p, and
o2 using GS(10 000, 1) and GS(10 000, 5) approximations with observations from (5.28).
The true parameter values are indicated with a vertical dotted line.
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5.6 Appendix
5.6.1 The full Bayesian solution for mixture components known, & = 2

Assuming we have a prior p(7) = D(w;d,,d;) we show by induction that
p(7 | 2") is of the form

p(m | z") Z)\ D(m;dy +1,dy+n —i) (5.30)

and obtain a recurrence relation for the )\E”). Define for convenience )\(_nl)

)\fﬁzl = 0 for all n. Equation (5.30) clearly holds for n = 0 as p(7 |z°) =

p(w) = D(w; dy, dy). Assume it holds for n = r and consider p(7 | z"!):

p(m |2t o Z)\ D(mydy +i,dy +r —i)(my fi(2eg1) + o fo(2,41))

O(i( fl(xr-l—l) d1+1 d2-|—r i— l_l_)\ fZ(xr-I—l) di+i1—1 d2-|—r z)
F(dl + )l (dy + 7 —1)

=0
x § N1 (ers) n N fal,41) > '
— D(dy+i—1)(dy+r—i+1)  T'(di+0)(dy + 1 —1)
7.[.;[1+2—17T512+7’—i
r+1
& Z( i 1f1(xr+1)(d1 +i1—1)+ )\ f2(;1;7,+1)(d2 +r—1))-
=0
‘ Wil1+i—17rgz+r—i
D(dy 4+ i)0(dy +r+1—1)
r+1
5 3 ANHID(midy iy dy+ (4 1) — )
=0

where
A o M, fuao)(di = 1)+ M o) (da + 7 — )
and S ACTY = 1 a5 p(r | 27*1) s a density.

5.6.2 The conjugate analysis for Case 2

For independent observations x4, x2, ... from a mixture with density

px| 7, p,0?) = TN (@ pn,00") + -+ TN (25 0,07 (5.31)
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p(0) = D(m; d) [ Ulvssm;/2,5/2)N (5505, 1/ (s05))

i=1

= ¢(0;d,m,1, u,s) say,

the form of the conjugate prior for § = (7, p, v) is

(5.32)

(5.33)

and the corresponding posterior for § given classified observations (", z") is

p(e |xn72n) = g(e7d/7 m’? 1/7 u’? S/) (5'34)
where, for j =1,...,k
d: = d; +n; (5.35)
m'; = m; 4 n; (5.36)
=145+ (;‘jrsj?(xj —u;)?) (5.37)
J J
o = -I-n]<z;j__|_::> (5.38)
sh=s;+n; (5.39)
where
nj=#{i:2z =7} (5.40)
1
I = n—]z;] T (5.41)
SSi= Y (wi—2;)° (5.42)
1:2;=]

See, for example, Robert (1994, pages 154-155).

5.6.3 Details of the Gibbs sampler for Case 2

The Gibbs sampler makes use of the conjugate analysis given in Section 5.6.2,
and the theory outlined in Chapter 2. We assume a prior of the form (5.32), and
given values (0(), (:*)®)) we simulated values for (#(+1) (27)(+1) as follows:

1. Simulate 8¢+ from p(8 | 2", (2*)®) which is given by (5.34).

2. Simulate (2*)+") by simulating 21, . . ., z, independently from

plz; =i [0UF) o m(TON (s o).
This simulates from a Markov chain with stationary distribution p(é, =" | ™), as
shown in Chapter 2. A starting point was chosen by randomly dividing the n

observations " evenly between the & components, to give an initial value for
(),
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5.6.4 QB and KL update steps for Case 1

For independent observations x4, x2, ... from a mixture with density
ple|m) =mifi(z) + -+ mful(z) (5.43)
where the component densities fi,..., fr are assumed known, the form of the

conjugate prior for 7r is
p(w) = D(m;d) (5.44)
and on receiving an observation z, the sequential update step is given by
SU(d,z) =d’
where d’ is given by
QB: d' = (dy + p(1),....dp + p(k)).
KL: d’' = (d},...,d}) chosen by maximising (using numerical methods)

k k

S (&= 1> pO {00} = s+ -+ di+ 1)

k
+1og (Y " dj) =) “log I'(d}) (5.45)
j=1

J=1

where (forz = 1,...,k)

1) = = — 5.46
M= E R+ A (40
d:
F=— 5.47
"Tht 1 G4
di(i)=d;+6;; (G=1,...,k) (5.48)
9;; = 1 if 1 = 5, and O otherwise (5.49)

and ¢ (-) is the digamma function (the first derivative of the log of the gamma
function). See for example Bernardo and Girén (1988).

5.6.5 QB and KL update steps for Case 2

For independent observations x4, x2, ... from a mixture with density

ple |, 0?) = mN (@i o) 4+ N (@ o). (550)
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the form of the conjugate prior for § = (7, p, v) is

p(0) = D(m;d) H Pvjsmg /2, /2)N (305, 1/ (s0)) (5.5

= ¢(0;d,m,1, u,s) say, (5.52)
and on receiving an observation z, the sequential update step is given by
SU((d,m, L u,s),z) = (d,m’,1',u’,s)
where (d’,m’, 1", u’,s) is given by

QB: Forj=1,....k

d; = d; + p(j) (5.53)

m's = m; + p(J) (5.54)

b=l (e = w)) (555)
J

of =i+ 000) (T 3) (5.56)
J

sh=s;+p(J) (5.57)

KL: d’' = (d},...,d,) is chosen by maximising (using numerical methods)

P —1Zp [W{d; (1)} — ¥{dy + -+ + di + 1}]

+log () di) = logT'(d}), (5.58)
J J

+ m?;(log % - ) - logF<m7;> (5.59)

and
= m / > p(@')’?f((ié) (5.60)
o= L Pt [ 3 20 (5.61)

s = 1/2}?(@'){ 41. + M(u; — u (1)) (5.62)



where fori,j =1,...,k

p(i) dz( , (5.63)
i+ 1 s, 2] (M2 T (m; /2
° {li + 5T (z —w) } (mi/2)
di(i) =dj + i (5.64)
L) =1+ (Si e =) )5” (5.66)
wii) = u; + <7‘z_+1§>5] (5.67)
Sj(i) = 5y + 52’]’ (568)

and ¢ (-) is the digamma function (the first derivative of the log of the gamma
function).

Proof. Given the prior distribution (5.51) for 6, the posterior distribution on re-
ceiving a single observation x is (by the conjugate analysis given in Section 5.6.2,
and straightforward integration)

k

p(O]) = pli)g(6;d(i), m(i), 1), u(i), (i)

=1

where p(i) is given by (5.63), and d(7), m(7),1(¢), u(¢), s(¢) are given by (5.64)—
(5.68).
The QB sequential update rule then follows from

and similar equations for m’,1’, u’ and s'.
The KL sequential update rule requires us to find (d’, m’,1’, u’, s’) to minimise

KLY pli)g(0;d(i), m(0), 1(3), u(i), () || g(0; ', ', V', )

=1

which, by the definition of K L[- || -] (given by (5.8), page 122) involves maximis-
ing

K(d',m' 1 u,s) = /Zp(i)g(@; d(7),m(i),1(2),u(i),s(i)) -
log g(#;d’,m’, 1" u’,s") df

— Z p(H)KD(d',m', ' v, s
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where

Kﬂxdﬁanﬂuﬁd):t/g@%d@%nﬁﬁ,K@,u@%s@Dh@g@%d@nﬂJ@uﬂsﬂd&

(5.69)

Now

g(0;d" ",V ') = D(aw; d') [ ] Dogsm /2,6 /2)N (s, 1/ (s]0,)
j

and so

k

j=1

/ l/ m/ l/ m/
+ Z{ 5 —1)logv; — $v; + Flog + —log ()}

+ Z{%log(sé =) —
7=1

If we write E;(-) for [ -g(0;d(z), m(z),1(7),u(z),s(i)) df then the following re-
sults can be obtalned by stralghtforward integration:

[(d;(i)) — P (du(a )+ -+ di(i))]

Ei(log v;) = [1o("4) — log(4)]

Ei(v;) = 75

Ei(vi(p; —})*) = Ei(vi([5ae + (W) —u;(1))°])

=[5+ Zjﬂé?(u; — (1))

Foi(p; — uf)?}.

Ei(logm;) =

Gathering the log v; terms and performing the integration (5.69) we obtain

K(i)(d’ m', 1’ u’,s")

= Z{ (dj = D[(dj(2)) = P(da(1) + - - 4 di(2))] = log I'(d}) } + log I'(d} + - --

3 m ¢ (e lﬁmﬂ my l] m;
+Z{ = D) —log(4)] — 375 + S log £ — log T'( )}

(5.70)
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We wish to maximise K = >, p(i) K). Noting that d; (i) + - -+ + di.(i) =
dy 4+ - -+ dp + 1 gives (5.58). Equations (5.60),(5.61) and (5.62) can be obtained
by differentiating with respect to /%, v and s (7 = 1,..., k) respectively. (5.59)

is obtained by substituting (5.60) for l; in (5.70).
O
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Appendix A

Tables of data

A.1 Galaxy data

The galaxy data consists of the velocities (in 10% km/s) of distant galaxies
diverging from our own. The version of the data given here is taken from Roeder
(1990), which omits an observation (a velocity of 5.607 x 10° km/s) which is in
the original dataset presented by Postman et al. (1986).

Obs Velocity || Obs Velocity || Obs Velocity || Obs Velocity
(10° km/s) (10° km/s) (10° km/s) (10° km/s)
1 9.172 || 22 19.541 || 43 20.875 || 64 23.263
2 9.350 || 23 19.547 || 44 20.986 || 65 23.484
3 90483 || 24 19.663 || 45 21.137 || 66 23.538
4 9.558 || 25 19.846 || 46 21.492 | 67 23.542
5 9.775 || 26 19.856 || 47 21.701 | 68 23.666
6 10.227 || 27 19.863 || 48 21.814 || 69 23.706
7 10.406 | 28 19914 || 49 21.921 || 70 23.711
8 16.084 || 29 19918 || 50 21.960 | 71 24.129
9 16.170 | 30 19.973 || 51 22.185 || 72 24.285
10 18.419 | 31 19.989 || 52 22.209 | 73 24.289
11 18.552 | 32 20.166 || 53 22242 || 74 24.366
12 18.600 || 33 20.175 || 54 22249 || 75 24.717
13 18.927 | 34 20.179 || 55 22.314 || 76 24.990
14 19.052 || 35 20.196 || 56 22.374 || 77 25.633
15 19.070 || 36 20.215 || 57 22495 || 78 26.960
16 19.330 || 37 20.221 || 58 22.746 || 79 26.995
17 19.343 || 38 20415 | 59 22.747 || 80 32.065
18 19.349 || 39 20.629 || 60 22.888 || 81 32.789
19 19.440 | 40 20.795 || 61 22914 || 82 34.279
20 19.473 | 41 20.821 || 62 23.206
21 19.529 || 42 20.846 || 63 23.241
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A.2 Old Faithful data

The Old Faithful data (Hirdle, 1991, the version from) consists of data on 272
eruptions of the Old Faithful geyser in the Yellowstone National Park. Each ob-
servation consists of two observations: the duration (in minutes) of the eruption,

and the waiting time (in minutes) before the next eruption.

Obs | duration | waiting || Obs | duration | waiting || Obs | duration | waiting
(min) (min) (min) (min) (min) (min)

1 3.600 79 || 36 2.017 52| 71 4.033 82
2 1.800 54| 37 1.867 48 || 72 1.967 56
3 3.333 74 || 38 4.833 80 || 73 4.500 79
4 2.283 62 | 39 1.833 59| 74 4.000 71
5 4.533 85 | 40 4.783 9 || 75 1.983 62
6 2.883 55| 41 4.350 80 || 76 5.067 76
7 4.700 88 || 42 1.883 58| 77 2.017 60
8 3.600 85 | 43 4.567 84 || 78 4.567 78
9 1.950 51 44 1.750 581 79 3.883 76
10 4.350 85 || 45 4.533 73 || 80 3.600 83
11 1.833 54| 46 3.317 83 || 81 4.133 75
12 3.917 84 || 47 3.833 64 | 82 4.333 82
13 4.200 78 || 48 2.100 53| 83 4.100 70
14 1.750 47 || 49 4.633 82 | 84 2.633 65
15 4.700 83 | 50 2.000 59| 85 4.067 73
16 2.167 52| 51 4.800 75 || 86 4.933 88
17 1.750 62 | 52 4716 90 || 87 3.950 76
18 4.800 84 | 53 1.833 54| 88 4.517 80
19 1.600 52| 54 4.833 80 || 89 2.167 48
20 4.250 79 || 55 1.733 54| 90 4.000 86
21 1.800 51 56 4.883 83 || 91 2.200 60
22 1.750 47 || 57 3.717 71| 92 4.333 90
23 3.450 78 || 58 1.667 64 | 93 1.867 50
24 3.067 69 || 59 4.567 77 || 94 4.817 78
25 4.533 74 || 60 4.317 81 || 95 1.833 63
26 3.600 83 || 6l 2.233 59| 96 4.300 72
27 1.967 55| 62 4.500 84 || 97 4.667 84
28 4.083 76 || 63 1.750 48 || 98 3.750 75
29 3.850 78 || 64 4.800 821 99 1.867 51
30 4.433 79 || 65 1.817 60 || 100 4.900 82
31 4.300 73 || 66 4.400 92 | 101 2483 62
32 4.467 77 || 67 4.167 78 || 102 4.367 88
33 3.367 66 | 68 4.700 78 || 103 2.100 49
34 4.033 80 || 69 2.067 65 || 104 4.500 83
35 3.833 74 || 70 4.700 73 || 105 4.050 81

146




Obs | duration | waiting || Obs | duration | waiting || Obs | duration | waiting

(min) (min) (min) (min) (min) (min)
106 1.867 47 || 146 1.983 59 || 186 4.433 78
107 4.700 84 || 147 4.633 80 || 187 4.083 84
108 1.783 52 || 148 2.017 49 || 188 1.833 46
109 4.850 86 || 149 5.100 96 || 189 4.417 83
110 3.683 81 || 150 1.800 53| 190 2.183 55
111 4.733 75 | 151 5.033 77 || 191 4.800 81
112 2.300 59 || 152 4.000 77 || 192 1.833 57
113 4.900 89 || 153 2.400 65 || 193 4.800 76
114 4.417 79 || 154 4.600 81 || 194 4.100 84
115 1.700 59 || 155 3.567 71 || 195 3.966 77
116 4.633 81 || 156 4.000 70 || 196 4.233 81
117 2317 50 || 157 4.500 81 || 197 3.500 87
118 4.600 85 || 158 4.083 93 || 198 4.366 77
119 1.817 59 | 159 1.800 53| 199 2.250 51
120 4.417 87 || 160 3.967 89 || 200 4.667 78
121 2.617 53| 161 2.200 45 | 201 2.100 60
122 4.067 69 || 162 4.150 86 || 202 4.350 82
123 4.250 77 || 163 2.000 58 || 203 4.133 91
124 1.967 56 || 164 3.833 78 || 204 1.867 53
125 4.600 88 || 165 3.500 66 || 205 4.600 78
126 3.767 81 || 166 4.583 76 || 206 1.783 46
127 1.917 45 || 167 2.367 63 || 207 4.367 77
128 4.500 82 || 168 5.000 88 || 208 3.850 84
129 2.267 551 169 1.933 52 | 209 1.933 49
130 4.650 90 || 170 4.617 93 | 210 4.500 83
131 1.867 45 || 171 1.917 49 | 211 2.383 71
132 4.167 83 || 172 2.083 57 || 212 4.700 80
133 2.800 56 | 173 4.583 77 || 213 1.867 49
134 4.333 89 || 174 3.333 68 || 214 3.833 75
135 1.833 46 || 175 4.167 81 || 215 3.417 64
136 4.383 82 || 176 4.333 81 || 216 4.233 76
137 1.883 51 177 4.500 73 || 217 2.400 53
138 4.933 86 || 178 2417 50 | 218 4.800 94
139 2.033 53| 179 4.000 85 || 219 2.000 55
140 3.733 79 || 180 4.167 74 | 220 4.150 76
141 4.233 81 || 181 1.883 55| 221 1.867 50
142 2.233 60 || 182 4.583 77 || 222 4.267 82
143 4.533 82 || 183 4.250 83 || 223 1.750 54
144 4.817 77 || 184 3.767 83 || 224 4.483 75
145 4.333 76 || 185 2.033 511 225 4.000 78
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Obs | duration | waiting || Obs | duration | waiting || Obs | duration | waiting

(min) (min) (min) (min) (min) (min)
226 4.117 79 || 242 2.350 47 || 258 4.450 83
227 4.083 78 || 243 4.933 86 || 259 2.000 56
228 4.267 78 || 244 2.900 63 || 260 4.283 79
229 3.917 70 || 245 4.583 85 || 261 4.767 78
230 4.550 79 || 246 3.833 82 || 262 4.533 84
231 4.083 70 || 247 2.083 57 || 263 1.850 58
232 2417 54 || 248 4.367 82 || 264 4.250 83
233 4.183 86 || 249 2.133 67 || 265 1.983 43
234 2217 50 || 250 4.350 74 || 266 2.250 60
235 4.450 90 | 251 2.200 54 || 267 4.750 75
236 1.883 54 || 252 4.450 83 || 268 4.117 81
237 1.850 54| 253 3.567 73 || 269 2.150 46
238 4.283 77 || 254 4.500 73 || 270 4.417 90
239 3.950 79 || 255 4.150 88 || 271 1.817 46
240 2.333 64 || 256 3.817 80 || 272 4.467 74
241 4.150 75 || 257 3.917 71
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A.3 Iris Virginica data

The original Iris data was collected by Anderson (1935), and consists of four
measurements (petal and sepal length and width) for 50 specimens of each of
three species (setosa, versicolor, and virginica) of iris, giving 150 specimens in
all. We consider only the measurements of sepal length and petal length for the
50 examples of the virginica species. The observations are numbered 1 to 50 in
order of their listing in Table 1.1 in Andrews and Herzberg (1985), which is the
numbering used by McLachlan (1992) and also the numbering used in the data
supplied with S-PLUS.

Obs | sepal length | petal length || Obs | sepal length | petal length
(mm) (mm) (mm) (mm)

1 6.3 6.0 || 26 7.2 6.0
2 5.8 51 27 6.2 4.8
3 7.1 59 28 6.1 4.9
4 6.3 56| 29 6.4 5.6
5 6.5 5.8 | 30 7.2 5.8
6 7.6 6.6 || 31 7.4 6.1
7 4.9 45 || 32 7.9 6.4
8 7.3 6.3 | 33 6.4 5.6
9 6.7 58| 34 6.3 5.1
10 7.2 6.1 | 35 6.1 5.6
11 6.5 511 36 7.7 6.1
12 6.4 53 37 6.3 5.6
13 6.8 55 38 6.4 55
14 5.7 504 39 6.0 4.8
15 5.8 5.1 40 6.9 54
16 6.4 53 41 6.7 5.6
17 6.5 55| 42 6.9 5.1
18 7.7 6.7 || 43 5.8 5.1
19 7.7 6.9 || 44 6.8 59
20 6.0 501 45 6.7 5.7
21 6.9 57| 46 6.7 52
22 5.6 49 || 47 6.3 5.0
23 7.7 6.7 || 48 6.5 52
24 6.3 49 || 49 6.2 54
25 6.7 571 50 59 5.1
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A.4 Pima data
The Pima data is discussed by Ripley (1996), and the full data consists of

the readings of 9 variables for 768 women of Pima Indian heritage, living near
Phoenix, Arizona. These women were tested for diabetes according to World
Health Organisation criteria, and we consider only those who tested positive. We
consider only two of the measured variables: plasma glucose concentration (glu)
and diastolic blood pressure (bp) (in mm Hg). We discarded records which had

one or both of these variables missing, leaving 250 records for analysis.

Observation | glu | bp || Observation | glu | bp || Observation | glu | bp
1 148 | 72 34 134 | 72 67 139 | 80
2 183 | 64 35 122 | 90 68 159 | 66
3 137 | 40 36 163 | 72 69 158 | 84
4 78 | 50 37 95| 85 70 107 | 62
5 197 | 70 38 171 | 72 71 109 | 64
6 125 | 96 39 155 | 62 72 148 | 60
7 168 | 74 40 160 | 54 73 196 | 76
8 189 | 60 41 146 | 92 74 162 | 104
9 166 | 72 42 124 | 74 75 184 | 84
10 118 | 84 43 162 | 76 76 140 | 65
11 107 | 74 44 113 | 76 77 112 | 82
12 115 70 45 88 | 30 78 151 70
13 196 | 90 46 117 | 88 79 109 | 62
14 119 | 80 47 105 | 84 80 85| 74
15 143 | 94 48 173 | 70 81 112 | 66
16 125 70 49 122 | 56 82 177 | 60
17 147 | 76 50 170 | 64 83 158 | 90
18 158 | 76 51 108 | 66 84 162 | 52
19 102 | 76 52 156 | 86 85 142 | 86
20 90 | 68 53 188 | 78 86 134 | 80
21 11| 72 54 152 | 88 87 171 | 72
22 171 | 110 55 163 | 72 88 181 | 84
23 180 | 66 56 131 | 88 89 179 | 90
24 103 | 66 57 104 | 74 90 164 | 84
25 176 | 90 58 102 | 82 91 139 | 54
26 187 | 68 59 134 | 70 92 119 | 50
27 133 | 72 60 179 | 72 93 184 | 85
28 114 | 66 61 129 | 110 94 92 | 62
29 109 | 88 62 130 | 82 95 113 | 64
30 100 | 66 63 194 | 68 96 155 | 76
31 126 | 90 64 181 | 68 97 123 | 62
32 137 | 108 65 128 | 98 98 101 | 86
33 136 | 70 66 109 | 76 99 106 | 60
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Observation | glu | bp || Observation | glu | bp || Observation | glu | bp
100 146 | 70 141 131 | 66 182 198 | 66
101 161 | 86 142 193 | 70 183 121 | 66
102 108 | 80 143 95| 64 184 118 | 80
103 119 | 86 144 136 | 84 185 197 | 70
104 107 | 62 145 168 | 64 186 1511 90
105 128 | 78 146 115 72 187 124 | 76
106 128 | 48 147 197 | 74 188 143 | 66
107 146 | 70 148 172 | 68 189 176 | 86
108 100 | 78 149 138 | 60 190 111 | 84
109 144 | 58 150 173 | 84 191 132 | 80
110 115 98 151 144 | 82 192 188 | 82
111 161 | 68 152 129 | 64 193 173 | 74
112 128 | 68 153 151 78 194 150 | 78
113 124 | 68 154 184 | 78 195 181 | 78
114 155 | 74 155 181 | 64 196 174 | 58
115 109 | 80 156 95 | 82 197 168 | 88
116 182 | 74 157 189 | 104 198 138 | 74
117 194 | 78 158 108 | 70 199 112 | 82
118 112 | 74 159 117 | 62 200 114 | 64
119 124 | 70 160 180 | 78 201 104 | 72
120 152 | 90 161 104 | 64 202 97| 76
121 122 | 64 162 134 | 70 203 147 | 80
122 102 | 86 163 175 | 62 204 167 | 74
123 115 76 164 148 | 84 205 179 | 50
124 152 | 78 165 105 | 80 206 136 | 84
125 178 | 84 166 158 | 70 207 155 | 52
126 165 | 88 167 135 | 68 208 80 | 82
127 125 | 50 168 125 | 70 209 199 | 76
128 196 | 76 169 195 | 70 210 167 | 106
129 189 | 64 170 180 | 90 211 145 | 80
130 146 | 78 171 84 | 72 212 115| 60
131 124 | 72 172 163 | 70 213 145 | 82
132 133 | 102 173 145 | 88 214 111 | 70
133 173 | 82 174 130 | 70 215 195 70
134 140 | 82 175 129 | 92 216 156 | 86
135 156 | 75 176 100 | 74 217 121 | 52
136 116 | 74 177 128 | 72 218 162 | 76
137 105 | 100 178 9 | 85 219 125 | 80
138 144 | 82 179 186 | 90 220 144 | 82
139 166 | 76 180 187 | 76 221 158 | 114
140 158 | 78 181 125 | 76 222 129 | 68
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Observation | glu | bp || Observation | glu | bp || Observation | glu | bp
223 142 | 90 233 149 | 68 243 136 | 70
224 169 | 74 234 130 | 78 244 181 | 88
225 125 | 78 235 120 | 86 245 154 | 78
226 168 | 88 236 174 | 88 246 128 | 88
227 164 | 78 237 102 | 74 247 123 | 72
228 93 | 64 238 120 | 80 248 190 | 92
229 129 | 62 239 140 | 94 249 170 | 74
230 187 | 50 240 147 | 94 250 126 | 60
231 173 | 78 241 187 | 70
232 97 | 76 242 162 | 62
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