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ABSTRACT
In this dissertation research, we tackle the statistical problem of analyzing potentially
heterogeneous genetic association data. Most frequently, this type of the data arise
from applications of genetic meta-analysis and study of gene-environment interactions. These two types of applications are both critical for understanding the effects
of genetic variants on complex traits.
We propose a unified Bayesian framework to deal with potentially heterogeneous
genetic association data. Within this framework, We address the problems of whether
and how a particular genetic variant act on the phenotype of interest by Bayesian
testing and model comparison approaches in a systematic way. We propose Bayesian
models, derive easy-to-compute Bayes Factors for this purpose and discuss the general
strategy for exploratory analysis in these settings.
Built on these results, we discuss a special type of application from genomics
research: mapping eQTLs across tissue types. At a single gene level, this is a special
application of gene-environment interactions we have discussed above. Nevertheless,
the special feature of this setting is that there are information shared by many genes
which are simultaneously measured in a single experiment. We propose a hierarchical
mixture model to “pool” the information across genes and investigate the scope of
the tissue specificity of eQTLs and potential biological “features” that are associated
with tissue specificity.
Finally, to deal with missing data in meta-analyses settings, we propose a linear
predictor approach that can efficiently “impute” allele frequencies based on observed
summary-level data. The main statistical novelty is that we find a very natural shrinkage estimator of a high dimensional covariance matrix by incorporating knowledge
from population genetic models.
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CHAPTER 1
INTRODUCTION
Genetic association studies have become increasingly popular for understanding the
genetic basis of complex human diseases. The fast advancement of experimental
technology now enables simultaneously interrogating millions of genetic variants in
human genome. However, statistically identifying genetic variants that are associated
with complex phenotypes is still intrinsically difficult. Moreover, to understand how
genetic variants impact complex phenotypes is a even more daunting challenge. In
this dissertation, we aim to address some of these issues and provide statistically
sound and computationally efficient solutions.

1.1

Background

We start by introducing some relevant terminologies in genetics.
A SNP (Single Nucleotide Polymorphism) is a single base pair mutation occurred
in a DNA sequence. The possible nucleotides that can be presented at a SNP location
are known as alleles. Almost all SNPs have at most two alleles in a populations.
We will use 0 and 1 to denote the two alleles at each SNP with the labeling being
essentially arbitrary. SNP is the most common type of the genetic variants: up to
today, about 10 million SNPs in the human genome have been cataloged.
A haplotype is a combination of alleles at multiple SNPs residing on a single
copy of a genome. Each haplotype can be represented by a string of binary (0/1)
values. Each individual has two haplotypes, one inherited from each parent. Routine
technologies read the two haplotypes simultaneously to produce a measurement of the
individual’s genotype at each SNP, which can be coded as 0,1 or 2 copies of the “1”
allele. Thus the haplotypes themselves are not usually directly observed, although
they can be inferred using statistical methods (Stephens et al. (2001)). Genotype data
where the haplotypes are treated as unknown are referred to as “unphased”, whereas
if the haplotypes are measured or estimated they are referred to as “phased”.
Genetic Association refers to the correlation between genetic polymorphism and
some phenotype of interest, which is typically some measurable trait (e.g. quantitative
1

trait like height, weight, blood pressure) or characteristics (e.g. case/control status
of a particular disease). In medicine, it has been known for a very long time that
some diseases such as heart disease, cancer, and diabetes run in families, and family
history, as a proxy for genetics, has been commonly used in medical practice for
disease diagnosis and prevention. Understanding the genetic basis of complex disease
not only helps us to reveal the biological pathways to diseases, but also leads to
developing new drugs/therapies for better treatments.
In a genetic association study, both genotypes (typically SNPs) and phenotype information are measured for a set of collected samples and the aim is to identify
genetic variants that are associated with the phenotype of interest. In this dissertation, we focus exclusively on studies that collect population samples from unrelated
individuals.
One common approach to analyzing genetic association data is to examine one
SNP at a time. For quantitative phenotypes, a single SNP genetic association can be
modeled by the following simple linear regression model:
y = µ1 + βg + e , e ∼ N(0, σ 2 I),

(1.1)

where y and g are vectors of sample phenotypes and genotypes (coded as 0, 1 or 2
for each individual) respectively, µ is the intercept term and σ 2 is the residual error
variance. The quantity of interest is the regression coefficient β, also known as genetic
effect: the value of β is non-zero if and only if an association exists.

1.2

Heterogeneous Genetic Association Data

In genetic association analysis, it is often desired to analyze data from multiple
potentially-heterogeneous subgroups. There are primarily two types of application/study
that concern heterogeneous genetic association data:
1. To detect modest genetic association signals that are too weak to be detected in
smaller individual studies, meta-analysis of multiple studies are often required.
These studies are typically carried out by different investigators, at different
2

centers, which might be expected to exhibit heterogeneity of genetic effects.
2. Some genetic variants exhibit different effect sizes under different environmental
exposures. This is known as gene-environment (G×E) interaction. Identifying
G×E interactions has become increasingly important to understand and explain
phenotypic variation.
In both cases, the genetic association data are structured in subgroups: in metaanalysis, the subgroups are formed by samples from different studies; while in study
of G×E interactions, samples from different environmental exposures are naturally
clustered into subgroups. The scientific questions we are interested in can be framed
at two different levels: First, we aim to identify genetic variants that are associated
with the phenotype of interest in any of the subgroups; then, we might be interested
in investigating the heterogeneity of the genetic effects in details for identified genetic
variants.
For meta-analysis, the motivation is to increase statistical power by accumulating
more samples through multiple studies. The perception of heterogeneity, at least a
priori, is that the genetic effects among different studies should be quite consistent
(Munafò and Flint (2004)). Whereas in detection of G×E interactions, the goal is
completely different: we are looking for genetic variants whose effects have large
variation in different environmental conditions (Hunter (2005)).

1.3

The Bayesian Approach

Our choice of Bayesian approaches to analyze potentially heterogeneous genetic association data is primarily motivated by pragmatic rather than philosophical considerations. In particular, we take advantages of convenient model comparison procedures
built into the Bayesian framework.
In studies of potentially heterogeneous genetic association data, multiple levels of
scientific inquires can be phrased as model comparison problems. For a phenotype
of interest and a target SNP, firstly, we are interested in knowing whether the SNP
is associated with the phenotype. This is typically solved as a hypothesis testing
3

problem, which can also be framed as a special case of model comparison (comparing
some non-null alternative model with the null model stating no association). Once
we find evidence for association, we may be interested in investigating the levels of
heterogeneity of genetic effects exhibited in different subgroups. This can be achieved
by comparing a set of models explicitly describing various degrees of heterogeneity.
Finally, if there are scientific hypotheses that explicitly explain the heterogeneity, we
can construct models based on these scientific hypotheses and assess their relative
plausibilities using observed data.
To give a simple example of the explanation step, suppose there are two possible
biological processes that lead to the phenotype of interest – one involving the target
SNP, the other does not, and the activity of the biological process depends on the
environmental conditions. Now, given two different environmental conditions, with
observed genetic association data, we may infer the activities of the two candidate
processes in these two conditions. To do this, we compare all four possible genetic
models that describe the association between the phenotype and the target SNP:
1. target SNP has no association with the phenotype in either condition.
2. target SNP is associated with the phenotype in condition 1 but has no association in condition 2.
3. target SNP is associated with the phenotype in condition 2 but has no association in condition 1.
4. target SNP has are associated with the phenotype in both conditions.
If the data are sufficiently informative, we expect the true model to obtain the
strongest support.
The Bayesian device that compares evidence in the data for two competing models
is the Bayes Factor. The Bayes Factor of model Mi to model Mj is defined as
BFij =

Pr(Data|Mi )
.
Pr(Data|Mj )

4

(1.2)

It also follows from this definition that the Bayes Factor of model Mi to another
model Mk can be computed as
BFik =

BFij
.
BFkj

(1.3)

In principle, BFij captures all the evidence provided by the data in favor of or
against model Mi vs. model Mj . If prior probabilities for models ηi = Pr(Mi ), i =
1, 2, . . . are specified, then posterior probabilities of models can be easily computed
via Bayes Factors, for example,
ηi BFij
.
Pr(Mi |Data) = P
k ηk BFkj

(1.4)

In comparison, in a Frequentist framework, if the candidate models are not nested,
the procedure is usually not straightforward. It is sometimes possible to compare models by computing various model selection criteria. However, these quantities usually
rely heavily on asymptotic assumption, which in practice may not be appropriate.
Further, simple model selection criteria, e.g. AIC, typically are not well-defined for
hierarchical models which happen to be our choice to model potentially heterogeneous
genetic association data.
There are many other advantages of Bayesian methodology over classical Frequentist approaches in the context of genetic association studies. Stephens and Balding
(2009) has a thorough discussion and systematic review on this perspective. The
same arguments naturally apply in our context as well.

1.4

Outline of the Dissertation

In this chapter, we have briefly described the problems regarding analyzing potentiallyheterogeneous genetic association data and set out to search for Bayesian solutions.
In chapter 2, we describe our theoretical results on Bayesian approaches for
analyzing heterogeneous genetic association data. In particular, we develop some
computationally-efficient approaches to computing Bayes factors in these settings.
One of these approaches yields a Bayes Factor with a simple and intuitive analytic
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form. Various interesting properties of the Bayes Factors will be discussed and demonstrated through real data examples.
In chapter 3, we apply our Bayesian methodology to mapping tissue-specific
eQTLs. eQTL (expression quantitative trait loci) are genetic variants that are associated with gene expression levels. Investigating tissue-specific eQTL yields great
insights into mechanisms of differential gene regulation (Montgomery and Dermitzakis
(2011)). Study of tissue-specific eQTLs can be viewed as a special case of investigation of G×E interaction. We further build a hierarchical mixture model to investigate
the scope of the tissue specificity of eQTLs and potential biological “features” that
are connected with tissue specificity.
In chapter 4, we describe an imputation method for untyped genetic variants when
only summary-level information (e.g. allele frequencies) are available. This is a important statistical method in dealing with missing genetic data when combining genetic
association data across multiple studies. In particular, we consider the situation when
only summary-level genetic data (e.g. allele frequencies) are made available. Such
scenarios can arise due to policy (e.g. for protecting privacy) or experimental design
(e.g. data generated by DNA pooling experiment). Our proposed method can accurately infer the frequencies of untyped genetic variants in these settings, and indeed
substantially improve frequency estimates at typed variants in pooling experiments
where observations are noisy. Our approach, which predicts each allele frequency
using a linear combination of observed frequencies, is statistically straightforward,
and related to a long history of the use of linear methods for estimating missing values (e.g. Kriging). The main statistical novelty is our approach to regularizing the
covariance matrix estimates, and the resulting linear predictors, which is based on
methods from population genetics. We find that, besides being both fast and flexible
– allowing new problems to be tackled that cannot be handled by existing imputation approaches purpose-built for the genetic context – these linear methods are also
very accurate. Indeed, imputation accuracy using this approach is similar to that
obtained by state-of-the art imputation methods that use individual-level data, but
at a fraction of the computational cost.

6

CHAPTER 2
BAYESIAN METHODS FOR ANALYZING
HETEROGENEOUS GENETIC ASSOCIATION DATA
2.1

Introduction

In this chapter, we present Bayesian methods for analyzing genetic association data,
allowing for potential heterogeneity among (pre-specified) subgroups. We are motivated by two distinct settings where heterogeneity may arise. The first setting is
meta-analysis of multiple association studies of the same phenotype. These studies
are usually carried out by different investigators, at different centers, therefore, heterogeneity of genetic effects are commonly expected (e.g. due to differences in the
way phenotypes are measured, or due to systematic differences between individuals
enrolled in each study). Such meta-analyses have become an increasingly popular and
important statistical tool for detecting modest genetic associations that are too small
to be detected in smaller individual studies (Teslovich et al. (2010), Zeggini et al.
(2008)). The second setting is where genuine biological interactions may cause some
genetic variants to exhibit different effects on individuals in different subgroups; for
example, genetic effects can differ in males and females even at autosomal loci (Kong
et al. (2008), Ober et al. (2008)). And in gene expression analyses that aim to detect
genetic variants associated with gene expression levels, data are often available on
individuals from different continental groups Stranger et al. (2007), Veyrieras et al.
(2008), or on different tissue types Dimas et al. (2009), where heterogeneity of effects
may be expected.
These two settings differ in the extent of the heterogeneity expected: for example, interactions could cause genetic variants to have effects in different directions in
different subgroups, however this might be considered unlikely in the meta-analysis
setting. They also differ in the extent to which heterogeneity may be of direct interest
(e.g. in interactions) or largely a “nuisance” (e.g. in meta-analysis). However, the
two settings also share an important element in common: the vast majority of genetic
variants are unassociated with any given phenotype of interest, within all subgroups.
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Consequently, it is of great interest to identify genetic variants that show association
in any subgroups (i.e. rejecting the “global” null hypothesis of no association within
any subgroup). Similar points are made in more detail in Lebrec et al. (2010), which
develops and compares frequentist tests for this problem.
Our proposed methods handle heterogeneous genetic association data in these two
different settings within a unified Bayesian framework. The key idea here is to take
a model comparison approach rather than solely focus on hypothesis testing. More
specifically, we construct a set of models (with the null model included) in which
heterogeneity of the genetic effects is explicitly modeled. For identifying genetic
association, we evaluate the evidence in the data for the null model versus the nonnull models. In case of investigating the details of heterogeneity given association
presented in some subgroup, we can further compare the support from the data
for each alternative model. In Bayesian framework, the essential statistical device
required to accomplish both tasks is the Bayes Factor.
In the rest of the chapter, we first discuss considerations and approaches for modeling heterogeneity, then proceed to show the computation of Bayes Factors for a set
of proposed models. Finally, we use various data examples to illustrate our proposed
Bayesian methods.

2.2

Models and Methods

We start with models for quantitative traits, then proceed to discuss Bayesian analysis
procedures based on those proposed models. Later, we generalize these results to
binary outcomes in case-control studies.

2.2.1

Notation and Assumptions

We assume (quantitative) phenotype data and genotype data are available on S predefined subgroups, and focus on assessing association between the phenotype and
each genetic variant (SNP), one at a time. We assume that the data within subgroup
s come from ns randomly-sampled unrelated individuals. Let the ns -vectors y s and
g s denote, respectively, the corresponding phenotype data and the genotype data at
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a single “target” SNP. We also let Y = (y 1 , . . . , y S ) and G = (g 1 , . . . , g S ) denote
the complete set of phenotype and genotype data respectively.

2.2.2

Hierarchical Models for Quantitative Traits

In this section, we introduce a set of models for describing heterogeneous genetic
effects for a target SNP across subgroups.
Within each subgroup, we model the association between phenotype and genotype
using a standard linear model. Specifically, in subgroup s, we assume
y s = µs 1 + βs g s + es , es ∼ N(0, σs2 I).

(2.1)

Here, we also assume residual errors are independent across subgroups.
The “global” null hypothesis of interest is that there is no genotype-phenotype
association within any subgroup; that is, βs = 0 for all s.
Under the alternative hypothesis we begin by assuming that the genetic effects
among subgroups are exchangeable, and more specifically that they are normally
distributed about some unknown mean. We consider two different definitions of
genetic effects: the “standardized effects” bs := βs /σs , and the unstandardized effects,
βs , leading to the following models:
1. Exchangeable Standardized Effects (ES model). Under this model we assume
that the standardized effects bs are normally distributed among subgroups:
bs |σs ∼ N(b̄, φ2 ) or equivalently, βs |σs ∼ N(σs b̄, σs2 φ2 ),

(2.2)

so the hyper-parameters b̄ and φ characterize, respectively, the mean and variance of effects among subgroups. We also assume a normal prior distribution
for b̄,
b̄ ∼ N(0, ω 2 ).

(2.3)

Finally, for the parameters σs and µs , which are common to both the null and
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alternative hypotheses, we use the convenient conjugate priors
µs σs |σs ∼ N(0, σs2 vs2 ); σs−2 ∼ Γ(ms /2, ls /2).

(2.4)

When performing inference we consider the limits vs2 → ∞ and ls , ms → 0, in
which posteriors for both σs and µs are well-defined.
2. Exchangeable Effects (EE model). Under this model we assume that the unstandardized effects βs are normally distributed:
βs ∼ N(β̄, ψ 2 ),

(2.5)

where β̄ and ψ play similar roles to b̄ and φ in the ES model. We also assume
a normal prior for β̄,
β̄ ∼ N(0, w2 ),

(2.6)

µs ∼ N(0, u2s ); σs−2 ∼ Γ(ms /2, ls /2).

(2.7)

and priors for (µs , σs ):

At subgroup level, this prior specification is very similar with the commonly
used semi-conjugate priors in Bayesian linear regression.
Again, we use the limits u2s → ∞ and ls , ms → 0, as discussed further below.
In both the ES and EE models the alternative hypothesis involves two key hyperparameters, one (ω in the ES model and w in the EE model) that controls the prior
expected size of the average effect, and another (φ in the ES model and ψ in the EE
model) that controls the prior expected degree of heterogeneity among subgroups.
A complimentary view is that ω 2 + φ2 (respectively, w2 + ψ 2 ) controls the expected
(marginal) effect size in each study and φ/ω (respectively, ψ/w) controls the degree
of heterogeneity.
Of the two models, the ES model has the advantage that it results in analyses
(e.g. Bayes Factors) that are invariant to the phenotype measurement scale used
10

within each subgroup. This not only makes it more robust to users accidentally specifying phenotype measurements in different subgroups on different scales (possibly a
non-trivial issue in complex analyses involving collaboration among many research
groups), but also means that it can be applied when measurement scales may be
difficult to harmonize across subgroups, for example due to the use of different measurement technologies. For these reasons we prefer the ES model for general use.
However, in some cases the EE model may be easier to apply. For example, if one has
access only to published point estimates and standard errors for the effect size βs in
each study, then this suffices to approximate the Bayes Factor under the EE model,
but not under the ES model. Note that the ES and EE models will produce similar
results to each other if the residual error variances are similar in all subgroups.

A Curved Exponential Family Normal Prior
In some genetic applications, heterogeneity of effect sizes among subgroups are generally expected, but only with certain degree. For example, in meta-analysis, we may
expect genuine genetic association to possess the property that effect sizes across
studies predominantly show the same sign (Owen (2009)). To reflect this type of the
prior belief in “constrained” heterogeneity, we introduce a novel curved exponential
family normal (CEFN) prior: under ES model, we replace (2.2) with
bs ∼ N(b̄, k 2 b̄2 ).

(2.8)

In this formulation, the prior mean and variance are functionally related. As a consequence, the distance from prior mean (b̄) to origin 0 is measured as k1 units of prior
standard deviation. This relationship can be translated into the following probability
statement,

1
Pr bs has a different sign from b̄ = Φ(− ),
|k|

(2.9)

where Φ is the cumulative probability function of standard normal distribution. For
example, when k = 1/2, sampling from this prior distribution, the probability of
obtaining a value of bs having an opposite sign to b̄ is approximately 2.3%. As the
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value of k decreases, the restriction becomes more stringent. When k = 0, the prior
indicates all bs are exactly same as b̄, i.e. there is no heterogeneity of effects across
subgroups.
For the EE model, a similar curved exponential family prior can be applied as
βs ∼ N(β̄, k 2 β̄ 2 ).

2.2.3

(2.10)

Use of Proposed Models

This section concerns the general statistical strategy on choice of the models proposed
in previous sections for analyzing potential-heterogeneous genetic data. We argue
that the prior expectations of heterogeneity of genetic effects are typically contextdependent, and we should construct appropriate context-dependent models to reflect
our beliefs.
In meta-analysis, for a genuine genetic association, genetic effects in different
participating studies are expected to be similar, but not necessarily identical. At the
same time, we also tend to believe the maximum degree of heterogeneity in effects
should be constrained, for example, most of the effects in different subgroups are
expected to be in same direction. Thus, we can construct a set of ES models with
CEFN priors of small k values (or regular ES model with only “small” φ/ω values)
and compare with the global null.
If subgroup labels can be regarded as proxies of environmental conditions, our first
interest in a genome scan is still to reject the global null hypothesis of no association in
any subgroups. Once we confirm there is some association existing in some subgroup,
we then are interested in investigating the nature of the heterogeneity of genetic effects
in different subgroups: are the effects fairly consistent or are they very different? If
data give strong support to the latter case, we have likely found an instance of G×E
interaction.
One possible implementation of this strategy is to construct a series of alternative
ES models that span a range of expected marginal effect sizes (φ2 + ω 2 ) and various
degrees of heterogeneities (φ/ω). To compare with the global null model, we obtain
the evidence from the data by averaging over all considered alternative models. To
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further identify potential G×E interactions once the null is rejected, we compare the
evidence for models with high heterogeneity versus low heterogeneity: in an instance
of true G×E interaction, the genetic effects are expected to exhibit a large degree of
heterogeneity in different environment conditions. Conversely, we would not claim to
have identified a G×E interaction if the effects are “broadly consistent”.
The above strategies should work well as a general guideline for exploratory data
analysis. In case of G×E interaction, with more available information, it is possible
to construct more explicit models that explain the heterogeneity. Consider a simple, hypothetical example of two mutually exclusive genetic pathways leading to the
phenotype of interest. Suppose a target SNP only actively involves in pathway A
(therefore, is associated with the phenotype) but not in pathway B, and the activity
of the pathways depends on different environmental conditions. Given the genetic association data, if the correspondence between environmental conditions and pathway
activities are known, it is very natural to separately model the genetic effects of the
target SNP in different environmental conditions according to the activities of the
pathways: for the group of environmental conditions where pathway A is active, we
can model the genetic effects within this group using a meta-analysis approach (e.g.
the ES model with low degrees of heterogeneities); whereas for the group of conditions
where pathway B is active, the genetic effects there should be independently described
by the null model. Essentially, we cluster the genetic effects (into a zero cluster and
a non-zero cluster) according to the activities of the pathways, thus explicitly explain
the variation of genetic effects between clusters. In practice, the relationship between
environment condition and pathway activity is typically unknown (i.e. the cluster
membership of each genetic effect under certain environmental condition is latent)
and may be of great interest. In principle, we can enumerate all possible environmental condition-pathway correspondence relationships and evaluate them by computing
the support from observed data. We will show such an example in cross-population
eQTL mapping later in this chapter.
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2.2.4

Bayes Factors for Testing the Global Null Hypothesis

We now derive Bayes Factors for testing the “global” null hypothesis that the phenotype is not associated with the target SNP in any of the subgroups, versus the
alternative hypotheses (ES and EE) outlined above.
Starting with the ES model, recall that this model is indexed by two parameters,
φ and ω. Within this model, the global null hypothesis, which is most naturally
written as βs ≡ 0 for all s, can also be written as
H0 : φ = ω = 0.

(2.11)

To compare the support in the data for this null hypothesis against a particular
alternative ES model specified by parameters (φ, ω), we use the Bayes Factor:
BFES (φ, ω) =

P (Y |G, φ, ω)
.
P (Y |G, H0 )

(2.12)

Note that this Bayes factor depends on the values of the prior hyper-parameters vs , ls
and ms ; however, because these hyper-parameters are common to both the null and
alternative hypotheses, the value of the Bayes Factor is not especially sensitive to the
values chosen. As noted above we take the limits
vs2 → ∞, ls → 0, ms → 0, ∀s.

(2.13)

Each value of ω, φ corresponds to a particular alternative model, with ω controlling
the typical average effect size, and φ controlling the degree of heterogeneity among
subgroups (or in a re-parameterization, ω 2 + φ2 controls the expected marginal effect
size in each subgroup and φ/ω controls the degree of heterogeneity). As discussed in
section 2.2.3, there may be reasonable uncertainty about appropriate values for φ and
ω due to the unknown mechanism that causes heterogeneity. To allow for this, we
specify a prior distribution on a set of plausible values {(φ(i) , ω (i) ) : i = 1, . . . , M }.
We give a specific choice of such prior in the applications below. If πi denotes the
prior weight on (φ(i) , ω (i) ) then the resulting Bayes Factor against H0 is the weighted
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average of the individual BFs:
BFES
all =

M
X

πi BFES (φ(i) , ω (i) ).

(2.14)

i=1

Calculating the Bayes Factors
Calculating BFES (φ, ω) and BFEE (ψ, w) boils down to evaluating a complicated
multi-dimensional integral. In appendix A, we show two different approximations
to these integrals, both based on applying Laplace’s method and both having error
terms that decay inversely with the average sample size across subgroups. The first of
these, which effectively follows methods from Butler and Wood (2002) for computing
confluent hyper-geometric functions, is very accurate, even for small sample sizes.
Indeed, for the special case of a single subgroup (S = 1), the approximation becomes
exact, and for small numbers of subgroups we have checked numerically (appendix D)
that it provides almost identical results to an alternative approach based on adaptive
quadrature (which is practical only for small S). However, it requires a numerical
optimization step and has a somewhat complex form, which although not a practical
barrier to its use does hinder intuitive interpretation. In what follows we simply use
c ES to denote this approximation.
BF
The second approximation is less accurate for small samples sizes, but converges
asymptotically (with average sample size) to the correct answer. For the special case
of S = 1 it yields an analogue of the approximate Bayes Factors from Wakefield (2009)
and Johnson (2008), and in what follows we use ABFES to denote this approximation
under the ES model. The nice feature of ABFES is that it has an intuitive analytic
form with close connections to standard Frequentist test statistics for meta-analysis.
Proposition 1 below gives this analytic form in detail.
Before stating proposition 1, we introduce some notation.
• Association Testing in a Single Subgroup
First, let us consider analyzing a single subgroup, s. Let β̂s and σ̂s denote
the least square estimates of βs and σs from the linear regression model (2.1)
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using only data from s. Then an estimate for the standardized effect bs and its
standard error δs := se(b̂s ) can be obtained from
b̂s = β̂s /σ̂s ,
1
δs2 = 0
.
g s g s − ns ḡs2

(2.15)
(2.16)

The usual Frequentist statistic Ts for testing bs = 0 can be represented as
Ts2 =

b̂2s

β̂ 2
= 2s 2 .
σ̂s δs
se(b̂s )2

(2.17)

(Note that Ts is also equal to β̂s /se(β̂s ), which is the t-statistic for testing βs = 0
in Frequentist framework).
Both Wakefield (2009) and Johnson (2008) derive an approximate Bayes Factor
for testing bs ∼ N(0, φ2 ) vs. bs = 0, which has the form
s
ABFES
single (Ts , δs ; φ)

=

δs2
exp
δs2 + φ2

 2

Ts φ2
.
2 δs2 + φ2

(2.18)

• Testing Average Effect in a Random-effect Meta-analysis Model
Now consider the standard Frequentist test of b̄ = 0 in a random-effect metaanalysis of all subgroups, with bs ∼ N(b̄, φ2 ). If φ is considered known, the
standard estimate for b̄ and its standard error ζ := se(ˆb̄) are
P 2
2 −1
ˆb̄ = Ps (δs + φ ) b̂s ,
2 −1
2
s (δs + φ )

(2.19)

and
ζ2 = P

2
s (δs

1
.
+ φ2 )−1

(Note that in this context, each b̂s is regarded as an estimate of b̄.)
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(2.20)

The usual Frequentist statistic Tes2 for testing b̄ = 0 is
Tes2 =

ˆb̄2
.
se(ˆb̄)2

(2.21)

We can “translate” this test statistic into the Bayes Factor by applying Johnson’s recipe (Johnson (2005, 2008)) and the resulting approximate Bayes Factor
for testing b̄ ∼ N(0, ω 2 ) vs. b̄ = 0 is given by
s
2
ABFES
single (Tes , ζ; ω)

=

ζ2
exp
ζ 2 + ω2

 2

Tes ω 2
.
2 ζ 2 + ω2

(2.22)

We are now able to describe the analytic form of the overall approximate Bayes
Factor ABFES (φ, ω), as a simple product of the ABFs (2.18) and (2.22).
PROPOSITION 1. Under the ES model,
2
ABFES (φ, ω) = ABFES
single (Tes , ζ; ω) ·

Y

2
ABFES
single (Ts , δs ; φ).

(2.23)

s

Furthermore, ABFES (φ, ω) converges to the true Bayes Factor as ns → ∞ for all
subgroups s.
Proof. appendix A.1.
Proposition 1 breaks down the overall evidence for association into parts that are
due to the evidence in each individual subgroup (the second term) and a part that
reflects the consistency of the effects across subgroups (the first term). In particular,
if all subgroups show effects in the same direction, then the first term will tend to be
large ( 1) and provide a “boost” in the evidence for association compared with the
situations when the effects across subgroups are in different directions.
A similar result holds for the EE model and is given in appendix A.2. The detailed
computation of Bayes Factors involving CEFN priors is shown in appendix A.3. In
appendix D, we show the evaluation of numerical accuracy of various Bayes Factor
approximations described above.
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Small Sample Size Corrections for the Approximate Bayes Factor
The accuracy of ABFES relies on the sample sizes in subgroups: when sample sizes are
small in some subgroups, the approximation may become inaccurate. In particular,
we consider the behavior of the approximate Bayes Factor when the null hypothesis
is true. A valid Bayes Factor has the property that
E(BF|H0 ) = 1,

(2.24)

where the expectation is taken with respect to the data distribution under the null
model. Unfortunately, when sample sizes are small, (2.24) can be violated (as the
expected value is strictly greater than 1) for some ABFES (appendix C), which leads
to inaccurate approximation results (appendix D). Therefore, when applying (A.38)
and (2.23) special care must be taken in small sample situations.
We now propose a simple correction procedure for small sample sizes, which ensures the resulting approximation satisfies property (2.24). Specifically, we modify
(2.23) into the following form
2
A∗ BFES (φ, ω) = ABFES
single (q(Tes ), ζ; ω) ·

Y

2
ABFES
single (qs (Ts ), δs ; φ).

(2.25)

s

where the function qs denote a one-to-one quantile transformation from a t-distribution
with ns − 2 degree of freedom to a standard normal distribution, and the function q
is defined as

ˆb̄2
,
q(Tes )2 = cor
ζ2

where
ˆb̄ =
cor

2
2 −1
s + φ ) δs qs (Ts )
s (δ
P
.
2
2 −1
s (δs + φ )

(2.26)

P

(2.27)

Note, the quantile transformation functions qs and q converge to the identity mappings as ns → ∞ and the asymptotic property of (2.23) is preserved. Other details
on approximation (2.25) are discussed in appendix C.
The correction is practically very effective: A∗ BFES yields satisfying accuracy
when subgroup-level sample sizes decrease to 40 to 50. We demonstrate this correction
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with the real data example in appendix D.

2.2.5

Properties of Bayes Factors

In this section, we discuss some interesting and important properties of the Bayes
Factors described above.

Data Reduction in Computing Bayes Factors
All four Bayes Factors (BFES , BFEE , ABFES and ABFEE ) depend on the observed
data in each subgroup only through a set of summary statistics, i.e., a 6-tuple
(ns , 10 y s , 10 g s , y 0s y s , g 0s g s , y 0s g s ). Therefore, to perform the proposed Bayesian
method in a meta-analysis context, there is no need to collect full data set from each
individual study. If the approximate Bayes Factors are sufficient, the summary statistics from each study are reduced to only (b̂s , se(b̂s )) for the ES model and (β̂s , se(β̂s ))
for the EE model.

Induced Single Study Bayes Factors
For the ES model, in the special case of one subgroup (S = 1), both the actual Bayes
Factor and our approximations to it (2.23) reduce to results from previous work.
c ES becomes exact in this case, as the Bayes factor derived by
More specifically, BF
Servin and Stephens (2007), whereas the approximation is the same as the ABF in
Wakefield (2009) (see also Johnson (2005) and Johnson (2008)).

Non-informative Subgroup Data
If most of sample genotypes of the target SNP concentrate in only one of the three
genotype categories in subgroup s, i.e. the sample variance of the genotype data tends
to 0 (in our notation, δs2 → ∞), the data from subgroup s contain little information
on the correlation of the phenotype and the target SNP. Such a scenario could arise in
cross-population genetic studies where allele frequencies of SNPs have large variation
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in different populations. It is not uncommon to observe SNPs with modest minor
allele frequencies in one population is monomorphic in another population.
It can be shown from the approximate Bayes Factor (2.23) or the expression (A.13)
of the exact Bayes Factors (appendix A) that for both EE and ES models,
lim BFinclude s = BFexclude s ,

(2.28)

δs2 →∞

which indicates whether including data from subgroup s has little effect on the resulting Bayes Factor. This property shows that the proposed Bayesian procedure
correctly characterizes the non-informativeness of the data. Although this property
seems very intuitive and we might expect every statistical procedure to possess it, for
some methods (e.g. Fisher’s combined probability test), (2.28) does not hold.

Extreme Models and Corresponding Bayes Factors
The proposed hierarchical models are very flexible, covering a wide range of possible
heterogeneity by setting different values for (φ, ω). The following two special cases
correspond to the extremes of no heterogeneity and maximum heterogeneity:
1. Fixed Effect Model. A fixed effect model assumes genetic effects are homogeneous across subgroups. We obtain this extreme case by setting φ = 0, which
consequently forces all unobserved bs identical to b̄.
The resulting approximate Bayes factor (2.23) simplifies to
s
ABFES
fix (ω)

:=

ABFES (φ

= 0, ω) =
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ζ2
· exp
ζ 2 + ω2

 2

Tes ω 2
,
2 ζ 2 + ω2

(2.29)

where
ζ=P
ˆb̄ =

1

,

(2.30)

−2
s δs
P −2 β̂s
s δs σ̂
P −2 s ,
s δs
ˆb̄2

(2.31)

Tes2 = 2 .
ζ

(2.32)

Note, a Frequentist test under the same fixed effect employs the same test
statistic Tes .
2. Maximum Heterogeneity Model. Consider a class of ES models with prior expected marginal effect sizes (φ2 + ω 2 ) set as constant. Then the model with
ω = 0 represents the maximum possible heterogeneity among all models in the
class. Under this setting, the average effect b̄ is strictly 0 and conditional on φ,
bs from different subgroups are independent.
It can be shown from (A.13) and (A.28) that for both the EE and the ES models,
the exact Bayes Factor under this particular setting BFmaxH is the product of
the individual Bayes Factors, i.e.
BFmaxH =

Y

BFsingle, s ,

(2.33)

s

where BFsingle, s is the exact Bayes Factor calculated using data only from
subgroup s. For the approximate Bayes Factor, this relationship also holds, i.e.
s
ABFES
maxH (φ)

:=

ABFES (φ, ω

= 0) =

Y
s

δs2
exp
δs2 + φ2

 2

Ts φ2
.
2 δs2 + φ2
(2.34)

In the simplest case, we can use these two extreme models as proxies for low and
high degrees of heterogeneities. Comparing BFmaxH and BFfix provides us with a
sense of the support from data for strong versus weak heterogeneity. As a demonstration, we simulate two sets of data for two different SNPs, both consisting of 5
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subgroups. Figure 2.1 shows estimated effect sizes (β̂s ) and their corresponding 95%
confidence intervals estimated from the simulated data. SNP 1 is simulated to have
consistent effects across subgroups. SNP 2 mimics an example of G×E interaction,
where the direction of the effects are different in subgroups (this phenomena is known
as “qualitative interaction”). For both SNPs, we compute ABFEE fix and ABFEE maxH
with w2 + ψ 2 = 0.01 for both SNPs. The resulting approximate Bayes Factors are
shown in Table 2.1.

Figure 2.1: Forest plots of simulated data sets of two SNPs. SNP 1 and SNP 2 is simulated
to mimic situations in meta-analysis and G×E interaction study respectively. For each
subgroup data, estimated β̂s and its 95% confidence interval is plotted.

Name

log10 (ABFEE
fix )

log10 (ABFEE
maxH )

log10 (ABFEE
all )

SNP 1
SNP 2

14.07
−0.25

8.40
8.40

13.77
8.07

Table 2.1: Approximate Bayes Factors of the extreme models for simulated data set.
ABFEE
all is computed by averaging the two extreme Bayes Factors.

First of all, in both cases, evidence against the null is very strong. This can
be seen by computing ABFEE
all using two extreme models. In the case of SNP 1,
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there is very strong evidence in favor of the fixed effect model suggesting effect sizes
across subgroups are quite consistent. While for SNP 2, the Bayes Factor indicates
the support for maximum heterogeneity model is overwhelming. Although these
results are expected, the magnitude of the evidence favoring one model than the other
summarized by Bayes Factors (105.67 in SNP 1, and 108.15 in SNP 2) is striking.

2.2.6

Model for Case-Control Data

In situations when phenotypes are case/control status, we replace the linear model
(2.1) for each subgroup by a logistic regression model: for individual i in subgroup s,
the phenotype-genotype association is modeled by
log

Pr(ysi = 1|gsi )
= µs + βs gsi .
Pr(ysi = 0|gsi )

(2.35)

Furthermore, we use the same form for the priors on µs , βs and β̄ as described in the
EE model for quantitative traits.
Computing Bayes Factors for this model is challenging because the marginal likelihood is analytically intractable. To ease the computation, we approximate the
subgroup-level log-likelihood function l(βs , µs ) given by (2.35) using an asymptotic
expansion around its maximum likelihood estimates. The calculation then becomes
straightforward and we show it in appendix B.
The resulting approximate Bayes Factor has the same form as in (2.23) and (A.38).
Let β̂s denote the MLE of βs using the data from subgroup s only. For the alternative
model specified by parameters (ψ, w),
s

ABFCC (ψ, w)

 2

ξ2
Zcc w2
=
exp
2 ξ 2 + w2
ξ 2 + w2
s
 2
!
Y
Zs ψ 2
γs2
exp
,
·
2 γs2 + ψ 2
γs2 + ψ 2
s
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(2.36)

where
γs2 := se(β̂s )2 ,

(2.37)

β̂ 2
Zs2 = s2 ,
γs
P 2
(γ + ψ 2 )−1 β̂s
β̄ˆ = Ps s 2
,
2 −1
s (γs + ψ )
1
ξ 2 := se(β̄ˆ)2 = P 2
,
2 −1
s (γs + ψ )
ˆ2
β̄
2 =
.
Zcc
ζ2

(2.38)
(2.39)
(2.40)
(2.41)

2.3

Data Application

2.3.1

Global Lipids Study

The global lipids study (Teslovich et al. (2010)) is a large scale meta-analysis of
genome-wide genetic association studies of blood lipids phenotypes. In this study,
more than 100,000 individuals of European ancestry were amassed through 46 separate studies (grouped into 25 studies in their final analysis). For each individual,
quantitative phenotypes of total cholesterol (TC), low-density lipoprotein cholesterol
(LDL-C), high-density lipoprotein cholesterol (HDL-C) and triglycerides (TG) were
measured. The whole genome screening of genetic variants were performed and missing genotypes were imputed: in total, about 2.7 million common SNPs were included
in the final association analysis. In each individual study, all four phenotypes were
independently quantile normal transformed; single SNP association testings were performed for all SNPs and all phenotypes using the linear model (2.1) and the estimated
effect sizes and their standard errors were reported. In the meta-analysis stage, they
collected those summary-level information from each individual study and performed
a version of the Frequentist fixed effect testing procedure, known as Stouffer’s method
(Willer et al. (2010)). In the end, they reported 95 significantly associated loci (the
fixed effect p-value < 10−8 ), with 59 showing genome-wide significant association
with lipid traits for the first time.
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We use this dataset to study the behaviors of proposed Bayesian methods under
the settings of genetic meta-analysis. Because the data from each individual study
are available only in forms of the summary statistics (the estimated effects and their
standard errors), we choose to apply the EE models and compute the corresponding
approximate Bayes Factors. For imputed genotypes, we follow Guan and Stephens
(2008) to substitute imputed mean genotypes in linear model (2.1). To formalize
their arguments, we also provide a justification in appendix E. We compare the
results obtained from the fixed effect model, the EE model with CEFN priors and
the maximum heterogeneity model using the LDL-C phenotype.
For all three different types of models, we assume a discrete uniform prior on the
overall genetic effect size (i.e., w2 + ψ 2 in the regular EE models; (k 2 + 1)w2 in the
EE model with CEFN priors) on E(βs2 ) = 0.12 , 0.22 , 0.42 , 0.62 and 0.82 . For the fixed
effect model, ψ is set to 0; for the maximum heterogeneity model, we set w = 0; for
CEFN prior, we specify k = 0.326 which reflects a prior belief that the effect in a
particular study having an opposite sign to the average effect is only 1 in 1,000.
We select the top 10,000 associated SNPs based on the fixed effect p-values reported in Teslovich et al. (2010) and compare their approximate Bayes Factors from
the three different models. The comparisons between resulting approximate Bayes
Factors are shown in Figure 2.2.
We note the resulting fixed effect Bayes Factors (ABFEE
fix ) yield a very consistent
ranking of the associated SNPs with the ranking based on the reported Frequentist
fixed effect p-values. This is expected: both the approximate Bayes Factors and pvalues of the fixed effect model essentially utilize the same test statistics as we show
in (2.29).
As discussed in section 2.2.3, the fixed effect model may be considered too restrictive and certain level of heterogeneity in genetic effects across studies is generally
expected in this meta-analysis context. We find the EE model with CEFN prior fits
this scenario quite well. In general, the very top Bayes Factors from this model are
quite consistent with the fixed effect model: for the top 1,500 LDL-C associated SNPs
reported (values of log10 (ABFEE
fix ) range from 6.75 to 174.20), the rank correlation
EE
between ABFEE
fix and ABFcefn reaches 0.99, which indicates the strongest association
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Figure 2.2: Comparison of approximate Bayes Factors using the fixed effect model, the
maximum heterogeneity model and the EE model with CEFN prior in the meta-analysis of
LDL-C phenotype. The top 10,000 associated SNPs based on the fixed effect p-values are
EE
plotted: on the left panel, log10 (ABFEE
maxH ) vs. log10 (ABFfix ) is shown; on the right panel,
EE
the plot is shown for log10 (ABFEE
CEFN ) vs. log10 (ABFfix )

signals in this dataset exhibit very low level of heterogeneity across studies. However,
the agreement between the two Bayes Factors becomes weaker for SNPs with intermediate ranks: for SNPs ranked 5,000 to 8,000 in the original report, with values of
EE
log10 (ABFEE
fix ) ranging from 1.39 to 2.45, the rank correlation between ABFfix and

ABFEE
cefn decreases to 0.66.
The maximum heterogeneity model conceptually is not ideal for identifying consistent association signals from meta-analysis. As shown in Figure 2.2, ABFEE
maxH
constantly under-evaluate the evidence of association by ignoring the consistency of
the directions of the signals across studies. Sometimes, this under-evaluation can
be severe. We show such an example with SNP rs512535. This SNP is located in
the promoter region of APOB gene which is a known to be associated with LDL-C
phenotype. The estimated effects of this SNP from each individual study are mostly
modest (shown in Figure 2.3), but the directions of the effects are quite consistent.
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Using the maximum heterogeneity model, we obtain ABFEE
maxH = 0.73. In compari7.85 and ABFEE = 106.84 and the reported Frequentist fixed effect
son, ABFEE
fix = 10
cefn
−9
test p-value is 1.132 × 10 .

For all three models that we have considered, with such a large sample size in the
meta-analysis, it seems none of them (even the maximum heterogeneity model) misses
extremely strong association signals as we show in Figure 2.2, the main differences
among the models mainly are reflected in the rankings of modest to relatively strong
signals. Overall, the maximum heterogeneity model lacks power by ignoring the consistency of the effect direction; the fixed effect model makes a too strong assumption
of no heterogeneity and may also lose power when the true effects indeed have some
levels of heterogeneity; the EE model with CEFN prior seems the most appropriate
in this context by allowing but restricting possible heterogeneities of effect sizes.
In addition, we find that comparing Bayes Factors from the fixed effect model and
the maximum heterogeneity model is practically useful for quality control purpose.
EE
Particularly, we look for SNPs whose ABFEE
maxH  ABFfix . These are typically the
results that association signals are driven by a relatively small number of studies (in

extreme cases, the signal can be driven by a single study), but the genetic effects lack
of consistency across all studies. In the global lipid study, we encounter such an ex16.79 and
ample in SNP rs11984900 with phenotype HDL-C, in which ABFEE
maxH = 10
ABFEE
fix = 0.11. It turns out this SNP shows a strikingly significant association only

in one of the participating studies with p-value = 7.24 × 10−35 , but in the remaining
24 studies the minimum p-value only reaches 0.086. In meta-analysis context, this
phenomenon is closely related to “winner’s curse”, i.e. an significant association in a
particular study fails to be replicated by subsequent studies. Most likely, the initial
finding of significant association is attributed to some artifacts, e.g. experimental
errors, population stratifications, in particular studies. In practice, the researchers
should follow up on these identified SNPs to ensure the quality of the meta-analysis.

27

Figure 2.3: The genetic effect of SNP rs512535 with LDL-C estimated from individual
studies. The point estimates and their corresponding 95% confidence intervals are shown
in the forest plot. Most effects are modest but the direction of the effects are consistently
7.85 and ABFEE = 106.84 .
EE
positive. For this SNP, ABFEE
maxH = 0.73, ABFfix = 10
cefn

2.3.2

deCODE Recombination Study

The deCODE recombination study (Kong et al. (2008)) is designed to find genetic
variants that explain genome-wide recombination rate variation. The study genotyped
1,887 males and 1,702 females from the Icelandic population and performed a genomewide scan searching for association signals of SNP genotypes and the phenotype of
recombination rate estimates.
Prior to this study, it was already commonly known that male and female recombination maps are quite different at genome-wide scales; the researchers therefore
analyzed the data separately for males and females. They estimated the genetic effect
sizes on the recombination phenotype assuming an additive model (2.1). For recom28

bination rate in males, they found three highly correlated SNPs in a small region on
chromosome 4p16.3 show strong association signals. Interestingly, when compared
with results in females, each of these three SNPs still shows strong association; however, the effect size points to opposite direction (i.e. the allele associated with low
recombination rate in males is associated with high recombination rate in females).
We perform the Bayesian analysis on the three reported SNPs. We obtain the
summary-level statistics of genome-wide scan result from Table 1 of Kong et al. (2008).
In particular, we use their point estimates of effect sizes β̂male and β̂female and compute
se(β̂male ) and se(β̂male ) from corresponding reported p-values.
We apply EE model by treating males and females as two subgroups and consider 4
p
levels of expected marginal overall effect sizes with ψ 2 + w2 = 5, 10, 20, 40 (in scale
of centi-Morgan) and 5 levels of heterogeneity levels with ψ 2 /w2 = 0, 0.5, 1, 2, ∞. In
total, we obtain a grid of 4 × 5 different (ψ, w) combinations and we treat every grid
value as a priori equally likely when computing ABFEE
all .
The resulting Bayes Factors are shown in Table 2.2. The overall evidence against
the global null is overwhelmingly strong, and there is little doubt that we should
reject the global null. However, if we only concentrate on the fixed effect models or
models allowing small degrees of heterogeneities, the evidence is much weaker.

SNP

Male

Female

Effect (p-value)

Effect (p-value)

rs3796619 −67.9 (1.1 × 10−14 ) 67.6 (7.9 × 10−6 )
rs1670533 −66.1 (1.8 × 10−11 ) 92.8 (4.1 × 10−8 )
rs2045065 −66.2 (1.6 × 10−11 ) 92.2 (6.0 × 10−8 )

Bayes Factors
ABFEE
fix

ABFEE
maxH

ABFEE
all

103.07
101.10
101.18

1014.44
1013.16
1013.07

1013.91
1012.58
1012.49

Table 2.2: Bayesian meta-analysis result of genetic association of remobination rate.
The SNPs and their estimated effect sizes and p-values are directly taken from Kong
et al. (2008) Table 1. We compute approximate Bayes Factor assuming EE model
using only those reported summary statistics.

Although the p-values of the three SNPs indicate the genetic effects in males and
females are separately both significant, it does not directly assess the magnitude of the
subgroup interaction. In comparison, within our proposed Bayesian framework, by
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comparing the fixed effect model and the maximum heterogeneity model, the quantity
EE
ABFEE
maxH /ABFfix provides a direct measure of the strength of genetic interaction in

males and females.
We can further quantify the interaction by explicitly considering the direction of
the effect size (with respect to the pre-defined allele) in the model. To do so, we
modify the EE model with CEFN prior in the following way: for average effect β̄ in
positive direction, we use the prior
βs ∼ N(β̄, k 2 β̄ 2 ),
β̄ ∼ HN(0, w2 ),

(2.42)

where HN stands for half-normal distribution. Similarly, for negative β̄, we use
βs ∼ N(β̄, k 2 β̄ 2 ),
− β̄ ∼ HN(0, w2 ).

(2.43)

This modified model enables us to specify the directions of genetic effects in the
alternative models. For each subgroup, there are three prior possibilities for the underlying average genetic effect of any target SNP: no effect, positive effect or negative
effect. For the male and the female subgroups in the deCODE data, we enumerate
all 32 possible configurations and evaluate the support from the data by computing
the corresponding Bayes Factors. We apply the above modified model to compute
the Bayes Factors of all 9 configurations for SNP rs3796619. In particular, we set
k = 0.326 and keep the grid of overall marginal prior genetic effects the same as in
the previous exploratory analysis. In addition to the Bayes Factors, we also assume
a prior weighting for the 9 configurations as 106 : 1 : 1 : 1 : 1 : 1 : 1 : 1 : 1, i.e.
the null model is assigned most of the prior mass, while each non-null alternative is
considered equally likely a priori.
The resulting approximate Bayes Factors and posterior probabilities for all configurations are shown in Table 2.3. The strongest support from data based on the
model is given to the configuration that asserts the genetic effect is negative in males
and positive in females, and this particular configuration has the posterior probability
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0.977.
Configuration (male:female) log10 (ABFEE
cefn∗ )
0
0
0
+
+
+
−
−
−

:
:
:
:
:
:
:
:
:

0
+
−
0
+
−
0
+
−

0.000
3.067
0.446
8.537
12.357
8.983
11.394
14.461
12.635

Posterior Probability
3.4 × 10−9
3.9 × 10−12
9.4 × 10−15
1.2 × 10−6
0.007
3.2 × 10−6
8.4 × 10−4
0.977
0.015

Table 2.3: Quantify the subgroup interaction for SNP rs3796619. The log 10 of
approximate Bayes Factors based on modified EE model with modified CEFN priors
(log10 (ABFEE
cefn∗ )) for all possible configurations (the left column) are shown. The
strongest Bayes Factors is obtained from the model that asserts the genetic effect is
negative in males and positive in females (highlighted).

2.3.3

Population eQTL Study

In this section, we apply the proposed Bayesian methods in mapping expression quantitative trait loci (eQTL) using multi-population data. An eQTL is a genetic variant
(here we only focus on SNPs) that is associated with gene expression phenotype.
The dataset we analyzed consists of gene expression measurements from lymphoblastoid cell lines of 141 unrelated individuals from Hapmap project The International
HapMap Consortium (2005)). These individuals were sampled from three major population groups (41 Europeans (CEU), 59 Asians (ASN) and 41 Africans (YRI)) and
were fully sequenced in the pilot project of the 1000 Genomes project (Durbin et al.
(2010)). The gene expression levels, measured using the Illumina Sentrix Human6 Expression BeadChip, came from Stranger et al. (2007). We focus on the 8,427
distinct autosomal genes that were confirmed to be expressed in the same African
samples by an independent RNA-seq experiment (Pickrell et al. (2010)). The SNP
genotype data were obtained from final release (March, 2010) of the pilot SNP calls
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from 1000 genome project (Note, there is no additional allele frequency filtering applied to the SNPs). In total, 14.4 million SNPs are considered in our analysis. In
addition to the original normalization procedure for gene expression measurement
described in Stranger et al. (2007), we perform quantile normal transformations for
each selected gene within each population group separately to adjust for population
effects.
Our first goal is to identify eQTLs in the cis regions of selected genes: for a given
gene, we examine the associations between the expression levels and genotypes of
SNPs within the region enclosed by 500kb upstream of the transcription start site
and 500 kb downstream of the transcription end site. We group the samples by
their population of origin to form three subgroups and apply the proposed Bayesian
methods.
We use the ES model with a grid of (φ, ω) values. Specifically, we consider five
p
levels of φ2 + ω 2 values: 0.1, 0.2, 0.4, 0.8, 1.6, and seven degrees of heterogeneities
characterized by φ2 /ω 2 values: 0, 1/4, 1/2, 1, 2, 4, ∞. Further, we assign these 35 grid
c ES for each cis SNP and
values equal prior weight. For each gene, we compute BF
meta

c ES ) values of these top
report the highest ranked SNP. The histogram of log10 (BF
meta
SNPs are shown in Figure 2.4. Among the top SNPs, there are about 14% having
Bayes Factors greater than 105 and about 18% having Bayes Factors greater than
104 , suggesting a significant portion of genes having cis-eQTLs with strong effects.
We then proceed to examine the heterogeneities of potential eQTL effects in populations. Specifically, we compare the maximum heterogeneity model and the fixed
effect model for each of the top ranked SNPs selected from the previous step. The
results are shown in Figure 2.5. Overall, for most SNPs considered, there is no strong
evidence for large degree of heterogeneity in eQTL effects. Nevertheless, there exist
a few cases where the data suggest the effects of eQTLs are indeed strongly heterogeneous in different populations. We show four of such examples in Table 2.4 and
Figure 2.6.
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ES

c meta ) values of top ranked cis-SNPs for each of the 8,427
Figure 2.4: Histogram of log10 (BF
genes examined.

SNP

Gene

rs9595893 RP11-298P3.4
rs380359
PLA2G4C
rs3180068 PAQR8
rs11070253 BUB1B

c ES )
log10 (BF
fix

c ES )
log10 (BF
maxH

c ES )
log10 (BF
all

4.54
4.56
6.97
0.33

19.25
11.63
12.03
7.08

19.02
11.53
11.95
6.81

Table 2.4: Examples of eQTL SNPs showing strong heterogeneity of genetic effects
in different populations.
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Figure 2.5: Comparisons of maximum heterogeneity models and fixed effect models for all
5
5
c ES
c ES
c ES
top ranked SNPs. 10 out of all 8,427 SNPs with BF
maxH /BFfix > 10 and BFmeta > 10
are highlighted in green. The effects of these SNPs appear highly heterogeneous in different
populations
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Figure 2.6: Examples of eQTL SNPs appearing to show strong heterogeneity of genetic
effects in different populations. In each panel, the forest plot of a gene-SNP combination is
shown: the estimated effect and its 95% confidence interval are plotted separately for each
population.
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Investigating Potential Population-specific eQTLs
The examples shown above (Figure 2.6 and Table 2.4) prompt us to further modify
our proposed models and test scientific hypothesis attempting to explain the observed heterogeneities. One such hypothesis states that some eQTLs may behave in
a population specific manner. For example, an active gene regulatory element in one
population may become inactive in another population. As a result, genetic variants
within or close by the regulatory element are no longer associated with expressions
of the target, which could be possible as a consequence of natural selection (Kudaravalli et al. (2009)). Under this theory, the activities of the eQTL related regulatory
elements in different populations may explain the observed heterogeneity.
To illustrate this, we modify models described above to explicitly assess the hypothesis that an eQTL is active in only some of the populations. Further, given an
eQTL is active in some populations, we allow the effects to vary but assume the
direction of the effect is always consistent.
Let an indicator denote a non-zero genetic effect of an eQTL (i.e. an eQTL
being active) in a particular population. For the three populations in our data, we
can enumerate and represent all 23 possible configurations of eQTL activity for a
SNP by combining three indicators. A particular configuration denoted by C =
(110) indicates that genetic effects of the potential eQTL are non-zero in the first
two populations and exactly 0 in the third population. To evaluate a particular
configuration, we compute the Bayes Factor by contrasting marginal likelihood of
the configuration of interest to the null model, i.e. C = (000). For example, for
C = (110),
P (y 1 , y 2 , y 3 |g 1 , g 2 , g 3 , C = (110))
P (y 1 , y 2 , y 3 |g 1 , g 2 , g 3 , C = (000))
P (y 1 , y 2 |g 1 , g 2 )
=
.
P (y 1 , y 2 |H0 )

BFC=(110) =

(2.44)

(Note, The simplification is due to the assumption that the vectors of residual errors
in (2.1) are independent across populations.) This shows that the Bayes Factor
above depends only on the data where eQTL is assumed active. Here, we use a
ES model with CENF prior and set k = 0.314 ( Recall, it reflects a prior belief that
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the probability of a particular effect has an opposite sign to the average effect is
0.001) to jointly model effects of a potential eQTL in active populations. For gene
BUB1B and SNP rs11070253, we evaluate all eight activity configurations and show
the resulting Bayes Factors in Table 2.5. Clearly, the data seems show strong support
to the configuration where rs11070253 is associated with gene expression levels of
BUB1B gene only in the Yoruban population.
CEU ASN YRI log10 BF
0
1
0
0
1
1
0
1

0
0
1
0
1
0
1
1

0
0
0
1
0
1
1
1

0.000
−0.283
−0.285
8.053
−0.279
5.799
5.880
3.817

Table 2.5: Evaluation of population specificity for SNP rs11070253 and gene BUB1B.
The log 10 Bayes Factors for all possible activity configurations (the left column) are
shown.

2.4

Discussion

In this chapter, we have introduced a set of novel statistical methods to analyze
potential-heterogeneous genetic association data in a Bayesian framework. With the
proposed Bayesian models and easy-to-compute Bayes Factors, we are able to deal
with potentially heterogeneous genetic association data in a systematic way. Through
demonstrations and examples, we have shown the proposed Bayesian methods enable
us to
1. identify interesting genetic variants that are associated with phenotype of interest in some subgroups.
2. investigate association signals that exhibit strong heterogeneities in effects and
identify potential gene-by-environment interactions.
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3. follow up on strongly heterogeneous genetic association signals and explain the
heterogeneity by further explicit modeling approach.
Within a single, unified statistical framework, we are able to bridge exploratory analysis and detailed investigation.
The hierarchical models we proposed are quite natural and have been widely employed in the context of meta-analysis. They are very similar to the mixed effect
meta-analysis models in Frequentist approaches for studying of quantitative phenotypes, where the subgroup-specific intercept terms µs in (2.1) are regarded as fixed
effect terms and genetic effect βs (or bs ) are regarded as random effect terms.
In study of G×E interaction, the most frequently used models for quantitative
phenotypes are different from what we proposed. The typical models used in this
context is a linear model with marginal effect of subgroups and an gene-subgroup
interaction term included, i.e.
yi = µi + βe si + βg gi + β[g:e] si gi + ei , ei ∼ N(0, σ 2 ),

(2.45)

where si is a dummy variable denoting the subgroup membership of individual i, and
β[g:e] is the coefficient of the subgroup-genotype interaction term and often of interest.
This model, in some level, is quite similar to 2.1). By re-arranging and grouping the
terms, the linear model can be written as
yi = (µi + βe si ) + (βg + β[g:e] si )gi + ei , ei ∼ N(0, σ 2 ).

(2.46)

Essentially, each subgroup is described with its own intercept, µi + βs si , and its own
genetic effect, βe + β[g:e] si . (Note, if a marginal effect of subgroup is not included,
the model is making a much stronger assumption on equal intercepts for different
subgroups, which can be dangerous in practice and may lead to Simpson’s paradox
(Bravata and Olkin (2001))). Nevertheless, the interaction model still makes stronger
assumption by assuming error variance across subgroups are the same. In comparison,
meta-analysis models allow this quantity to differ in subgroups, which is more robust
in practice. This robust assumption is highly desirable in genetic association context,
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because, most likely, neither model (2.1) nor model (2.45) captures all factors affecting
the phenotype of interest, and confounding factors almost certainly exist. In model
(2.1), the effect of the unaccounted confounding factors are “absorbed” by both the
intercept and error variance terms, whereas the interaction model, lacking flexible
error variance terms, does not possess this property.
Our main contribution to this topic is providing a comprehensive Bayesian framework to deal with potentially heterogeneous genetic data in a rather general and
broad context. Our first goal is always to find genetic variants that are associated
with phenotype of interest in some subgroup. We achieve this by testing a global null
hypothesis. Similar arguments have been by advocated by various authors (Stephens
and Balding (2009), Lebrec et al. (2010)) in both Bayesian and Frequentist context.
Given a genetic variant shows signs of association, we then proceed to investigate
the details of potential heterogeneity of effects in subgroups by methods of Bayesian
model comparison. Further, this framework also provide us flexibilities to construct
candidate models to explain observed heterogeneity, which is the ultimate goal of
genetic association studies in this circumstance.
The building block of our Bayesian framework is the use of Bayes Factors. We have
developed different computationally efficient approximations to obtain numerical results, which is critical for handling of large scale genetic association data. In addition,
we have shown the intrinsic connection between the Bayes Factors and Frequentist
test statistics in this context through proposition 1.
The three data examples we show are designed to be representative of a wide range
of genetic applications involving potentially-heterogeneous genetic association data.
The global lipids study is a typical modern day, large-scale genetic association metaanalysis; the deCODE recombination study is designed to identify gene-environment
interactions and finally the eQTL study is an increasingly popular way to understand
both how genetic variants affect gene regulations and the specificity of the gene regulation processes. We show how our unified Bayesian strategy can be applied to all
three seemingly distinct applications.
In the future work, we hope to extend our methods to consider multiple SNPs
simultaneously, which is a more powerful way to detect genetic association. Simi39

lar Bayesian approach has been proposed in a single group framework (Guan and
Stephens (2011)), but not in the setting of multiple subgroups. Another direction
to generalize our method is to allow correlation among phenotypes even under the
null. Such data are typically generated in the genetic experiments where phenotypes
are measured using the same set of samples but under different environmental conditions. A motivating example is the study of eQTLs from multiple tissue-types. Most
commonly, this type of the experiment takes gene expression measurement from different tissues of the same set of individuals. We might suspect that expression levels
are correlated within the same individual even they do not share the same genetic
association.
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CHAPTER 3
A HIERARCHICAL MODEL APPROACH FOR
MAPPING TISSUE-SPECIFIC EQTLS
3.1

Introduction

With the success of many genome-wide association studies, researchers have now
identified thousands of genetic variants that link to complex diseases. Based on these
findings, a new wave of research has started focusing on understanding the underlying
gene regulation processes and the impact of genetic variants in these processes. One
type of such study aims to identify genetic variants that are associated with variations in gene expression, i.e. expression Quantitative Trait Loci (eQTL) analysis.
eQTL analysis enables the inspection of the most immediate consequences of heritable genetic variants, namely, their effects on gene expression through transcription
and post-transcription controls.
We first illustrates the role of eQTL studies in understanding gene regulation by
the following simple example. There are short DNA sequences known as enhancers
present in human genome. Typically, enhancers are located outside genes, and they
are not directly involved in transcribing DNA into RNA. However, during the gene
expression process, some particular proteins, known as transcription factors, can bind
with enhancer sequences and as a result, the bindings lead to greatly increased expression levels of target genes. It has been widely known that the binding affinity
of transcription factors is sensitive to the DNA sequences in enhancers; therefore a
point mutation (e.g. a SNP) in an enhancer region has some effect on expression
level of the target gene by affecting the binding affinity of the transcription factors.
Conversely, if we observe that a SNP is associated with the gene expression level of
a target gene, it is then reasonable to hypothesize that the particular SNP is a part
of, or in LD with, an active gene regulatory element (e.g. enhancer).
In this chapter, we focus on developing statistical methods for analyzing eQTL
data across different cell (tissue) types with the motivation of understanding cell-type
specific gene regulation processes. As we have known, all different types of cells in
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a same human body carry almost identical DNA sequences, yet their appearance,
behaviors and functionality differ greatly, mainly due to differential gene regulations
in different cell environments. Going back to the enhancer example, if in some types
of cells, the required transcription factors are not manufactured or some strong prohibitive mechanism prevents the binding between the transcription factor and the
enhancer sequence, the potential enhancers then become deactivated. Consequently,
for these cell types, genetic variants in or near the potential enhancer regions become
unassociated with the expression levels of the target gene. Hence, by identifying inconsistent genetic association patterns across different cell types from eQTL data, we
may be able to identify mechanisms of differential gene regulation.
To investigate differential gene regulation by mapping eQTLs across tissues, for
each individual gene, we are interested in identifying potential eQTLs that are either
shared among tissues or behave in a tissue specific manner. By treating tissues as
different subgroups, we can directly apply the methods described in the previous
chapter. More interestingly, since we have simultaneous measurements of expressions
from a large number of genes, we are able to pool information from multiple genes
and
• Make statistical statement about the scope of tissue specificity of eQTLs (e.g.
what percentage of eQTLs behave in a tissue specific manner?) .
• Identify and measure the strength of biological features linked to tissue specificity of eQTLs
In this chapter, we propose statistical methods for solving these problems.
Some publications address these issues problem by ad hoc methods, for example,
they first call eQTLs independently in each tissue and then count numbers of called
eQTLs across tissues (Dimas et al. (2009), Nica et al. (2011)). Such method is unsatisfying in two aspects: firstly, we typically do not have the same power to map eQTLs
in different tissues and it is difficult to compare eQTLs that are called independently
in different tissues; secondly, by simply counting the numbers of called eQTLs, the
uncertainty of the calls is ignored and as a consequence, it is also difficult to attach
a confidence interval to the inferred tissue specificity percentages.
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The method we proposed overcomes both of these shortcomings of the ad hoc
methods: we build our method on the groundwork from the previous chapter, which
addresses the potential unequal power issue; further, we perform formal statistical
inference which naturally incorporates interval estimation. In the following sections,
we first introduce our notation, assumptions and models, then we discuss different
methods for fitting the proposed model, finally we demonstrate our method by a real
data application.

3.2

A Hierarchical Mixture Model

3.2.1

Assumptions and Notations

Our model is extended from the hierarchical model proposed by Veyrieras et al.
(2008). To reduce computational burden, we only consider potential eQTLs in the
cis-regulatory region of given genes. Same as in the previous chapter, we define the
cis-region of a gene as the continuous genomic region that starts at 1Mb upstream of
its transcription start site and ends at 1Mb downstream of its transcription end site.
Further, we assume that all genes considered fall into two mutually exclusive classes:
a gene either has no eQTL in its cis-region in any of the tissue type, or it can have
exactly one eQTL in some tissues. Note, this assumption is mainly for reducing the
computation complexity, and relaxing this assumption is an important area for our
future work.
We consider a total number of g genes and their expression measurements are
obtained from t tissues. For gene k, we denote the number of SNPs in its cis-region
as mk . The expression data Y k is represented by an n × t matrix, with each column
denoting the normalized expression levels for n individual samples in a particular
tissue. Finally, we use X k denote the observed relevant genotype data of all samples
for gene k.
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3.2.2

Basic Version of Hierarchical Mixture Model

For gene k, we use a latent binary indicator zk to denote if there is any eQTL in its
cis-region for any tissue type. We denote the prior probability that any gene has no
eQTL in any tissue type by π0 , i.e.
Pr(zk = 1) = 1 − π0 .

(3.1)

We use a latent random indicator mk -vector sk to denote which SNP in the cisregion, conditional on zk = 1, is the actual eQTL and let skp denote the p-th entry
of sk . Our “one cis eQTL per gene” assumption restricts sk can have at most one
entry equaling 1 (with the remaining entries being 0). By this definition,
Pr(sk = 0|zk = 0) = 1,

(3.2)

Pr(skp = 1|zk = 1) = γkp .

(3.3)

and

For simplicity, we further assume, a priori, every SNP is equally likely to be the true
eQTL, i.e.
γkp =

1
.
mk

(3.4)

This assumption will be relaxed later in this section.
To model the tissue specificity of eQTLs, we allow the association between gene
expression and SNPs to behave in a tissue specific way: if a SNP is the assumed
eQTL for a gene, we only require such association preserved in some (at least one),
but not necessarily all, of the examined tissue types. Using a binary indicator to
denote whether there is an association in a particular tissue, we can enumerate all
possible mutually exclusive configurations. For example, for 2 tissue types, the set
of all possible non-null configurations of a given SNP is {(10), (01), (11)}, where (11)
indicates that the association is consistent in both tissues. In general, for t tissue
types, the total number of possible activity configurations is 2t − 1. For gene k and
SNP p, we index all configurations and use a (2t −1)-dimension latent indicator vector
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ckp to denote the actual configuration. In case the SNP is not the eQTL,
Pr(ckp = 0|skp = 0) = 1.

(3.5)

Conditional on SNP p is the eQTL in gene k, we assume the jth configuration is
active with prior probability
Pr(ckpj = 1|skp = 1) = ηj .

(3.6)

Joining column vector ckp for all p SNPs, we obtain a latent (2t − 1) × p random
matrix Ck .
Finally, for a given eQTL, across tissues where the association is preserved, we
model the heterogeneous genetic effects use the Bayesian meta-analysis (ES) model
introduced in the previous chapter. The ES model requires specification of a set of
parameters (φ2 , ω 2 ) to reflect our prior belief on heterogeneity and average genetic
effect size respectively. Instead of using a single set of parameter, we pre-define a grid
of l possible parameter values and use latent l-vector wkp indicate which particular
parameter set is in use for the pair of gene k and SNP p. The m-th entry of the
indicator is denoted by wkpm , and we assume prior probability
Pr(wkp = 0|skp = 0) = 1,

(3.7)

Pr(wkpm = 1|skp = 1) = λm .

(3.8)

and

Joining column vector wkp for all p SNPs, we obtain a latent l × p random matrix
Wk
The basic version of the hierarchical model can be summarized by the graphical
representation in Figure 3.1.
We assume the set of parameters denoted by Θ = (π0 , η, λ, ) is common across all
genes. More specifically, 1 − π0 describes the percentage of all genes having an eQTL
in its cis-region, η describes the distribution of tissue specificities among all eQTLs,
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Figure 3.1: A graphical representation of the hierarchical model for modeling tissue
specific expression eQTL data, where filled circles represent the data observed and
unfilled circles represent latent quantities.

and λ describes the distribution of genetic effect sizes among all eQTLs.

3.3

Parameter Inference

Our primary interest is making inference on the parameter set Θ = (π0 , η, λ), especially π0 and η. In this section, we discuss two distinct inference methods for Θ:
maximum likelihood estimation based on EM algorithm and Bayesian inference based
on MCMC.
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3.3.1

Maximum Likelihood Inference

In the maximum likelihood framework, to deal with latent variables zk , sk , ck and
wk , k = 1, . . . , g, we treat them as missing data and apply the EM algorithm.
For a total number of g genes, let z = (z1 , . . . , zg ), S = (s1 , . . . , sg ), C =
(C1 , . . . , Cg ) and W = (W1 , . . . Wg ) denote the complete set of latent variables. Let
Y = (Y 1 , . . . Y g ) and X = (X 1 , . . . , X g ) denote the complete set of observed data.
Based on the hierarchical model described in previous section, we can write out the
complete data log-likelihood as follows,
log P (Y , z, S, C, W |X, Θ) =
X
X
zk log(1 − π0 )
(1 − zk ) log π0 +
k

k

X
X
1
zk skp wkpm log λm
zk skp ckpj log ηj +
+
zk skp log
+
mk
k,p,m
k,p,j
k,p
X
X
+
zk skp ckpj wkpm · BFkpjm +
log p0k .
X

k,p,j,m

(3.9)

k

In (3.9), p0k denotes the likelihood of the null model for gene k, which states no
association between any SNP and expression levels in any tissue type, i.e.
Pk0 := P (Y k |zk = 0)
and
BFkpjm =

P (Y k |zk = 1, skp = 1, ckpj = 1, wkpm = 1, X k , Θ)
Pk0

(3.10)

(3.11)

is the Bayes Factor computed for a fully specified alternative model. We evaluate
Bayes Factors using the numerical solutions discussed in the previous chapter.
The EM algorithm searches for maximum likelihood estimate of Θ, by iteratively
performing an expectation (E) step and a maximization (M) step.
In the E-step, for the t-th iteration, we evaluate the expectation of complete data
log-likelihood (3.9) conditional on current estimate of parameter Θ(t) , X and Y . The
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computation is straightforward, for examples,
E(zk |Y k , X k , Θ(t) ) = Pr(zk = 1|Y k , X k , Θ(t) )
=

Pr(zk = 1|Θ(t) ) · p(Y k |zk = 1, X k , Θ(t) )
p(Y k |X k , Θ(t) )
(t)

(t)

(1 − π0 )BFk

=

(t)

(t)

(t)

(3.12)

,

π0 + (1 − π0 )BFk
similarly,
(t)

E(zk skp |Y k , X k

, Θ(t) )

(t)

(1 − π0 ) m1 BFkp
k

=

(t)

(t)

(t)

,

(3.13)

π0 + (1 − π0 )BFk
(t)

E(zk skp ckpj wkpm |Y

, X, Θ(t) )

where
(t)

=

(t) (t)

(1 − π0 ) m1 ηj λm BFkpjm
k
(t)
π0

(t)
(t)
+ (1 − π0 )BFk

p(Y k |zk = 1, X k , Θ(t) )
p0k
X 1 (t) (t)
η λm BFkpjm ,
=
mk j

,

(3.14)

BFk =

(3.15)

p,j,m

and
(t)

BFkp =

p(Y k |zk = 1, skp = 1, X k , Θ)
p0k

X (t) (t)
=
ηj λm BFkpjm ,

(3.16)

j,m

In the M-step, we find a new set of parameters Θ(n+1) to maximize the conditional


(t)
expectation E log p(Y , z, S, C, W |X, Θ)|Y , X, Θ
. In the basic setup of the
hierarchical model, the simultaneous maximization can be performed analytically. In
particular,
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(t+1)
π0

g
(t)
π0
1X
=
,
(t)
(t)
(t)
g
π
+
(1
−
π
)BF
k=1 0
0
k

(3.17)

(t) (t)

γkp λm BFkpjm

P
(t+1)

ηj

k,p,m (t)
(t)
(t)
π0 +(1−π0 )BFk

=

(t) (t)


P

P

j0

(t)

· ηj

γkp λm BFkpj 0 m

(t)
k,p,m (t)
(t)
(t) · ηj 0
π0 +(1−π0 )BFk

,

(3.18)

and
(t) (t)

P

(t+1)

λm

=

γkp ηj BFkpjm

(t)

(t)
(t)
(t) · λm
π0 +(1−π0 )BFk

.
(t) (t)
P
P
γkp ηj BFkpjm0
(t)
m0
k,p,j (t)
(t)
(t) · λm0
π0 +(1−π0 )BFk

k,p,j

(3.19)

Typically, we initiate the EM algorithm by setting Θ(0) to some random values and
running iterations until some pre-defined convergence threshold is met. In practice, we
monitor the increase of the the log-likelihood function between successive iterations,
and stop the iterations as the increase becomes sufficiently small.
We construct profile likelihood confidence intervals for estimated parameters. For
example, a (1 − α)% profile likelihood confidence set for π0 is built as
1 2
{π0 : log p(Y |π0 , η̂, λ̂, X) > log p(Y |π̂0 , η̂, λ̂, X) − Z(1−α)
},
2

(3.20)

where π̂0 , η̂, λ̂ are MLEs obtained from the EM algorithm. Note, profile likelihood
confidence intervals are based on asymptotic theory which requires parameters are
located in the interior of the parameter space. In boundary conditions, the resulting
confidence intervals may not possess the advocated coverage probability.

3.3.2

Bayesian Inference

To perform Bayesian inference for the proposed hierarchical model, we set priors for
parameters of interest π0 , η and λ, and the result of the inference is summarized in
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the posterior distributions P (π0 |Y , X), P (η|Y , X) and P (λ|Y , X). Specifically, we
use the following prior distributions:
π0 ∼ Beta(απ0 , απ1 ),

(3.21)

η ∼ Dirichlet(αη1 , αη2 , . . . ),

(3.22)

λ ∼ Dirichlet(αλ1 , αλ2 , . . . ).

(3.23)

In practice, we set απ0 = απ1 = 1, αη1 = αη2 = · · · = 1, and αλ1 = αλ2 = · · · = 1.
To simulate from posterior distributions, we provide solutions in Gibbs sampling
and Metropolis-Hastings algorithm below.

Gibbs Sampler
Gibbs sampling algorithm simulates from full conditional distributions. In the setting
of our hierarchical model, these full conditionals are easy to obtain. For example,
P (π0 |Y , X, z, S, C, W , η, λ) ∝ P (π0 )
∝

g
Y

Pr(zk |π0 )

k=1
P
P
απ0 +g− k zk −1
π0
(1 − π0 )απ1 + k zk −1 .

(3.24)

Therefore,
π0 |Y , X, z, S, C, W , η, λ ∼ Beta(απ0 + g −

X

zk , απ1 +

X

k

zk ).

(3.25)

k

Similarly, it can be shown that
η|Y , X, z, S, C, W , π0 , λ ∼ Dirichlet(αη1 +

X
k,p

zk skp ckp1 , αη2 +

X

zk skp ckp2 , . . . )

k,p

(3.26)
λ|Y , X, z, S, C, W , π0 , η ∼ Dirichlet(αλ1 +

X
k,p

zk skp wkp1 , αλ2 +

X

zk skp wkp2 , . . . )

k,p

(3.27)
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For latent variables z, S, C and W , we update them as a batch for each gene k based
on the following equation:
Pr(zk , sk , Ck , Wk |Y , X, π0 , λ, η) = Pr(zk |Y , X, π0 , λ, η) Pr(sk |zk , Y , X, λ, η)
· Pr(Ck |sk , Y , X, λ, η) Pr(Wk |sk , Y , X, λ, η)
(3.28)
These conditionals are also easy to obtain,

zk |Y , X, π0 , λ, η ∼ Bernoulli

(1 − π0 )BFk
π0 + (1 − π0 )BFk


,

(3.29)

sk |zk = 1, Y , X, λ, η ∼ Multinomial(1; pk ),

(3.30)

ckp |skp = 1, Y , X, λ, η ∼ Multinomial(1; q kp ),

(3.31)

wkp |skp = 1, Y , X, λ, η ∼ Multinomial(1; r kp ),

(3.32)

where pk , q kp and r kp are probability vectors, with
BFkp
, p = 1, . . . , mk
pkp = P
p BFkp
P
ηj m λm BFkpjm
qkpj =
, j = 1, . . . , 2t − 1
BFkp

(3.33)
(3.34)

and
rkpm =

λm

P

j ηj BFkpjm

BFkp

, m = 1, . . . , l

(3.35)

The definition of BFkpjm , BFkp and BFk follows from (3.11), (3.16) and (3.15) respectively.
Given the above conditional distributions, the Gibbs sampling algorithm proceeds
as follows:
1. initialize (π0 , η, λ, z, S, C, W ) at some random values.
2. repeat following steps for t = 0, 1, 2, . . .
2.1 for each gene k = 1, . . . , g
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• sample

(t+1)
zk


from Bernoulli

(t+1)

(t+1)

– if zk
= 0, set sk
– otherwise

=

(t)

(t)

(1−π0 )BFk
(t)

(t)


(t) .

π0 +(1−π0 )BFk
(t+1)
(t+1)
0, Ck
= 0, Wk

(t+1)

= 0.

(t)

i. sample sk
from Multinomial(1; pk ).
ii. for each SNP p = 1, . . . , mk
(t+1)

∗ if skp

(t+1)

∗ if skp

(t+1)

= 0, set ckp

(t+1)

= 0 and wkp

= 0.

= 1, then
(t+1)

A. sample ckp

(t)

from Multinomial(1; q kp ).

(t+1)

(t)

B. sample wkp

from Multinomial(1; r kp ).
P (t+1)
P (t+1)
(t+1)
2.2 sample π0
from Beta(απ0 + g − k zk
, απ1 + k zk
).
P
(t+1) (t+1) (t+1)
skp ckp1 , . . . )
2.3 sample η (t+1) from Dirichlet(αη1 + k,p zk
P
(t+1) (t+1) (t+1)
2.4 sample λ(t+1) from Dirichlet(αλ1 + k,p zk
skp wkp1 , . . . )

Metropolis-Hastings Algorithm
If our interest for inference is solely on parameter Θ = (π0 , η, λ), we can avoid
sampling steps on the latent indicator variables by a direct implementation of the
Metropolis-Hastings algorithm. From the previous section, we have noticed that the
latent variables (z, S, C, W ) can be analytically integrated out and the likelihood of
the basic hierarchical model is available in closed form:
P (Y |Θ, X) =

g
Y

(π0 + (1 − π0 )BFk ) p0k ,

(3.36)

k=1

where p0k and BFk follow from (3.10) and (3.15) respectively.
Therefore, we can apply a very generic version of Metropolis-Hastings algorithm.
Let q(Θ0 |Θ) denote the proposal distribution, we outline the algorithm as follows,
(0)

1. initialize Θ(0) = (π0 , η (0) , λ(0) ) at some random values.
2. repeat following steps for t = 0, 1, 2, . . . :
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2.1 generate Θ̃ from q(Θ̃|Θ(t) ).
2.2 compute
r=

P (Θ̃)P (Y |Θ̃, X)q(Θ(t) |Θ̃)
P (Θ(t) )P (Y |Θ(t) , X)q(Θ̃|Θ(t) )

.

2.3 generate u ∼ Uniform(0, 1),
• if u < r, set Θ(t+1) = Θ̃;
• else Θ(t+1) = Θ(t) .
The only difficulty in the above algorithm is the choice of proposal distribution
q. For commonly used random walk Metropolis-Hastings algorithm, the proposal
distribution proposes new moves in the following fashion:
(t)

π̃0 = π0 + ∆π0 ,

(3.37)

where ∆π0 ∼ N(0, σ 2 ). However in our settings, all parameters of interest are constrained and located in some probability simplex, this type of the random walk proposal becomes very inefficient, especially when Θ(t) are close to the boundary of the
parameter space.
To overcome this problem, we follow Cappe et al. (2003) to over-parameterize
π0 , η and λ using a set of independent Gamma random variables. For example, we
let
ωj
, ωi ∼ Gamma(αηi , 1)
ηj = P
i ωi

(3.38)

Under this parameterization, we maintain the prior distribution η ∼ Dirichlet(αη1 , αη2 , . . . )
as desired. Although, ωηi ’s are obviously unidentifiable, this is not a problem for our
purpose: ηi ’s still remain identifiable. To further relax the positivity restrictions on
Gamma random variables, we conveniently apply random walk proposals on log ωηi ’s
whose induced prior distributions are very easy to obtain.
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3.4

Model Extensions

Under the hierarchical model described above, we are able to evaluate the scope of
tissue specificity for eQTLs. However, in order to identify biological features that are
linked to eQTLs and/or their tissue specificity, we need extend our model from the
basic version.
To formulate the problem, let us restrict ourselves to R categories of genomic
annotations. These annotations either give simple measurements of a genetic variant
with respect to some genomic landmarks, e.g. the distance of a SNP to the transcription start site of a gene, or denote the relationship between a genetic variant
and a known genomic functional unit, e.g. if a SNP locates in a known enhancer
region. For our purpose, we assume these R categories are pre-defined and the measurements/annotations of these R features are available for each SNP. With multipletissue eQTL data, our goal is to investigate, among those R genomic features,
• which features are associated with SNPs being eQTLs
• which features are associated with tissue specificity of eQTLs
Recall, in the basic hierarchical model, for gene k and SNP p, we assume
Pr(skp = 1|zk = 1) = γkp =
Pr(ckpj = 1|skp = 1) = ηj .

1
,
mk

(3.39)
(3.40)

Here, we modify above prior specifications and connect them to annotation information through logistic functions. Let (δkp1 , . . . , δkpR ) denote the complete annotations
of SNP p with respect to gene k. To formulate the prior probability of SNP p being
eQTL in gene k , we first define
dskp

=

R
X

δkpr βrs ,

(3.41)

r=1
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and then let
exp(dskp )

Pr(skp = 1|zk = 1) = Pmk

p0 =1

exp(dskp0 )

.

(3.42)

s ) characterizes the strength of association
Here, the parameter vector β s = (β1s , . . . , βR

between the genomic features and the plausibility of a SNP being eQTL. In the special
case of β s = 0, this prior assumes each SNP is equally likely to be the only eQTL in
the cis-region.
The general idea also applies in re-parameterizing prior configuration probability
η. We note, in most cases, the main interest is in distinguishing the consistent
configuration from the tissue-specific configurations. Let us use the convention that
the first entry of the indicator vector c always denotes the consistent configuration.
For SNP p in gene k, we define
dckp

=

R
X

δkpr βrc ,

(3.43)

r=1

and assume the prior probability of a tissue consistent configuration is
Pr(ckp1 = 1|skp = 1) =

exp(µc + dckp )
1 + exp(µc + dckp )

.

(3.44)

For tissue-specific configurations,
ηj0 0

0

= 2, . . . , 2t − 1,

(3.45)

Pr(ckpj 0 = 1|skp = 1, ckp1 = 0) = ηj0 0 , j 0 = 2, . . . , 2t − 1.

(3.46)

Pr(ckpj 0 = 1|skp = 1) =

1 + exp(µc

,j
+ dckp )

or equivalently,

c ) captures the impacts of annotation features
The parameter vector β c = (β1c , . . . , βR

to the tissue specificity of eQTLs. In the special case of β c = 0, the probability of
tissue specificity is solely parameterized by the single intercept term µc , which is very
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similar as the treatment in the basic hierarchical model.
In the extended hierarchical model, the inference on Θ = (π0 , λ, β s , β c , η 0 ) becomes more challenging. Although the general maximum likelihood and Bayesian
framework still apply, the numerical solutions inevitably are more complicated and
computationally intensive.
For implementation of the EM algorithm, the E-step is intact. However, we no
longer have closed form solutions for simultaneous maximizing Θ in the M-step. It
is possible to use numerical maximization routines to resolve this issue, nevertheless, when the number of annotation features considered, R, is large, all numerical
maximization routines attempting simultaneous optimization become unstable. An
efficient alternative strategy is to apply conditional maximization (CM) procedure
proposed by Meng and Rubin (1993), in which maximization is performed with respect to a single parameter at a time while conditional on current values of the other
parameters.
For Bayesian solutions, given priors for β s and β c , the extended model has very
little impact on the implementation of the Metropolis-Hastings algorithm (other than
complicating the computation of likelihood function). Howeve, for the Gibbs sampler,
the full conditional distributions β s |Y , X, β c , π0 , η 0 , λ and β c , µc |Y , X, β s , π0 , η 0 , λ
can not be obtained from the known distribution families. We solve this issue by
replacing the full conditional sampling steps by embedding Metropolis-Hastings steps.
The choice of priors for β s and β c are worth discussing. If the purpose of fitting
the model is to estimate the effect size of each component, it is reasonable to assign
normal priors, or even improper flat priors, for these parameters. On the other hand,
if the goal is to determine from the data if a particular feature has some impact on
eQTLs, the problem is better framed as a model/feature selection problem. In this
scenario, we prefer a ”spike and slat” type prior, for example, a mixture of point mass
at 0 and a normal distribution centered at 0. We then can use the posterior inclusion
probability to quantify the importance of a particular genomic feature. On the same
note, if feature selection, instead of effect estimation, is the goal in this context,
the current implementation of EM algorithm might not be sufficient to address the
problem.
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3.5

Data Application

We apply the proposed hierarchical model to the multiple-tissue eQTL data collected in Dimas et al. (2009). In their experiment, 85 unrelated individuals of West
European origins were investigated for cis-eQTLs in three cell types: primary fibroblasts, Epstein-Barr virus-immortalized B cells (lymphoblastoid cell lines or LCLs),
and T cells. Gene expression profiling was performed for 48,804 probes with the
IlluminaWG-6 v3 expression array and all 85 individuals were genotyped on the Illumina 550K SNP array. The gene expression data went through quality controls and
normalization steps by the original authors and were made available through NIH
Gene Expression Omnibus (GEO) project.
From all available genes, we select a subset that is highly likely to be expressed
in all three cell types. The rationale of this selection step is that if a gene is not
expressed in certain cell type, the expression measurement in that cell for this gene
is merely noise and therefore in principle is not associated with any genetic variant.
This scenario complicates the biological explanation of a finding of no association in
certain cell types: for example, an inconsistent association pattern across cell types
might be due to differential expressions. To focus on identifying patterns of differential regulation, we limit ourselves to analyzing genes that are actually expressed
in all cell types studied. In particular, we rank probes according to their average
expression intensities across individuals in three cell types separately and select only
probes whose average intensities are higher than the corresponding median values
in all three cell types. After this selection step, we end up with probes mapping to
5,970 unique genes. We then perform additional quantile normalization of expression
measurements for each selected gene within each cell type. As in the original paper
by Dimas et al. (2009), we focus on the genetic variants located in the cis-region of
the genes, for which we define as the genomic region enclosed by 1Mb upstream of
the transcription start site (TSS) and 1Mb downstream of the transcription end site
(TES) of a gene.
In the experiment, the same set of individual samples are used for expression
measurements of all three cell types. This type of the design may cause issue for
57

applying our Bayesian meta-analysis methods, because even under the null model
of no eQTL, gene expression levels in different cell types within same individual
might be correlated. To check this, we examine the Pearson’s correlations of gene
expressions within an individual for each gene between each pair of tissue types. We
find average correlation between Fibroblast cell and B-cell is 0.019 (median 0.016),
between Fibroblast cell and T-cell is 0.021 (median 0.018) and between B-cell and Tcell is 0.029 (median 0.027). These results suggest empirically gene expression levels
in different cell types are approximately uncorrelated in our data for a typical gene.

3.5.1

Use of the Basic Hierarchical Model

We first apply the basic hierarchical model to investigate the scope of the tissuespecificity of eQTLs. We pre-calculate the Bayes Factors for each gene and each SNP
under all possible alternative scenarios (i.e. BFkpmj in (3.11)). These values serve as
common inputs for all three fitting methods (EM, Gibbs sampling and MetropolisHastings). To compute these Bayes Factors, we apply the methods described in the
previous chapter. In particular, for 3 cell types, we enumerate all 7 possible non-null
eQTL activity configurations and apply the ES model with CEFN prior with k = 0.1
and ω = 0.4, 0.6, 0.8, 1.0, 1.2, which corresponds to l = 5 different effect size priors.
We run all three proposed algorithms on this data set. For the EM algorithm,
we start the iteration at some random starting point and stop the iteration when the
increment of log-likelihood is less than 0.005. For Bayesian inference, we use prior
distributions in (3.21)-(3.23) and set απ0 = απ1 = 1, αη1 = αη2 = · · · = 1, and
αλ1 = αλ2 = · · · = 1. For the Gibbs sampling and Metropolis-Hastings algorithms,
we run both samplers for 10,000 iterations with some random starting points and
discard the first 5,000 iterations as burnin. We also repeat the procedures for all
three algorithms by changing to different starting points, all results from different
runs are quite consistent.
Figure 3.2 shows log-likelihood values explored by EM and Metropolis-Hastings
algorithms. The EM run takes 121 iterations to reach pre-defined convergence threshold, the MCMC simulation also takes around 100 iterations to settle at the same
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magnitude of likelihood surface. In terms of time efficiency, the EM run takes about
2 hours to complete, and both Metropolis-Hastings and Gibbs sampler take about 20
hours to complete.

Figure 3.2: Trace plot of log-likelihood values explored by EM and MetropolisHastings algorithms.

Figure 3.3 and Figure 3.4 show trace plots and histograms of posterior samples
for π0 and η value corresponding to tissue-consistent configuration (i.e. eQTL associations are preserved in all three cell types) from the Gibbs sampler and the
Metropolis-Hasting algorithm respectively. In both occasions, Markov chains settle
down at values around eventual posterior mode very quickly.
We show the inference results of π0 and η from all three fitting methods in Table
3.1. For the EM algorithm, we report the MLEs and corresponding 95% profile
likelihood confidence intervals; for the Gibbs sampler and the Metropolis-Hastings
algorithm, we report the posterior means and 95% credible intervals. We observe
that not only the point estimates are very close from different methods, the estimated
intervals are also aligned quite well.
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Figure 3.3: Trace plots and histograms of posterior samples of π0 and ηconsistent (η
value corresponding to the consistent configuration) from a Gibbs sampler run.

Based on these inference results, we conclude there are many eQTLs (around 25%
among all eQTLs) behaving in a tissue specific manner. Among three examined cell
types, B-cell and T-cell share much larger percentage of common eQTLs than either
Fibroblast cell and T-cell or Fibroblast cell and B-cell share. From biological point
of view, this result is not surprising: B-cell and T-cell both belong to the category of
immune cells and Fibroblast cell is functionally more distant than both of them.
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Figure 3.4: Trace plots and histograms of posterior samples of π0 and ηconsistent from
a Metropolis-Hastings algorithm run.

3.5.2

Impact of Genomic Features on eQTLs

In this section, we apply the extended hierarchical model described in section 3.4
to study the association between genomic features of the property of eQTLs. For
demonstration purpose, we focus only on the SNP distance to the TSS of the target
gene. In what follows, we call this specific genomic feature DTSS in brief. In particular, we are interested in investigating the impact of DTSS on the following properties
of eQTLs:
1. the probability of a SNP being an eQTL
2. the tissue specificity of an eQTL
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π0
η(100)
η(010)
η(001)
η(110)
η(101)
η(011)
η(111)

0.579
0.086
0.063
0.001
0.002
0.000
0.102
0.746

EM
(0.544, 0.611)
(0.044, 0.138)
(0.026, 0.111)
(0.000, 0.023)
(0.000, 0.026)
(0.000, 0.014)
(0.057, 0.152)
(0.685, 0.805)

Gibbs Sampler
Metropolis-Hastings
0.581 (0.540, 0.624) 0.584 (0.542, 0.621)
0.082 (0.037, 0.136) 0.079 (0.036, 0.135)
0.063 (0.023, 0.112) 0.062 (0.022, 0.108)
0.009 (0.000, 0.031) 0.008 (0.001, 0.030)
0.010 (0.000, 0.034) 0.014 (0.003, 0.043)
0.006 (0.000, 0.020) 0.006 (0.000, 0.024)
0.101 (0.052, 0.151) 0.103 (0.060, 0.152)
0.729 (0.653, 0.801) 0.729 (0.662, 0.796)

Notes
–
F only
B only
T only
F and B
F and T
B and T
Consistent

Table 3.1: Inference results for π0 and η from EM, Gibbs sampler and MetropolisHastings algorithm. For EM algorithm, MLE and 95% profile likelihood confidence
intervals are reported; for MCMC methods posterior mean and 95% credible intervals
are shown. The subscript for η indicates the eQTL activity configuration in Fibroblast
cell, B-cell and T-cell respectively. e.g. subscript (011) indicates the type of eQTLs
that are active in T-cell and B-cell but inactive in Fiborblast cell.
The impact of DTSS on eQTLs has been previously studied. Veyrieras et al.
(2008), Stranger et al. (2007) showed the enrichment of eQTL signals in the immediate neighborhood of TSS using a dataset of a single cell type. In particular, Veyrieras
et al. (2008) quantitatively evaluated the strength of the impact by fitting a hierarchical model. Dimas et al. (2009) also examined this genomic feature using the data
described in the beginning of this section. By visual inspection of called eQTLs, they
confirmed the eQTL abundance in the near TSS region. Moreover, they also claim
(also by visual inspection) that their data suggest that tissue-consistent eQTLs “tend
to cluster tightly around the TSS”.
We use the same subset of Dimas et al. (2009) data as in the basic hierarchical model to examine the association between DTSS and the properties of eQTLs.
We first perform the exploratory analyses discussed in the previous chapter. For
p
this purpose, we use the ES model with five levels of φ2 + ω 2 values: 0.4, 0.6,
0.8, 1.0, 1.2, and seven degrees of heterogeneities characterized by φ2 /ω 2 values:
0, 1/4, 1/2, 1, 2, 4, ∞. We assign these 35 grid values equal prior weight and compute
the Bayes Factor to represent the overall evidence of a SNP being an eQTL . For the
5,970 genes considered, we select the top associated SNP for each gene based on the
ES
value of BFES
all . We further selected a subset of SNPs for which BFall > 100 and exam-
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ES
ine the heterogeneities of eQTL effects across cell types by computing BFES
maxH /BFfix

(we use this simple statistic as a proxy for tissue specificity). We plot resulting




ES
ES
ES
log10 BFall and log10 BFmaxH /BFfix against DTSS respectively in Figure 3.5.
There is a clear pattern indicating strong eQTLs tend to cluster in the immediate
neighborhood of TSS. To show this pattern is not an artifact due to the sampling
bias of the SNPs, we include a histogram of DTSS of all examined SNPs in the same
figure. The relationship between the heterogeneity of the effects across tissue types
and DTSS is less conclusive from the plot: there seems to be excessive of consistent


ES ≤ 0 ) that are close to TSS, however the strongest
eQTLs ( log10 BFES
/BF
maxH
fix
tissue specific eQTL signals are also near respective TSS.
Although the exploratory analyses are informative, they do not sufficiently quantify the impact of DTSS. We then apply the extended hierarchical model to evaluate
the association between DTSS and the eQTL properties of interest. We include the
measurement of DTSS as the only genomic feature and perform the inference on
s
βDTSS
(measuring the effect of DTSS on the probability of a SNP being an eQTL)
c
and βDTSS
(measuring the effect of DTSS on the probability of an eQTL being tissue

consistent). Instead of using the genomic distance (in base pairs) as the measure of
DTSS, we follow Veyrieras et al. (2008) and subdivide the cis-region into discrete
bins and represent the DTSS of a particular SNP with its corresponding bin number
(with longer distance, the bin number is larger).
We fit the hierarchical model using the Metropolis-Hastings algorithm. Moreover,
s
c
we assume improper flat priors for βDTSS
, βDTSS
and µc (we also experiment with the

proper normal priors, the inference result does not seem to be sensitive to particular
prior choices), and keep priors for other parameters in the same form as in the basic
model. We run the sampler for 10,000 iterations and discard the first 5,000 iterations
as burnin.
s
The estimated posterior mean for βDTSS
is −0.303 with 95% credible interval

(−0.316, −0.290), which indicates a strong effect of DTSS on the probability of a
SNP being an eQTL: the odds ratio are generally higher for SNPs nearby TSS.
The effect of DTSS on tissue specificity of an eQTL is much weaker: with postec
rior mean for βDTSS
is estimated as −0.004 and corresponding 95% credible interval
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(−0.035, 0.035). In comparison, parameter µc has posterior mean 0.834 and 95%
credible interval (0.496, 1.114). The conclusions we obtained here are mostly consistent with the exploratory analyses.
Our conclusions are seemingly inconsistent with the findings reported by Dimas
et al. (2009). However, it is worth re-emphasizing that our analysis is only based on
the subset of the genes that are highly expressed in all three cell types (for better biological interpretation of results), while in Dimas et al. (2009), the complete set of the
experimented genes is used. This aspect alone perhaps explains the most of the difference in results. Furthermore, Dimas et al. (2009) called eQTLs in separate cell types
independently and they visually inspected the patterns of correlation between DTSS
and tissue-specifities of called eQTLs. Besides the drawbacks of potential unequal
power in separately calling eQTLs in different tissues, the fundamental difficulty in
this type of post-hoc analysis is to incorporate the uncertainties of eQTL callings and
corresponding tissue-specificity assessments. In comparison, our hierarchical model
naturally resolves this issue.
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Figure 3.5: The exploratory analysis of the distance to the transcription start site
(DTSS) of the target gene with respect to eQTL properties. On the top panel, the
plot shows the relationship of overall evidence of an eQTL vs. DTSS: clearly, stronger
signals tend to cluster in the close region of TSS. The middle panel shows the measure
of effect heterogeneity vs. DTSS for relatively strong eQTL signals (BFES
all > 100).
The histogram of DTSS of all examined cis-SNPs for 5,490 selected genes are plotted
in the bottom panel: there is no pattern of over-sampling of SNPs that are close to
TSS.
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3.6

Discussion and Future works

In this chapter, we introduce hierarchical model approaches to study tissue specific
eQTLs. With the statistical tools built in the previous chapter, we are equipped
to evaluate tissue specificity of a single potential eQTL for a single gene. Built on
these tools, the essence of the hierarchical models is effective pooling of information
across genes that are simultaneously studied in the experiment. With the proposed
hierarchical models, we are able to evaluate the scope of tissue specificity of eQTLs and
investigate common biological features that are linked to differential gene regulations.
In fact, the proposed hierarchical models are very general to study gene-environment
interactions in the genomics context: as long as the data can be clustered into predefined subgroups, the hierarchical model applies. For example, it can be readily used
in studies of population-specific, sex-specific, and more interestingly, disease-specific
gene regulations. Most recently, we have applied the basic version of the hierarchical
model to interrogate potential drug effects on change of gene regulation landscape.
We show both maximum likelihood and Bayesian inference can be performed in the
proposed hierarchical model framework. For the basic version, through simulations
(not shown) and real data applications, we observe that both types of inference yield
very similar results on point and interval estimation. In fact, the EM algorithm seems
to have higher computational efficiency in practice. This perhaps is because the data
we have been using are generally quite informative and the likelihood surfaces are
typically unimodal. However, when dealing with feature selection problem in the
extended hierarchical model, Bayesian solutions can be very naturally formulated by
incorporating appropriate “spike and slab” priors and the results from the inference
are more natural to interpret.
There are a few aspects of current hierarchical model that we hope to improve
through future works:
• Large number of tissue types. The current model relies on enumerating all possible eQTL activity configurations. This strategy works fine for small number of
tissue types, however when tissue type increases, the number of configurations
grows exponentially fast, which make enumeration of all possibilities computa66

tionally daunting and practically impossible.
• Allowing multiple eQTLs for a given gene. The current assumption of “one
cis-eQTL per gene” is unlikely realistic but rather convenient for reducing computational burden. In practice, we expect that imposing this assumption has
the side effect of potentially under-estimate percentage of tissue-specific eQTLs:
imagine a gene having two distinct eQTLs in its cis-region, with one being
tissue-consistent and the other being tissue-specific. If the genetic effects of
the eQTLs are similar while they are active, it is typically the case that the
tissue-consistent eQTL has a larger single SNP Bayes Factor than the tissuespecific eQTL. With the “one cis-eQTL per gene” assumption, each potential
eQTL SNP is essentially weighted by its single SNP Bayes Factor for being the
only true eQTL (see, for example, (3.30) and (3.33)). As a result, the tissueconsistent eQTL gets up-weighted (and ideally we hope the two eQTLs should
be equally weighted).
We hope to address these issues in the immediate future: these efforts could greatly
increase the flexibility and soundness of the current hierarchical model.
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CHAPTER 4
USING LINEAR PREDICTORS TO IMPUTE ALLELE
FREQUENCIES FROM SUMMARY OR POOLED
GENOTYPE DATA
4.1

Introduction

In this chapter, we discuss a rather specific statistical issue often encountered in
analysis of potentially heterogeneous genetic association data: the handling of the
missing genotypes. Genotype imputation (Servin and Stephens (2008), Guan and
Stephens (2008), Marchini et al. (2007), Howie et al. (2009), Browning and Browning
(2007), Huang et al. (2009)) has recently emerged as a useful tool in the analysis
of genetic association studies as a way of performing tests of association at genetic
variants (specifically SNPs) that were not actually measured in the association study.
In brief, the idea is to exploit the fact that untyped SNPs are often correlated, in a
known way, with one or more typed SNPs. Imputation-based approaches exploit these
correlations, using observed genotypes at typed SNPs to estimate, or impute, genotypes at untyped SNPs, and then test for association between the imputed genotypes
and phenotype, taking account of uncertainty in the imputed genotypes. (Although
in general statistics applications the term “imputation” may imply replacing unobserved data with a single point estimate, in the genetic context it is often used more
broadly to include methods that consider the full conditional distribution of the unobserved genotypes, and this is the way we use it here.) These approaches have been
shown to increase overall power to detect associations by expanding the number of
genetic variants that can be tested for association (Servin and Stephens (2008), Marchini et al. (2007)), but perhaps their most important use has been in performing
meta-analysis of multiple studies that have typed different, but correlated, sets of
SNPs (e.g. Zeggini et al. (2008)).
Existing approaches to imputation in this context have been developed to work
with individual-level data: given genotype data at typed SNPs in each individual
they attempt to impute the genotypes of each individual at untyped SNPs. From
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a general statistical viewpoint, one has a large number of correlated discrete-valued
random variables (genotypes), whose means and covariances can be estimated, and the
aim is to predict values of a subset of these variables, given observed values of all the
other variables. Although one could imagine applying off-the-shelf statistical methods
to this problem (e.g. Yu and Schaid (2007) consider approaches based on linear
regression), in practice the most successful methods in this context have used purposebuilt methods based on discrete Hidden Markov Models (HMMs) that capture ideas
from population genetics (e.g. Li and Stephens (2003), Scheet and Stephens (2005)).
In this chapter we consider a related, but different, problem: given the frequency
of each allele at all typed SNPs, we attempt to impute the frequency of each allele
at each untyped SNP. We have two main motivations for considering this problem.
The first is that, although most large-scale association studies collect individuallevel data, it is often the case that, for reasons of privacy (Homer et al. (2008b),
Sankararaman et al. (2009)) or politics, only the allele frequency data (e.g. in cases
vs controls) are made available to the research community at large. The second
motivation is an experimental design known as DNA pooling (Homer et al. (2008a),
Meaburn et al. (2006)), in which individual DNA samples are grouped into “pools”
and high-throughput genotypings are performed on each pool. This experimental
design can be considerably cheaper than separately genotyping each individual, but
comes at the cost of providing only (noisy) estimates of the allele frequencies in each
pool. In this setting the methods described here can provide not only estimates of
the allele frequencies at untyped SNPs, but also more accurate estimates of the allele
frequencies at typed SNPs.
From a general statistical viewpoint this problem of imputing frequencies is not
so different from imputing individual genotypes: essentially it simply involves moving
from discrete-valued variables to continuous ones. However, this change to continuous variables precludes direct use of the discrete HMM-based methods that have been
applied so successfully to impute individual genotypes. The methods we describe here
come from our attempts (appendix I) to extend and modify these HMM-based approaches to deal with continuous data. In doing so we end up with a considerably
simplified method that might be considered an off-the-shelf statistical approach: in
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essence, we model the allele frequencies using a multivariate normal distribution,
which results in unobserved frequencies being imputed using linear combinations of
the observed frequencies (as in Kriging, for example). Some connection with the
HMM based approaches remains though, in how we estimate the mean and variancecovariance matrix of the allele frequencies. In particular, consideration of the HMMbased approaches lead to a natural way to regularize the estimated variance-covariance
matrix, making it sparse and banded: something that is important here for both computational and statistical reasons. The resulting methods are highly computationally
efficient, and can easily handle very large panels (phased or unphased). They are also
surprisingly accurate, giving estimated allele frequencies that are similar in accuracy
to those obtained from state-of-the-art HMM-based methods applied to individual
genotype data. That is, one can estimate allele frequencies at untyped SNPs almost
as accurately using only the frequency data at typed SNPs as using the individual
data at typed SNPs. Furthermore, when individual-level data are available one can
also apply our method to imputation of individual genotypes (effectively by treating
each individual as a pool of 1), and this results in imputation accuracy very similar
to that of state-of-the-art HMM-based methods, at a fraction of the computational
cost. Finally, in the context of noisy data from pooling experiments, we show via
simulation that the method can produce substantially more accurate estimated allele
frequencies at genotyped markers.

4.2

Methods and Models

In this chapter we consider the following form of imputation problem. We assume
that data are available on p SNPs in a reference panel of data on m individuals
samples from a population, and that a subset of these SNPs are typed on a further
study sample of individuals taken from a similar population. The goal is to estimate
data at untyped SNPs in the study sample, using the information on the correlations
among typed and untyped SNPs that is contained in the reference panel data.
We let M denote the panel data, and h1 , . . . , h2n denote the 2n haplotypes in the
study sample. In the simplest case, the panel data will be a 2m × p binary matrix,
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and the haplotypes h1 , . . . , h2n can be thought of as additional rows of this matrix
with some missing entries whose values need “imputing”. Several papers have focused
on this problem of “individual-level” imputation (Servin and Stephens (2008), Scheet
and Stephens (2005), Marchini et al. (2007), Browning and Browning (2007), Li et al.
(2006)).
In this chapter, we consider the problem of performing imputation when only
summary-level data are available for h1 , . . . , h2n . Specifically, let
2n

1 X
hi ,
y = (y1 . . . yp =
2n
)0

(4.1)

i=1

denote the vector of allele frequencies in the study sample. We assume that these
allele frequencies are measured at a subset of typed SNPs, and consider the problem
of using these measurements, together with information in M , to estimate the allele
frequencies at the remaining untyped SNPs. More formally, if (y t , y u ) denotes the
partition of y into typed and untyped SNPs, our aim is to estimate the conditional
distribution y u |y t , M .
Our approach is based on the assumption that h1 , . . . , h2n are independent and
identically distributed (i.i.d.) draws from some conditional distribution Pr(h|M ).
Specifically, in common with many existing approaches to individual-level imputation
(Stephens and Scheet (2005), Marchini et al. (2007), Li et al. (2006)), we use the
HMM-based conditional distribution from Li and Stephens (2003), although other
choices could be considered. It then follows by the central limit theorem, provided
that the sample size 2n is large, the distribution of y|M can be approximated by a
multivariate normal distribution:
y|M ∼ Np (µ, Σ),

(4.2)

1 Var(h|M ).
where µ = E(h|M ) and Σ = 2n

From this joint distribution, the required conditional distribution is easily obtained. Specifically, by partitioning µ and Σ in the same way as y, according to
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SNPs’ typed/untyped status, (4.2) can be written,
yu

!
M

yt

∼ Np

µu

!
,

µt

Σuu Σut
Σtu

!!
,

(4.3)

Σtt

and
−1
y u |y t , M ∼ Nq (µu + Σut Σ−1
tt (y t − µt ), Σuu − Σut Σtt Σtu ).

(4.4)

The mean of this last distribution can be used as a point estimate for the unobserved
frequencies y u , while the variance gives an indication of the uncertainty in these
estimates. (In principle the mean can lie outside the range [0, 1), in which case we
use 0 or 1, as appropriate, as the point estimate; however this happens very rarely in
practice).
The parameters µ and Σ must be estimated from the panel data. It may seem
natural to estimate these using the empirical mean f panel and the empirical covariance
matrix Σpanel from the panel. However, Σpanel is highly rank deficient because the
sample size m in the panel is far less than the number of SNPs p, and so this empirical
matrix cannot be used directly. Use of the conditional distribution from Li and
Stephens solves this problem. Indeed, under this conditional distribution E(h|M ) =
µ̂ and Var(h|M ) = Σ̂ can be derived analytically (appendix F) as:
µ̂

= (1 − θ)f panel + 2θ 1,

(4.5)

Σ̂ = (1 − θ)2 S + 2θ (1 − 2θ )I,

(4.6)

where θ is a parameter relating to mutation, and S is obtained from Σpanel by shrinking off-diagonal entries towards 0. Specifically,

 Σpanel
ij
Sij =
 exp(− ρij )Σpanel
2m ij

i=j
i 6= j

(4.7)

where ρij is an estimate of the population-scaled recombination rate between SNPs
i and j (e.g. Hudson (2001), Li and Stephens (2003), McVean et al. (2002)). We use
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the value of θ suggested by Li and Stephens (2003),
P
1 )−1
( 2m−1
i=1
θ=
P i 1 −1 ,
2m + ( 2m−1
i=1 i )

(4.8)

and values of ρij obtained by applying the software PHASE (Stephens and Scheet
(2005)) to the HapMap CEU data, which are conveniently distributed with the IMρ

ij
) ≈ 0. To
PUTE software package. For SNPs i and j that are distant, exp(− 2m
exploit the benefits of sparsity we set any value that was less than 10−8 to be 0,

which makes Σ̂ sparse and banded: see Figure 4.1 for illustration. This makes matrix inversion in (4.4) computationally feasible and fast, using standard Gaussian
elimination.

Figure 4.1: Comparison of empirical and shrinkage estimates (based on Li and Stephens
Model) of squared correlation matrix from the panel. Both of them are estimated using
Hapmap CEU panel with 120 haplotypes. The region plotted is on chromosome 22 and
contains 1000 Affymetrix SNPs which cover a 15Mb genomic region. Squared correlation
values in [0.05, 1.00] are displayed using R’s heat.colors scheme, with gold color representing
stronger correlation and red color representing weaker correlation.
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4.2.1

Incorporating Measurement Error and Over-dispersion

Our treatment above assumes that the allele frequencies of typed SNPs, y t , are observed without error. In some settings, for example in DNA pooling experiments, this
is not the case. We incorporate measurement error by introducing a single parameter
2 , and assume
true ∼ N
true 2
y obs
p−q (y t ,  I),
t |y t

(4.9)

where random vectors y obs
and y true
represent the observed and true sample allele
t
t
frequencies for typed SNPs respectively, and subscript p − q denotes the number of
obs are conditionally
typed SNPs. We assume that, given y true
t , the observations y t
independent of the panel data (M ) and the allele frequencies at untyped SNPs (y true
u ).

Our treatment in the previous section also makes several other implicit assumptions: for example, that the panel and study individuals are sampled from the same
population, and that the parameters ρ and θ are estimated without error. Deviations
from these assumptions will cause over-dispersion: the true allele frequencies will lie
further from their expected values than the model predicts. To allow for this, we
modify (4.2) by introducing an over-dispersion parameter σ 2 :
y true |M ∼ Np (µ̂, σ 2 Σ̂).

(4.10)

Over-dispersion models like this are widely used for modeling binomial data (McCullagh and Nelder (1989)).
In our applications below, for settings involving measurement error (i.e. DNA
pooling experiments), we estimate σ 2 , 2 by maximizing the multivariate normal
likelihood:
2
2
y obs
t |M ∼ Np−q (µ̂t , σ Σ̂tt +  I).

(4.11)

For settings without measurement error, we set 2 = 0 and estimate σ 2 by maximum
likelihood.
From the hierarchical model defined by (4.9) and (4.10), the conditional distribu-
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tions of allele frequencies at untyped and typed SNPs are given by:
obs
y true
u |y t , M


2
∼ Nq µ̂u + Σ̂ut (Σ̂tt + 2 I)−1 (y obs
t − µ̂t ),
σ

2 −1
2
σ (Σ̂uu − Σ̂ut (Σ̂tt + 2 I) Σ̂tu ) ,
σ

(4.12)

and
obs
y true
t |y t , M


1
∼ Np−q ( 2 Σ̂−1
+
σ tt
1
+
( 2 Σ̂−1
σ tt

1 −1 1 −1
1
I) ( 2 Σ̂tt µ̂t + 2 y obs
),
2

σ
 t

1 −1
I)
.
2

(4.13)

We use (4.12) to impute allele frequencies at untyped SNPs. In particular, we use
the conditional mean
2 −1 obs
I) (y t − µ̂t ),
ŷ true
=
µ̂
+
Σ̂
(
Σ̂
+
ut tt
u
u
σ2

(4.14)

as a natural point estimate for these allele frequencies. In settings involving measurement error, we use (4.13) to estimate allele frequencies at typed SNPs, again using
the mean
1
1
1
1
ŷ true
+ 2 I)−1 ( 2 Σ̂−1
µ̂t + 2 y obs
= ( 2 Σ̂−1
),
t
tt
tt
σ

σ
 t

(4.15)

as a point estimate. Note that this mean has an intuitive interpretation as a weighted
average of the observed allele frequency at that SNP and information from other
nearby, correlated, SNPs. For example, if two SNPs are perfectly correlated, then
in the presence of measurement error, the average of the measured frequencies will
be a better estimator of the true frequency than either of the single measurements
(assuming measurement errors are uncorrelated). The lower the measurement error,
2 , the greater the weight given to the observed frequencies; and when 2 = 0 the
estimated frequencies are just the observed frequencies.
Remark. For both untyped and typed SNPs, our point estimates for allele frequencies , (4.14) and (4.15)) are linear functions of the observed allele frequencies.
Although these linear predictors were developed based on an appeal to the Central
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Limit Theorem, and resultant normality assumption, there are alternative justifications for use of these particular linear functions that do not rely on normality.
Specifically, assuming that the two haplotypes making up each individual are i.i.d
draws from a conditional distribution Pr(h|M ) with mean µ̂ and variance covariance
matrix σ 2 Σ̂, then the linear predictors (4.14) and (4.15)) minimize the integrated risk
(assuming squared error loss) among all linear predictors (West and Harrison (1997)).
In this sense they are the best linear predictors, and so we refer to this method of
imputation as Best Linear IMPutation or BLIMP.

4.2.2

Extension to Imputing Genotype Frequencies

The development above considers imputing unobserved allele frequencies. In some
settings one might also want to impute genotype frequencies. A simple way to do this
is to use an assumption of Hardy–Weinberg equilibrium: that is, to assume that if y
is the allele frequency at the untyped SNP, then the three genotypes have frequencies
(1 − y)2 , 2y(1 − y) and y 2 . Under our normal model, the expected values of these
three quantities can be computed:
obs
2
obs
E((1 − y)2 |y obs
t , M ) = (1 − E(y|y t , M )) + Var(y|y t , M )
obs
2
obs
E(y 2 |y obs
t , M ) = (E(y|y t , M )) + Var(y|y t , M )

(4.16)

2 obs
2 obs
E(2y(1 − y)|y obs
t , M ) = 1 − E((1 − y) |y t , M ) − E(y |y t , M ),
obs
where E(y|y obs
t , M ) and Var(y|y t , M ) are given in (4.12). These expectations can
be used as estimates of the unobserved genotype frequencies.

The method above uses only allele frequency data at typed SNPs. If data are also
available on genotype frequencies, as might be the case if the data are summary data
from a regular genome scan in which all individuals were individually genotypes, then
an alternative approach that does not assume HWE is possible. In brief, we write
the unobserved genotype frequencies as means of the genotype indicators, 1[g=0] and
1[g=2] (analogous to expression (4.1)), and then derive expressions for the means and
covariances of these indicators both within SNPs and across SNPs. Imputation can
then be performed by computing the appropriate conditional distributions using the
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joint normal assumption, as in (4.4). See appendix G for more details.
In practice, we have found these two methods give similar average accuracy (results
not shown), although this could be because our data conform well to Hardy–Weinberg
equilibrium.

4.2.3

Individual-level Genotype Imputation

Although we developed the above model to tackle the imputation problem when individual genotypes are not available, it can also be applied to the problem of individuallevel genotype imputation when individual-level data are available, by treating each
individual as a pool of two haplotypes (application of these methods to small pool
sizes is justified by the Remark above). For example, doubling (4.14) provides a
natural estimate of the posterior mean genotype for an untyped SNP. For many applications this posterior mean genotype may suffice; see Guan and Stephens (2008)
for the use of such posterior means in downstream association analyses. If an estimate that takes a value in {0,1,2} is desired, then a simple ad hoc procedure that
we have found works well in practice is to round the posterior mean to the nearest
integer. Alternatively, a full posterior distribution on the three possible genotypes
can be computed by using the genotypic version of our approach (appendix G).

4.2.4

Using Unphased Genotype Panel

Our method can be readily adapted to settings where the panel data are unphased.
To do this, we note that the estimates (4.5, 4.6) for µ and Σ depend on the panel
data only through the empirical mean and variance covariance matrix of the panel
haplotypes. When the panel data are unphased, we simply replace these with 0.5
times the empirical mean and variance covariance matrix of the panel genotypes
(since, assuming random mating, genotypes are expected to have twice the mean and
twice the (co)variance of haplotypes); see Weir (1979) for related discussion.
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4.2.5

Imputation without a Panel

In some settings, it may be desired to impute missing genotypes in a sample where
no individuals are typed at all SNPs (i.e. there is no panel M ), and each individual is
typed at a different subset of SNPs. For example, this may arise if many individuals
are sequenced at low coverage, as in the currently-ongoing 1000 genomes project
(Durbin et al. (2010)). In the absence of a panel we cannot directly obtain the mean
and variance-covariance estimates µ̂ and Σ̂ as in (4.5) and (4.6). An alternative
way to obtain these estimates is to treat each individual genotype vector as a random
sample from multivariate normal distribution Np (µ̂, Σ̂), and apply the ECM algorithm
(Meng and Rubin (1993)) to perform maximum likelihood estimation. However, this
approach does not incorporate shrinkage. We therefore modify the algorithm in an adhoc way to incorporate shrinkage in the conditional maximization step. See Appendix
H for details.

4.3

Data Application

We evaluate methods described above by applying them to data from a subset of
the WTCCC Birth Cohort, consisting of 1376 unrelated British individuals genotyped on the Affymetrix 500K platform (Wellcome Trust Case Control Consortium
(2007)). For demonstration purpose, we use only the 4329 SNPs from chromosome
22. We impute data at these SNPs using the 60 unrelated HapMap CEU parents
(The International HapMap Consortium (2005)) as the panel. For the recombination
parameters required in (4.7) we use the estimates distributed in the software package
IMPUTE v1 (Marchini et al. (2007)), which were estimated from the same panel
using the software package PHASE (Stephens and Scheet (2005)).
In our evaluations, we consider three types of application: frequency imputation
using summary-level data, individual-level genotype imputation, and noise reduction
in DNA pooling experiments. We examine both the accuracy of point estimates, and
calibration of the credible intervals.
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4.3.1

Frequency Imputation using Summary-level Data

In this section, we evaluate the performance of (4.14) for imputing frequencies at
untyped SNPs. The observed data consist of the marginal allele frequencies at each
SNP, which we compute from the WTCCC individual-level genotype data. To assess
imputation accuracy, we perform the following cross-validation procedure: we mask
the observed data at every 25th SNP, then treat the remaining SNPs as typed and use
them to impute the frequencies of masked SNPs and compare the imputation results
with the actual observed frequencies. We repeat this procedure 25 times by shifting
the position of the first masked SNP. Because in this case, the observed frequencies
are obtained through high quality individual-level genotype data, we assume the
experimental error parameter 2 = 0.
To provide a basis for comparison, we also perform the same experiment using
the software package IMPUTE v1 (Marchini et al. (2007)), which is among the most
accurate of existing methods for this problem. IMPUTE requires individual-level
genotype data, and outputs posterior genotype probabilities for each unmeasured
genotype. We therefore input the individual-level genotype data to IMPUTE and
estimate the allele frequency at each untyped SNP using the posterior expected frequency computed from the posterior genotype probabilities. Like our method, IMPUTE performs imputation using the conditional distribution from Li and Stephens
(Li and Stephens (2003)); however, it uses the full conditional distribution whereas
our method uses an approximation based on the first two moments. Furthermore,
IMPUTE uses individual-level genotype data. For both these reasons, we would expect IMPUTE to be more accurate than our method, and our aim is to assess how
much we lose in accuracy by our approximation and by using summary-level data.
To assess accuracy of estimated allele frequencies, we use the Root Mean Squared
Error (RMSE),
v
u
J
u X
u1
(yj − ŷj )2 ,
RMSE = t
J

(4.17)

j=1

where J is the number of SNPs tested (4329) and yj , ŷj are observed and imputed
allele frequencies for SNP j respectively.
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The RMSE from our method was 0.0157 compared with 0.0154 from IMPUTE
(Table 4.1). Thus, for these data, using only summary-level data sacrifices virtually nothing in accuracy of frequency imputation. Furthermore, we found that using
an unphased panel (replacing the phased HapMap CEU haplotypes with the corresponding unphased genotypes) resulted in only a very small decrease in imputation
accuracy: RMSE = 0.0159. In all cases the methods are substantially more accurate
than a “naive method” that simply estimates the sample frequency using the panel
frequency (Table 4.1).
We also investigated the calibration of the estimated variances of the imputed
frequencies from (4.12). To do this, we constructed a Z-statistic for each test SNP j,
yj − E(yj |y t , M )
,
Zj = q
Var(yj |y t , M )

(4.18)

where yj is the true observed frequency, and the conditional mean and variance are as
in (4.12). If the variances are well calibrated, the Z-scores should follow a standard
normal distribution (with slight dependence among Z-scores of neighboring SNPs
due to LD). Figure 4.2a shows that, indeed, the empirical distribution of Z-scores is
close to standard normal (results are shown for phased panel; results for unphased
panel are similar). Note that the over-dispersion parameter plays a crucial role in
achieving this calibration. In particular, the Z-scores produced by the model without
over-dispersion (4.2) do not follow a standard normal distribution, with many more
observations in the tails (Figure 4.2b) indicating that the variance is under-estimated.

Comparison with Unregularized Linear Frequency Estimator
To assess the role of regularization, we compared the accuracy of BLIMP with simple unregularized linear frequency estimators based on a small number of near-by
“predicting” SNPs. (In fact, selecting a small number of SNPs can be viewed as
a kind of regularization, but we refer to it as un-regularized for convenience.) The
un-regularized linear estimator has the same form as in (4.4), but uses the unregu80

Figure 4.2: Comparison of variance estimation in models with and without over-dispersions.
The Z-scores are binned according to the standard normal percentiles, e.g. the first bin (0
to 0.05) contains Z-score values from −∞ to −1.645. If the Z-scores are i.i.d. and strictly
follows standard normal distribution, we expect all the bins having approximately equal
height.

larized estimates f panel and Σpanel for µ and Σ. We consider two schemes to select
predictors: the first scheme selects k flanking SNPs on either side of the target SNP
(so 2k predictors in total); the second scheme selects the 2k SNPs with the highest marginal correlation with the target SNP. Figure 4.3 shows RMSE as predicting
SNPs increases from 0 to 50. We find that the best performance of the unregularized
methods is achieved by the first scheme, with a relatively large number of predicting
SNPs (20-40); however its RMSE is larger than that of IMPUTE and BLIMP.

4.3.2

Individual-level Genotype Imputation

Although very satisfactory methods already exist for individual-level genotype imputation, BLIMP has the potential advantage of being extremely fast and low on
memory-usage (see computational comparisons, below). We therefore also assessed
81

Figure 4.3: Comparison between BLIMP estimator and un-regularized linear estimators.
The lines show the RMSE of each allele frequency estimator vs. number of predicting SNPs.
Results are shown for two schemes for selecting predicting SNPs: flanking SNPs (red line)
and correlated SNPs (green line). Neither scheme is as accurate as BLIMP (blue solid line)
or IMPUTE (blue dashed line).

its performance for individual-level genotype imputation. We used the same crossvalidation procedure as in frequency imputation, but using individual-level data as
input. As above, we compared results from our approach with those obtained using
IMPUTE v1.
We again use RMSE to measure accuracy of imputed (posterior mean) genotypes:
v
u
p m
u 1 XX
RMSE = t
(gji − ĝji )2
mp

(4.19)

j=1 i=1

where m is the number of the individuals (1376), p is the total number of tested
SNPs (4329) and gji , ĝji are observed and estimated (posterior mean) genotypes for
individual i at SNP j respectively.
For comparison purpose, we also use a different measure of accuracy that is commonly used in this setting: the genotype error rate, which is the number of wrongly
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imputed genotypes divide by the total number of imputed genotypes. To minimize
the expected value of this metric, one should use the posterior mode genotype as the
estimated genotype. Thus, for IMPUTE v1 we used the posterior mode genotype for
this assessments with this metric. However, for simplicity, for our approach we used
the posterior mean genotype rounded to the nearest integer. (Obtaining posterior
distributions on genotypes using our approach, as outlined in appendix G, is considerably more complicated, and in fact produced slightly less accurate results, not
shown).
We found that, under either metric BLIMP provides only very slightly less accurate genotype imputations than IMPUTE (Table 4.1). Further, as before, replacing
the phased panel with an unphased panel produces only a small decrease in accuracy
(Table 4.1).
Frequency imputation
RMSE Error Rate
naive method
0.0397
NA
BLIMP (phased panel)
0.0157
NA
BLIMP (unphased panel) 0.0159
NA
IMPUTE
0.0154
NA
Individual genotype imputation
RMSE Error Rate
BLIMP (phased panel)
0.2339
6.46%
BLIMP (unphased panel) 0.2407
6.77%
IMPUTE
0.2303
6.30%
Table 4.1: Comparison of accuracy of BLIMP and IMPUTE for frequency and
individual-level genotype imputations. The RMSE and Error rate, defined in the
text, provide different metrics for assessing accuracy; in all cases BLIMP was very
slightly less accurate than IMPUTE. The “naive method” refers to the strategy of estimating the sample frequency of each untyped SNP by its observed frequency in the
panel; this ignores information in the observed sample data, and provides a baseline
level of accuracy against which the other methods can be compared.

These results show average accuracy when all untyped SNPs are imputed. However, it has been observed previously (e.g. Marchini et al. (2007), Guan and Stephens
(2008)) that accuracy of calls at the most confident SNPs tends to be considerably
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Figure 4.4: Controlling individual-level genotype imputation error rate on a per-SNP basis.
For BLIMP, the error rate is controlled by thresholding on the estimated variance for imputed SNP frequencies; for IMPUTE the call threshold is determined by average maximum
posterior probability.

higher than the average. We checked that this is also true for BLIMP. To obtain
estimates of the confidence of imputations at each SNP we first estimated σ by maximum likelihood using the summary data across all individuals, and then compute the
variance for each SNP using (4.12); note that this variance does not depend on the
individual, only on the SNP. We then considered performing imputation only at SNPs
whose variance was less than some threshold, plotting the proportion of SNPs imputed (“call rate”) against their average genotype error rate as this threshold varies.
The resulting curve for BLIMP is almost identical to the corresponding curve for
IMPUTE (Figure 4.4).

4.3.3

Individual-level Genotype Imputation without a Panel

We use the same WTCCC Birth Cohort data to assess our modified ECM algorithm
for performing individual-level genotype imputation without using a panel. To create
a data set with data missing at random we mask each genotype, independently, with
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probability m. We create multiple data sets by varying m from 5% to 50%. For each
data set we run our ECM algorithm for 20 iterations. (Results using different starting
points for the ECM algorithm were generally very consistent, and so results here are
shown for a single starting point.)
We compare the imputation accuracy with the software package BIMBAM (Guan
and Stephens (2008)) which implements the algorithms from Scheet and Stephens
(2005).
BIMBAM requires the user to specify a number of “clusters”, and other parameters related to the EM algorithm it uses: after experimenting with different settings
we applied BIMBAM on each data set assuming 20 clusters, with 10 different EM
starting points, performing 20 iterations for each EM run. (These settings produced
more accurate results than shorter runs.)
Overall, imputation accuracy of the two methods was similar (Table 4.2), with
BLIMP being slightly more accurate with larger amounts of missing data and BIMBAM being slightly more accurate for smaller amounts of missing data.
We note that in this setting, some of the key computational advantages of our
method are lost. In particular, when each individual is missing genotypes at different
SNPs, one must effectively invert a different covariance matrix for each individual.
Furthermore, this inversion has to be performed multiple times, due to the iterative
scheme. For small amounts of missing data the results from BLIMP we present here
took less time than the results for BIMBAM, but for larger amounts the run times
are similar.

BIMBAM
BLIMP ECM

Missing Rate
5%
10%
20%
50%
5.79% 6.35% 7.15% 9.95%
6.07% 6.49% 7.31% 9.91%

Table 4.2: Comparison of imputation error rates from BLIMP and BIMBAM for
individual genotype imputation without a panel.
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4.3.4

Noise Reduction in Pooled Experiment

We used simulations to assess the potential for our approach to improve allele frequency estimates from noisy data in DNA pooling experiments (equation (4.13)). To
generate noisy observed data we took allele frequencies of 4329 genotyped SNP from
the WTCCC Birth Cohort chromosome 22 data as true values, and added independent and identically distributed N (0, 2 ) noise terms to each true allele frequency.
Real pooling data will have additional features not captured by these simple simulations (e.g. biases towards one of the alleles), but our aim here is simply to illustrate
the potential for methods like ours to reduce noise in this type of setting. We varied
 from 0.01 − 0.18 to to examine different noise levels. Actual noise levels in pooling
experiments will depend on technology and experimental protocol; to give a concrete
example, Meaburn et al. (2006) found differences between allele frequency estimates
from pooled genotyping and individual genotyping of the same individuals, at 26
SNPs, in the range 0.008 to 0.077 (mean 0.036).
We applied our method to the simulated data by first estimating σ and  using
(4.12), and then, conditional on these estimated parameters, estimating the allele
frequency at each observed SNP using the posterior mean given in equation (4.13).
We assessed the accuracy (RMSE) of these allele frequency estimates by comparing
them with the known true values.
We found that our method was able to reliably estimate the amount of noise
present in the data: the estimated values for the error parameter  show good correspondence with the standard deviation used to simulate the data (Figure 4.5a),
although for high noise levels we underestimate the noise because some of the errors
are absorbed by the parameter σ.
More importantly, we found our estimated allele frequency estimates were consistently more accurate than the direct (noisy) observations, with the improvement
being greatest for higher noise levels (Figure 4.5b). For example, with  = 0.05 our
method reduced the RMSE by more than half, to 0.024.
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Figure 4.5:

a. Detection of experimental noise in simulated data. The simulated data
sets are generated by adding Gaussian noise N (0, 2 ) to the actual observed WTCCC frequencies. The estimated  values are plotted against the true  values used for simulation.
We estimate  using maximum likelihood by (4.11). b. An illustration on the effect of noise
reduction in varies noise levels. RMSE from noise reduced estimates are plotted against
RMSE from direct noisy observations. The noise reduced frequency estimates are posterior
means obtained from model (4.13).

4.3.5

Computational Efficiency

Imputation using our implementation of BLIMP is highly computationally efficient.
The computational efficiency is especially notable when dealing with large panels:
the panel is used only to estimate µ̂ and Σ̂, which is both quick and done just once,
after which imputation computations do not depend on panel size. Our implementations also take advantage of the sparsity of Σ̂ to increase running speed and reduce
memory usage. To give a concrete indication of running speed, we applied BLIMP
to the WTCCC Birth Cohort data on chromosome 22, containing 4,329 genotyped
and 29,697 untyped Hapmap SNPs on 1376 individuals, using a Linux system with
eight-core Intel Xeon 2.66GHz processors (although only one processor is used by our
implementation). The running time is measured by ’real’ time reported by the Unix
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“time” command. For frequency imputation, BLIMP took 9 minutes and 34 seconds,
with peak memory usage of 162 megabytes; for individual-level genotype imputation
BLIMP took 25 minutes, using under 300 megabytes of memory. As a comparison,
IMPUTE v1 took 195 minutes for individual-level genotype imputation, with memory
usage exceeding 5.1 gigabytes.
Since these comparisons were done we note that a new version of IMPUTE (v2)
has been released (Howie et al. (2009)). This new version gives similar imputation
accuracy in the settings we described above; it runs more slowly than v1 but requires
less memory.

4.4

Conclusion and Discussion

Imputation has recently emerged as an important and powerful tool in genetic association studies. In this chapter, we propose a set of statistical tools that help solve
the following problems:
1. Imputation of allele frequencies at untyped SNPs when only summary-level data
are available at typed SNPs.
2. Noise reduction for estimating allele frequencies from DNA pooling-based experiments.
3. Fast and accurate individual-level genotype imputation.
The proposed methods are simple, yet statistically elegant, and computationally extremely efficient. For individual-level genotype imputation the imputed genotypes
from this approach are only very slightly less accurate than state-of-the-art methods.
When only summary-level data are available we found that imputed allele frequencies
were almost as accurate as when using full individual genotype data.
The linear predictor approach to imputation requires only an estimate of the mean
and the covariance matrix among SNPs. Our approach to obtaining these estimates
is based on the conditional distribution from Li and Stephens (2003); however, it
would certainly be possible to consider other estimates, and specifically to use other
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approaches to shrink the off-diagonal terms in the covariance matrix. An alternative, closely-related, approach is to obtain a linear predictor directly by training a
linear regression to predict each SNP, using the panel as a training set, and employing some kind of regularization scheme to solve potential problems with over-fitting
caused by large p small n. This approach has been used in the context of individuallevel genotype imputation by A. Clark (personal communication), and Yu and Schaid
(2007). However, the choice of appropriate regularization is not necessarily straightforward, and different regularization schemes can provide different results (Yu and
Schaid (2007)). Our approach of regularizing the covariance matrix using the conditional distribution from Li and Stephens (2003) has the appeal that this conditional
distribution has already been shown to be very effective for individual genotype imputation, and for modeling patterns of correlation among SNPs more generally (Li and
Stephens (2003), Stephens and Scheet (2005), Servin and Stephens (2008), Marchini
et al. (2007)). Furthermore, the fact that, empirically, BLIMP’s accuracy is almost as
good as the best available purpose-built methods for this problem suggests that alternative approaches to regularization are unlikely to yield considerable improvements
in accuracy.
The accuracy with which linear combinations of typed SNPs can predict untyped
SNPs is perhaps somewhat surprising. That said, theoretical arguments for the use
of linear combinations have been given in previous work. For example, Clayton et al.
(2004) showed by example that, when SNP data are consistent with no recombination (as might be the case for markers very close together on the genome), each SNP
can be written as a linear regression on the other SNPs. Conversely, it is easy to
construct hypothetical examples where linear predictors would fail badly. For example, consider the following example from Nicolae (2006a): 3 SNPs form 4 haplotypes,
111, 001, 100 and 010, each at frequency 0.25 in a population. Here the correlation
between every pair of SNPs is 0, but knowing any 2 SNPs is sufficient to predict the
third SNP precisely. Linear predictors cannot capture this ”higher order” interaction information, so produce sub-optimal imputations in this situation. In contrast,
other methods (including IMPUTE) could use the higher-order information to produce perfect imputations. The fact that, empirically, the linear predictor works well
89

suggests that this kind of situation is rare in real human population genotype data.
Indeed, this is not so surprising when one considers that, from population genetics
theory, SNPs tend to be uncorrelated only when there is sufficiently high recombination rate between them, and recombination will tend to break down any higher-order
correlations as well as pairwise correlations.
Besides HMM-based methods, another type of approach to genotype imputation
that has been proposed is to use “multi-marker” tagging (de Bakker et al. (2005),
Purcell et al. (2007), Nicolae (2006b)). A common feature of these methods is to preselect a (relatively small) subset of “tagging” SNPs or haplotypes from all typed SNPs
based on some LD measure threshold, and then use a possibly non-linear approach
to predicting untyped SNPs from this subset. Thus, compared with our approach,
these methods generally use a more complex prediction method based on a smaller
number of SNPs. Although we have not compared directly with these methods here,
published comparisons (Howie et al. (2009)) suggest that they are generally noticeably
less accurate than HMM-based methods like IMPUTE, and thus by implication less
accurate than BLIMP. That is, it seems from these results that, in terms of average
accuracy, it is more important to make effective use of low-order correlations from all
available SNPs that are correlated with the target untyped SNP, than to take account
of unusual higher-order correlations that may occasionally exist.
Our focus here has been on the accuracy with which untyped SNP allele frequencies can be imputed. In practice an important application of these imputation
methods is to test untyped alleles for association with an outcome variable (e.g. casecontrol status). Because our allele frequency predictors are linear combinations of
typed SNP frequencies, each test of an untyped SNP is essentially a test for differences between a given linear combination of typed SNPs in case and control groups.
Several approaches to this are possible; for example the approach in Nicolae (2006b)
could be readily applied in this setting. The resulting test would be similar to the test
suggested in Homer et al. (2008a) which also uses a linear combination of allele frequencies at typed SNPs to test untyped SNPs for association with case-control status
in a pooling context. The main difference is that their proposed linear combinations
are ad hoc, rather than being chosen to be the best linear imputations; as such we
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expect that appropriate use of our linear imputations should result in more powerful
tests, although a demonstration of this lies outside the scope of this dissertation.
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CHAPTER 5
CONCLUSIONS
In this dissertation research, we are motivated by an important problem in statistical
genetics: the heterogeneity of genetic effects. In chapter 2, we show a Bayesian
framework that systematically deals with potentially-heterogeneous genetic data. In
particular, we separate the problems of identifying genetic variants that are associated
with a phenotype of interest and investigating the heterogeneities of identified genetic
variants. In chapter 3, we apply these methods in an important genomics application
of mapping tissue-specific eQTLs and develop a hierarchical approach to efficiently
pooling information across many simultaneously measured genes. In chapter 4, we
propose a linear imputation method for handling missing data in meta-analysis of
genetic association studies. This method is unique in the sense that it can perform
accurate imputation when only summary statistics are available.
One of the biggest challenges in statistical genetics research is to formulate a
scientific question into an appropriate statistical question. In identifying genetic
variants with potential gene-environment interaction, we find it is very helpful to
re-frame the problem as two related inquires: first, is a particular genetic variant
associated with the phenotype of interest at all? If yes, how the association behaves
in different environmental conditions. We naturally translate the first question into
a hypothesis testing problem and address the second question in a model comparison
framework. It is a consequence of this formulation that we choose to solve the problem
in a Bayesian framework: Bayesian model comparison is natural and convenient to
assess models in a discrete model space (and the hypothesis testing can be regarded
as a special case in this framework).
The size and scale of modern date genetic/genomic data are fast-growing and
has reached to a level that computational feasibility has become critical in many
applications. Computational efficiency is an important consideration for us in solving
almost all the problems addressed in this dissertation. To ease computational burden,
we adopt strategies from two distinct directions:
1. Performing approximate numerical computations based on the exact model.
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2. Simplify the complicated models by imposing stronger assumptions.
The example for the first strategy is our use of Laplace approximation in computing
complicated Bayes Factors; the normal approximation of allele frequency distribution. The “one cis-eQTL per gene” assumption in the hierarchical model of mapping
tissue-specific eQTLs serve as the examples for the second strategy. However, it is
also important to investigate the effects of these approximations and simplifications,
especially their impacts on interpreting the final numerical results, and improve the
methods based on the findings.
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APPENDIX A
COMPUTING BAYES FACTORS
In this section, we show the detailed calculation of various Bayes Factors.

A.1

Computation in the ES Model

A particular ES model, describing an alternative hypothesis Ha , is fully specified by
setting values for (φ, ω) and hyper-parameters (v1 , . . . , vS , l1 , m1 , . . . , lS , mS ). Under
the contrasting null model H0 , we set φ = ω = 0 while keeping other hyper-parameter
the same.
Let β s = (µs , βs ), τs = σs−2 and θ = (β 1 , . . . , β s , τ1 , . . . , τs , b̄), the marginal
likelihood under model Ha can be written as
Z
P (Y |G, Ha ) =
Z
=

!
Y

P (y s |g s , β s , τs )

s

Z

P (Y |G, θ, Ha )p(θ|Ha )dθ

Z

=

Y

P (β s |τs , b̄, Ha )

Y

P (τs |Ha )P (b̄|Ha ) dβ 1 · · · dβ S dτ1 · · · dτS db̄
!
!
YZ
Y
P (y s |g s , β s , τs )P (β s |τs , b̄, Ha )dβ s p(b̄|Ha )db̄
P (τs |Ha )dτ1 · · · dτS
s

s

s

s

(A.1)
Let X s = (1 g s ) denote the design matrix of regression model (2.1) for subgroup s,
it follows that
 τ

2π −ns /2
s
)
exp − (y s − X s β s )0 (y s − X s β s )
τs
2


2π −ns /2
1
0
=( )
exp − (ỹ s − X s bs ) (ỹ s − X s bs ) ,
τs
2

P (y s |g s , β s , τs ) = (

where ỹ s =

√

τs y s and bs =

b̄ =

√

(A.2)

√
τs β s = ( τs µs , bs ). We further denote

0
b̄

!
and Φs =
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vs2

0

0

φ2

!
,

(A.3)

and write prior distribution P (bs |b̄, Ha ) in following matrix form,
bs |b̄, Ha ∼ N(b̄, Φs ).

(A.4)

We compute the marginal likelihood by sequentially evaluating the following integrals,
Z
FHa ,s =

P (y s |X s , bs , τs )P (bs |b̄, Ha )dbs

1
2π −ns /2
−1
)
|Φs |− 2 · |X 0s X s + Φ−1
s | 2
τs


1 0
0 −1
0
−1
0
0
−1
−1
0
−1
· exp − ỹ s ỹ s − (X s ỹ s + Φs b̄) (X s X s + Φs ) (X s ỹ s + Φs b̄) + b̄ Φs b̄
.
2
(A.5)
R Q
Let JHa = ( s FHa ,s ) P (b̄|Ha )db̄; this quantity is also analytically computable

=(

by straightforward algebra.
To compute Bayes Factor of Ha versus H0 under the ES model, we take limits
with respect to hyper-parameters (v1 , . . . , vS , l1 , m1 , . . . , lS , mS ) according to (2.13),
that is,
BFES (φ, ω)

R
Q
JHa s P (τs )dτ1 · · · dτS
Q
= lim R
JH0 s P (τs )dτ1 · · · dτS
R
KHa dτ1 · · · dτS
=R
.
KH0 dτ1 · · · dτS

(A.6)

Let us denote
RSS0,s = y 0s y s − ns ȳs2 ,

(A.7)

RSS1,s = y 0s y s − y 0s X s (X 0s X s )−1 X 0s y s ,
1
δs2 = 0
,
g s g s − ns ḡs2
y 0 g − ns ȳs ḡs
β̂s = s0 s
,
g s g s − ns ḡs2
1
ζ2 = P 2
,
2 −1
s (δs + φ )

(A.8)
(A.9)
(A.10)
(A.11)

where ȳs and ḡs are the sample means of phenotypes and genotypes in subgroup s.
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It can be shown that,

KH0 =

Y

ns
2 −1

τs

s

1X
τs · RSS0,s
exp −
2 s

!
,

(A.12)

and
s
KHa =
·

ζ2 Y
ζ 2 + ω2 s

Y

ns
2 −1

τs

s


· exp 

s

δs2
δs2 + φ2
φ2
δs2
·
RSS
+
· RSS0,s
1,s
δs2 + φ2
δs2 + φ2
! 
X β̂s √τs 2
.
2 + φ2
δ
s s

1X
τs
exp −
2 s

1 ω2ζ 2
2 ζ 2 + ω2

The multidimensional integral

R



!
(A.13)

KHa dτ1 · · · dτS generally does not have a simple

analytic form (although it can be represented as finite sums of complicated hypergeometric functions). Next, we show two different approximations, both based on
Laplace’s method, to evaluate this integral. The first approximation is a direct application of Butler and Wood (2002) and the second one yields a simple analytic
expression. To compute the Bayes Factor, we also use Laplace’s method to evaluate
R
the integral KH0 dτ1 · · · dτS . Although this integral can be computed analytically,
we find the approximate form by Laplace’s method (which essentially uses Stirling’s
formula to approximate a gamma function) yields more accurate result for the final
Bayes Factor: in particular, when there is only one subgroup (S = 1, where the Bayes
Factor can be analytically computed), we obtain the exact result by applying the first
approximation recipe.
Laplace’s method approximates a multivariate integral in the following way,
Z
D

h(τ )eg(τ ) dτ ≈ (2π)S/2 |Hτ̂ |−1/2 h(τ̂ )eg(τ̂ )

(A.14)

where τ is an S-vector,
τ̂ = arg max g(τ ),
τ
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(A.15)

and |Hτ̂ | is the absolute value of the determinant of the Hessian matrix of the function
g evaluated at τ̂ . Note that the factorization of the integrand is rather arbitrary, it
only requires that function h is smooth and positively valued and the smooth function
g has a unique maximum lying in the interior of D (for detailed discussion, see Butler
(2007)).
Our first approach to apply Laplace’s method sets h(τ ) ≡ 1 and g(τ ) equaling
KHa and KH0 respectively. Except for some trivial situations (e.g. S = 1), the maximization of KHa with respect to τ is analytically intractable. In practice, we use the
Broyden-Fletcher-Goldfarb-Shanno (BFGS2) algorithm, a gradient-based numerical
optimization routine (implemented in the GNU Scientific Library), to numerically
c ES (φ, ω).
maximize g. This procedure leads to BF
Alternatively, we apply Laplace’s method by factoring the integrand in such a
way that g can be analytically maximized. This approach results in a closed-form
approximation. More specifically, we factor KHa into
KHa = h(τ1 , . . . , τS )eg(τ1 ,...,τS ) ,

(A.16)

where
s
h(τ1 , . . . , τS ) =

ζ2 Y
ζ 2 + ω2 s

s

δs2
δs2 + φ2

1 X δs2
·
τs
exp −
· (RSS0,s − RSS1,s )
2 + φ2
2
δ
s
s
s


√ !2
2
2
X
β̂s τs
1 ω ζ

· exp  2
2
2 + φ2
2ζ +ω
δ
s s
Y

ns
2 −1

and
eg(τ1 ,...,τS ) =

Y

ns
2 −1

τs

· exp −

s

1X
2 s

!
(A.17)

!
τs · RSS1,s

.

(A.18)

It is straightforward to show that the unique maximum of g(τ1 , . . . , τS ) is attained at
τ̂s =

ns − 2
, s = 1, . . . , S,
RSS1,s
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(A.19)

which coincides with the REML estimate of τs in subgroup-level regression model
(2.1). Following the notations in section 2.2.4 and noting the relationship between t
and F statistics in simple linear regression,
Ts2 =

RSS0,s − RSS1,s
.
RSS1,s /(ns − 2)

(A.20)

Applying (A.14) results in
s

BFES (φ, ω)

 2

Tes ω 2
ζ2
'
exp
2 ζ 2 + ω2
ζ 2 + ω2
s


 ns
!
Y
RSS0,s 2
δs2
Ts2 δs2
·
exp −
.
2 + φ2 RSS
2 + φ2
2
δ
δ
1,s
s
s
s

(A.21)
(A.22)

To further simplify the above expression, we use
Ts2
RSS0,s ns /2
Ts2 ns
)2 =e 2
= (1 +
RSS1,s
ns − 2




1+O

1
ns


,

(A.23)

and (A.21) simplifies to
s
ABFES (φ, ω) =

 2
 2
Y s
!
2
2
2
Tes ω
Ts φ
δs
exp
exp
.
2
2
2
2
2
2
2 ζ +ω
2 δs2 + φ2
ζ +ω
δs + φ
s
(A.24)
ζ2

Remark. Note, in case τ1 , . . . , τS are known, we can directly compute the exact
Bayes Factor using
BFES (φ, ω) = lim

JHa
JH0

(A.25)

without evaluating the multi-dimensional integrals in (A.6). In this particular case,
it is easy to show that the exact Bayes Factor has the exact functional form as in
(2.23), only with all the τ̂s ’s replaced with the corresponding true values of τs ’s.
Finally, we give the proof for Proposition 1:
Proof of Proposition 1. The derivation above serves as a proof. An alternative proof
can be obtained by noting that the REML esitmate of τ̂ asymptotically converges to
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the true value of τ with probablity 1. From the remark above, by applying continuous mapping theorem, we conclude that ABFES (φ, ω) converges to BFES (φ, ω) with
probability 1.

A.2

Computation in the EE Model

The procedure for computing Bayes Factor assuming an EE model is essentially the
same, we omit repeating the details but only show the final results of Bayes Factor
of an EE model Hb , specified by (ψ, w), versus the null model H0 ,
R
KHb dτ1 · · · dτS
.
BFEE (ψ, w) = R
KH0 dτ1 · · · dτS

(A.26)

The expression of KH0 remains the same as (A.12). We denote
η2 =

τs
2
δ + τs ψ 2
s s

X

!−1
.

(A.27)

It can be shown
s
K Hb =
·

Y
η2
η 2 + w2 s

Y

ns
2 −1

τs

s



s

δs2
δs2 + τs ψ 2
τs ψ 2
δs2
·
RSS
+
· RSS0,s
1,s
δs2 + τs ψ 2
δs2 + τs ψ 2
2 
τs
s δs2 +τs ψ 2 · β̂s 
.
η2

1X
exp −
τs
2 s
P

 1 w2
· exp  2
2 η + w2



!

(A.28)
EE

c
We use the similar numerical procedure to obtain BF

(ψ, w) as in the ES model.

To derive ABFEE , we factor KHb into
KHb = h(τ1 , . . . , τS )eg(τ1 ,...,τS ) ,
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(A.29)

where,
s
h(τ1 , . . . , τS ) =

Y
η2
η 2 + w2 s

s

δs2
δs2 + τs ψ 2

!
1 X τs δs2
·
τs
exp −
· (RSS0,s − RSS1,s )
2 + τ ψ2
2
δ
s
s
s
s

2 
P
τs
s δs2 +τs ψ 2 · β̂s 
 1 w2
· exp  2

2 η + w2
η2
Y

ns
2 −1

and
eg(τ1 ,...,τS ) =

Y

ns
2 −1

τs

s

1X
· exp −
τs · RSS1,s
2 s

(A.30)

!
.

(A.31)

Again, function g(τ1 , . . . , τS ) is maximized at
τ̂s =

ns − 2
, s = 1, . . . , S.
RSS1,s

(A.32)

We denote
1 2
σ̂s2
δs = 0
,
τ̂s
g s g s − ns ḡs2
β̂s
Ts2 = 2 ,
ds
!−1
X
τ̂
1
s
P
ξ2 =
=
,
2 + τ̂ ψ 2
2 + ψ 2 )−1
δ
(d
s
s
s
s
s
P 2
(d + ψ 2 )−1 β̂s
β̄ˆ = Ps s 2
,
2 −1
s (ds + ψ )

d2s =

(A.33)
(A.34)
(A.35)
(A.36)

and

β̄ˆ2
Tee2 = 2 =
ξ


P

β̂
s d2s +ψ 2

2

η2
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.

(A.37)

Using the similar procedure as in the ES model, we obtain
s
ABFEE (ψ, w) =

ξ2
exp
ξ 2 + w2

!
 2
Y s
Tee w2
d2s
Ts2 ψ 2 
exp
.
2 ξ 2 + w2 s
2 d2s + ψ 2
d2s + ψ 2
(A.38)

Same as we have discussed in Remarks of section A.1, if τ1 , . . . , τS are known,
the exact Bayes Factor of the EE model has the same function form as in (A.38),
only with τ̂s ’s replaced by corresponding τs ’s.

A.3

Computation using CEFN Priors

Using curved exponential family normal prior, the computation of Bayes Factors is
slightly different than what we show in previous sections. Here, we use ES model as
a demonstration, the procedure for EE model is very similar.
To compute the Bayes Factor of a CEFN-ES model defined by parameters (k, ω)
vs. the null model, we can carry out the same and exact calculation up to (A.5).
However, due to the nature of CEFN prior, we can no longer perform analytic calculation to integrate out b̄. Instead, we exchange the order of integrations by first
analytically approximate the multi-dimensional integration with respect to τ1 , . . . , τS
using the second procedure of Laplace’s method described in previous sections. As a
result, we obtain a approximate Bayes Factor as a one-dimensional integral
s
Y  RSS0,s ns /2 Z ∞ Y
δs2
1
√
ABFES
(k,
ω)
=
CEFN
δs2 + k b̄2
2πω s RSS1,s
−∞ s
"
!#
X
X
1 X
1
1 2
b̂s
δs2
· exp −
(
+ 2 )b̄ − 2
( 2
)b̄ +
T2
db̄.
2 + k b̄2
2
2 + k b̄2 s
2
ω
+
k
b̄
δ
δ
δ
s
s
s
s
s
s
(A.39)
We apply an adaptive Gaussian quadrature method, QAGI, implemented in GNU
scientific library. Essentially, this method first maps the integral to the semi-open
interval [0, 1) using the transformation y = (1− b̄)/b̄, then apply the standard adaptive
Gaussian quadrature routine for the finite interval integration.
For EE model with CEFN prior, the final one-dimensional integral can be shown
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as
Y  RSS0,s ns /2 Z ∞ Y

s

d2s
1
√
ABFEE
(k,
w)
=
CEFN
d2s + k β̄ 2
2πw s RSS1,s
−∞ s
!#
"
X
X
1
1 2
d2s
1 X
β̂s
2
(
+
)β̄ +
T
dβ̄.
· exp −
)β̄ − 2
( 2
2
d2s + k β̄ 2 w2
ds + k β̄ 2
d2s + k β̄ 2 s
s
s
s
(A.40)
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APPENDIX B
BAYES FACTOR FOR BINARY REGRESSION MODELS
In this section, we show the computation of Bayes Factor for case-control data.
Let us denote β s = (µs , βs ). The key component in our computation is to approximate subgroup-level log-likelihood function l(β s ) with a quadratic form expanding
around its maximum likelihood estimates, i.e.
1
(B.1)
log P (y s |g s , β s ) = l(β s ) ' l(β̂ s ) − (β s − β̂ s )0 Is (β̂ s )(β s − β̂ s ),
2


iµ̂s µ̂s iµ̂ β̂
s s  is the expected Fisher information evaluated at
where Is (β̂ s ) = 
iβ̂ µ̂ iβ̂ β̂
s s

s s

β̂ s . Although this type of approximation generally requires the observed Fisher information in (B.1), the observed and expected Fisher information indeed coincide as
we use the canonical (logistic) link for binary regression model.
Further, we note
γs2 := Var(β̂s ) = (iβ̂ β̂ − iβ̂ µ̂ i−1
i
)−1
s s
s s µ̂s µ̂s µ̂s β̂s

(B.2)

is the estimated asymptotic variance of MLE β̂s .
Given approximate log-likelihood function (B.1) and a model Hc specified by
(ψ, w), the prior distribution for β s is given by
β s |β̄, Hc ∼ N(β̄, Ψs ),

(B.3)

where
β̄ =

0
β̄

!
and Ψs =
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vs2

0

0

ψ2

!
.

(B.4)

It follows that
Z
FHc ,s = P (y s |g s , β s )P (β s |β̄, Hc )dβ s



1 0
−1
−1
· exp − β̂ s Is − Is (Is + Ψs ) Is β̂ s
= exp l(β̂ s ) · |Ψs
2
 


1
0
0
0
−1
−1
−1
−1
−1
,
· exp −
β̄ Ψs − Ψs (Is + Ψs ) Ψs β̄ − β̄ ηs − ηs β̄
2
(B.5)


1
|− 2

−1
· |Is + Ψ−1
s | 2

with ηs = Ψ−1 (Is + Ψ−1 )−1 Is β̂ s .
Under contrasting null model H0 , the parameter space is restricted to βs = 0, for
β s satisfies this restriction
β̂ 2
(β s − β̂ s )0 Is (β̂ s )(β s − β̂ s ) = iµ̂s µ̂s · (µs − m̂s )2 + s2 ,
γs

(B.6)

i

where m̂s = µ̂s + iµ̂s β̂s β̂s . It can be shown that
µ̂s µ̂s
Z
FH0 ,s =

P (y s |g s , β s )P (β s |β̄, H0 )dβ s


1
β̂ 2
= exp l(β̂ s ) · vs−1 (iµ̂µ̂ + vs−2 )− 2 · exp(− s2 )
2γs



1
0
0
−2
−1
· exp − m̂s iµ̂µ̂ m̂s − (iµ̂µ̂ m̂s ) (iµ̂µ̂ + vs ) (iµ̂µ̂ m̂s )
.
2

(B.7)

Finally, we compute
ABFCC (ψ, w)

R Q
( s FHc ,s )P (β̄|Hc ) dβ̄
Q
= lim
,
s FH0 ,s

(B.8)

where the limit is taken as vs → ∞, ∀s. By straightforward algebra, we obtain the
final result (2.36).
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APPENDIX C
SMALL SAMPLE SIZE CORRECTION FOR
APPROXIMATE BAYES FACTORS
In this section, we show in details that the impact of small sample size on approximate
Bayes Factors and discuss our working solution (2.25) in dealing this issue.
Firstly, we show that for a valid Bayes Factor, (2.24) holds. This is because,
Z
E(BF|H0 ) =

P (Y |H1 )
· P (Y |H0 ) dY = 1
P (Y |H0 )

(C.1)

Secondly, we demonstrate this property does not generally hold in the approximate
Bayes Factors. In particular, we consider a special case in which there is only a single
subgroup. The approximate Bayes Factor assuming an ES model with paramters
(φ, ω) can be reduced to
ABFES
single (φ, ω) =

√
λ
1 − λ exp( Ts2 ),
2

(C.2)

and,
log ABFES
single (φ, ω) =
2

1
λ
log(1 − λ) + Ts2 ,
2
2

(C.3)

2

where λ = φ2φ+ω+ω
2 +δ 2 and takes values from [0, 1].
s
Under H0 , Ts follows t-distribution with ns − 2 degree of freedom and
E(Ts2 |H0 ) =

ns − 2
> 1.
ns − 4

(C.4)

1 ) for λ ∈ [0, 1], it can be
Now consider the continuous function f (λ) = λ1 log( 1−λ
shown that

lim f (λ) = 1

(C.5)

lim f (λ) = ∞.

(C.6)

λ→0
λ→1
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Hence, there must exist values of λ ∈ (0, 1), such that
f (λ) < E(Ts2 |H0 ).

(C.7)

Consequently, by Jensen’s inequality, for those λ values
 

 


ES
ES
log E ABFsingle |H0
≥ E log ABFsingle |H0 > 0.

(C.8)

This shows property (2.24) does not generally hold for the approximate form of Bayes
Factors and when sample size ns is small, the inaccuracy becomes severe.
Ensuring the property (2.24) for approximate Bayes Factors also likely improves
the accuracy of the approximation. To make simple corrections, we note that the
approximate Bayes Factor (2.23) depends on data Y only through Ts (δs depneds
on genotype data but not Y ). Further, from Remark in appendix A.1, we also
notice the approximation becomes an exact Bayes Factor (for which property (2.24) is
guaranteed) if estimated error variance terms σ̂s2 ’s are replaced by their corresponding
true values. When the true error variances are plugged in, under the H0 , Ts ’s follow
the standard norm distribution. It is therefore sufficient to satisfy property (2.24)
by quantile transforming each individual Ts in (2.23) from the t-distribution to the
standard normal distribution. In essence, the correction can be viewed as a general
strategy of providing a better point estimate of σs , therefore the similar strategy also
likely improves the accuracy of approximate Bayes Factor when EE model and/or
CEFN priors are used.
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APPENDIX D
NUMERICAL ACCURACY OF BAYES FACTOR
EVALUATIONS
In this section, we evaluate the numerical accuracy of various approximation methods
for computing the Bayes Factors.
We use the population eQTL data (Stranger et al. (2007)) discussed in section
2.3.3. For each of the total 8,427 genes examined, we select the top associated cisc ES and re-calculate the Bayes Factor directly based
SNP based on the values of BF
meta
on (A.6) using a general adaptive Gaussian quadrature procedure (Note, because
of its high computational cost in numerically evaluating multi-dimensional integrals,
this numerical recipe does not apply in general practice). We treat these results
c ES and ABFES (with and without
as the “truth” and make comparison with BF
meta
all
small sample corrections). Moreover, we convert various numerical results of Bayes
Factors to log 10 scale and compute Root Mean Squared Errors (RMSE) for each
approximation.
The results of the numerical evaluation for the ES model shown in Table D.1
and Figure D.1. Although the sample sizes in each subgroup are quite small in this
\
ES
dataset (41 Europeans, 59 Asians and 41 Africans), the numerical results of BF
all

are almost identical to the results obtained from the adaptive Gaussian quadrature
procedure (RMSE = 1.2 × 10−4 in log 10 scale). As expected, the approximate
Bayes Factor, ABFES
all , has the worst numerical performance, mainly due to the small
sample sizes in this dataset. Nevertheless, the ranking of the SNPs by ABFES
all is quite
consistent with what we obtain by the true values (rank correlation = 0.99). Figure
D.1 suggests that under small sample situations, ABFES
all tends to over-evaluate the
true value and this over-evaluation can become quite severe when the true values
are extremely large. On the other hand, the proposed small sample size correction
method seems very effective: with this simple correction, the resulting A∗ BFES
all are
quite accurate comparing with the true values.
We also perform a similar experiment for the EE model using the same dataset
p
with five levels of ψ 2 + w2 values: 0.1, 0.2, 0.4, 0.8, 1.6, and seven degrees of
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heterogeneities characterized by ψ 2 /w2 values: 0, 1/4, 1/2, 1, 2, 4, ∞, and we assign
these 35 grid values equal prior weight. The results are similar with the case in the
EE model and shown in Table D.2.

RMSE

\
ES )
log10 (BF
all

log10 (ABFES
all )

log10 (A∗ BFES
all )

1.2 × 10−4

4.95

0.14

Table D.1: Numerical accuracy of three approximations for evaluating Bayes Factors
\
ES is based on the first approximation of Laplace’s method
under the ES model. BF
all
∗
ES
discussed in appendix A, ABFES
all is computed using (2.23) and A BFall is based on
(2.25) which is corrected for small sample sizes.

Figure D.1: Comparison of approximate Bayes Factors before and after applying small
sample size corrections.
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RMSE

\
EE )
log10 (BF
all

log10 (ABFEE
all )

log10 (A∗ BFEE
all )

4.1 × 10−4

5.03

0.09

Table D.2: Numerical accuracy of three approximations for evaluating Bayes Factors
under the EE model.
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APPENDIX E
USING IMPUTED GENOTYPES IN BAYESIAN
ANALYSIS OF GENETIC ASSOCIATION DATA
In this section, we formalize the strategy proposed by Guan and Stephens (2008) in
handling untyped SNPs in GWA studies and incorporate it into our Bayesian metaanalysis framework.
Suppose in study s, SNP t is untyped. The association between phenotype y s
and unobserved genotype g s,t is described by linear model
y s = µs,t 1 + βs,t g s,t + es,t ,

(E.1)

2 I. Information of g
where the error term es,t has mean 0 and variance σs,t
s,t can
be learned through imputation algorithm by estimating ĝ s,t = E(g s,t |D s , M ) and

we also use a linear model to connect the imputed and unobserved true genotypes,
namely,
g s,t = ĝ s,t + ds,t ,

(E.2)

where the error term d has mean 0 and diagonal variance-covariance matrix V =
Var(g s,t |D s , M ).
Combining (E.1) and (E.2), we obtain a new linear relationship between observed
phenotypes and imputed “mean” genotypes,
y s = µs,t 1 + βs,t ĝ s,t + s,t ,

(E.3)

where the compound error term,
s,t = βs,t ds,t + es,t ,

(E.4)

2 V + σ 2 I. This formulation is known as Errors-inhas mean 0 and variance βs,t
s,t
Variables (EIV) model.

Because of the functional relationship between the mean and variance, the exact
calculation based on this EIV model is generally difficult. The strategy proposed by
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Guan and Stephens (2008) essentially ignores the complicated mean-variance relationship. If βs,t = 0 , i.e. the null model is true, (E.3) reduces to a regular linear
model and this treatment is indeed correct. If βs,t 6= 0, the proposed strategy yields
2 overestimated (Hodges
naive least squares estimates of βs,t shrunk towards 0 and σs,t
2 computed using “mean” genoand Moore (1972)). Also we note that the value of δs,t

types is larger than the value obtained using the true genotypes. Consequently, as we
can see from (2.23), this strategy yields a conservative Bayes Factor under the alternative model. Nevertheless, if the imputation is accurate, that is, the magnitude of
imputation error d is much less than the residual error e, the resulting Bayes Factor
is very close to the truth.
In the extreme situation when the untyped SNP t has little correlation with typed
SNPs based on panel M , it follows that
E(g s,t |Gs , M ) ' E(g s,t |M ),

(E.5)

and the expected genotypes rely only the marginal information of SNP t in the panel.
2 → ∞)
Consequently, the expected genotypes have very little individual variation (δs,t

and based on (2.28) this imputation result has little impact on the final outcome of
meta-analysis Bayes Factor.
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APPENDIX F
LEARNING FROM PANEL USING LI AND STEPHENS
MODEL
In this section, we show the calculation of µ̂ and Σ̂ using phased population panel
data. Following the Li and Stephens model, we assume that there are K template
haplotypes in the panel. For a new haplotype h sampled from the same population,
it can be modeled as an imperfect mosaic of existing template haplotypes in the
panel. Let ej denote the jth unit vector in K dimensions (1 in the jth coordinate,
0’s elsewhere), we define random vector Z t to be ej if haplotype h at locus t copies
from jth template haplotype. The model also assumes Z 1 , ..., Z n form a Markov
chain in state space {e1 , ..., eK } with transition probabilities
Pr(Z t = em |Z t−1 = en , M ) = (1 − rt )1[em =en ] + rt e0 m α,

(F.1)

1 ·1 and r = 1−exp(−ρ /K) is a parameter that controls the probability
where α = K
t
t

that h switches copying template at locus t. The initial-state probabilities of the
Markov chain is given by
1
π(Z 1 = ek |M ) =
K

for k = 1, · · · , K.

(F.2)

It is easy to check that the initial distribution π is also the stationary distribution of
the described Markov chain. Because the chain is initiated at the stationary state, it
follows that conditional on M
Z 1 =d Z 2 =d · · · =d Z p =d π.

(F.3)

Therefore marginally, the means and variances of Z t s have following simple forms:
E(Z 1 |M ) = · · · = E(Z p |M ) = α,
Var(Z 1 |M ) = · · · = Var(Z n |M ) = diag(α) − αα0 .
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(F.4)
(F.5)

panel

Let K-dimensional vector q t
denote the binary allelic state of panel haplotypes
at locus t and scalar parameter θ represents mutation. The emission distribution in
Li and Stephens model is given by
panel

Pr(ht = 1|Z t = ek , M ) = (1 − θ)e0k q t

1
+ θ,
2

(F.6)

that is, with probability 1 − θ, h perfectly copies from k-th template in the panel at
locus t, while with probability θ, a mutation occurs and ht “mutates” to allele 0 or
panel

1 equally likely. If we define pt = (1 − θ)q t
can be written as

+ 2θ 1, then the emission distribution

Pr(ht = 1|Z t , M ) = E(ht |Z t , M ) = p0t Z t .

(F.7)

The goal here is to find the closed-form representations of first two moments of joint
distribution (h1 , h2 , ..., hp ) given the observed template panel M . For marginal mean
and variance of ht , it follows that
E(ht |M ) = E(E(ht |Z t , M )|M )
= p0t E(Z t |M )
panel

= (1 − θ) · ft
panel

Var(ht |M ) = (1 − θ)2 ft
panel

where ft

(F.8)
θ
+ ,
2

panel

(1 − ft

θ
θ
) + (1 − ),
2
2

(F.9)

= q 0t ·α is the observed allele frequency at locus t from panel M . Finally,

to compute Cov(hs , ht ) for some loci s < t , we notice that conditional on Z s and
M , hs and ht are independent and
E(hs · ht |M ) = E(E(hs · ht |Z s , M )|M )

= E E(hs |Z s , M ) · E(ht |Z s , M ) | M .
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(F.10)

Let rst denote the switching probability between s and t, and E(ht |Z s , M ) can be
calculated from
E(ht |Z s , M ) = E( E(ht |Z t , Z s , M )|Z s , M )
= E(Z 0t pt |Z s , M )

(F.11)

= ((1 − rst )Z 0s + rst α0 )pt .
Therefore,
E(hs · ht |M ) = p0s E(Z s ( (1 − rst )Z 0s + rst α0 )|M )pt
= (1 − rst )p0s Var(Z s )pt + p0s αα0 pt

(F.12)

= (1 − rst ) · p0s (diag(α) − αα0 )pt + E(hs |M )E(ht |M ),
It follows that
panel

Cov(hs , ht |M ) = (1 − θ)2 (1 − rst )(fst
panel

where fst

panel panel
ft
),

− fs

(F.13)

is the panel frequency of the haplotype “1 − 1” consisting of loci s and

t.
In conclusion, under the Li and Stephens model , the distribution h | M has
expectation
θ
µ̂ = E(h|M ) = (1 − θ)f panel + 1,
2

(F.14)

where f panel is the p-vector of observed frequencies of all p SNPs in the panel, and
variance
θ
θ
Σ̂ = Var(h|M ) = (1 − θ)2 S + (1 − )I,
2
2
where matrix S has the structure

 f panel (1 − f panel )
i
i
Sij =
 (1 − rij )(f panel − f panel f panel )
i

ij
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j

i=j
i 6= j

(F.15)

(F.16)

APPENDIX G
DERIVATION OF JOINT GENOTYPE FREQUENCY
DISTRIBUTION
In this section, we derive the joint genotype frequency distribution based on the Li
and Stephens model.
Let git denote the genotype of individual i at locus t. The sample frequency of
genotype 0 at locus t is given by
n

Pr(gt = 0) =

g
p0t

1X
1[git =0] .
=
n

(G.1)

i=1

g

g

Similarly, genotype frequencies p1t = Pr(gt = 1) and p2t = Pr(gt = 2) can be obtained
by averaging indicators 1[git =1] and 1[git =2] over the samples respectively. Because of
the restriction
1[git =0] + 1[git =1] + 1[git =2] = 1,

(G.2)

given any two of the three indicators, the third one is uniquely determined. Let g i
denote 2p-vector (1[gi1 =0] , 1[gi1 =2] , . . . , 1[g =0] , 1[g =2] ) and
ip

ip

n

1X
g
g
g
g
gi.
yg = (p01 p21 . . . p0p p2p )0 =
n

(G.3)

i=1

Assuming that g 1 , . . . , g n are i.i.d draws from conditional distribution Pr(g|M ), by
central limit theorem as sample size n is large, it follows
yg |M ∼ N2p (µg , Σg ),

(G.4)

where µg = E(g|M ) and Σg = Var(g|M ).
For the remaining part of this section, we derive the closed-form expressions for
µg and Σg based on the Li and Stephens model.
Let ha and hb denote the two composing haplotypes for some genotype sampled
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from population. Note that
1[gt =0] = (1 − hat )(1 − hbt ),
1[gt =2] = hat hbt .

(G.5)

Given panel M , the two composing haplotypes are also assumed to be independent
and identically distributed. Following the results from Appendix A, we obtain that
E(1[gt =0] |M ) = (1 − E(ht |M ))2 ,
E(1[gt =2] |M ) = E(ht |M )2 ,
Var(1[gt =0] |M ) = (1 − E(ht |M ))2 · (1 − (1 − E(ht |M ))2 ),

(G.6)

Var(1[gt =2] |M ) = E(ht |M )2 · (1 − E(ht |M )2 )
Cov(1[gt =0] , 1[gt =2] |M ) = −(1 − E(ht |M ))2 · E(ht |M )2
where E(ht |M ) is given by (F.8).
To compute covariance across different loci s and t, we note that
1[gs =0] 1[gt =0] = (1 − has )(1 − hbs )(1 − hat )(1 − hbt ),
1[gs =2] 1[gt =2] = has hbs hat hbt ,
1[gs =0] 1[gt =2] =
1[gs =2] 1[gt =0] =

(1 − has )(1 − hbs )hat hbt ,
has hbs (1 − hat )(1 − hbt )

(G.7)

Then all the covariance terms across different loci can be represented using E(hs ht |M ),
which is given by (F.12). For example,
Cov(1[gs =2] , 1[gt =2] |M ) = Cov(hs , ht |M )2 + 2E(hs |M ) · E(ht |M ) · Cov(hs , ht |M ).
(G.8)

116

APPENDIX H
MODIFIED ECM ALGORITHM FOR IMPUTING
GENOTYPES WITHOUT A PANEL
In this section, we show our modified ECM algorithm for genotype imputation without
a panel.
By our assumption, each individual genotype p-vector g i is a random sample
from the multivariate normal distribution Np (µ̂, Σ̂), and different individual vectors
may have different missing entries. Suppose we have n individual samples, let Gobs
denote the set of all typed genotypes across all individuals and g iobs denote the typed
genotypes for individual i.
In the E step of ECM algorithm, we compute the expected values of the sufficient
P
i for j = 1, . . . , p and Pn g i g i for j, k = 1, . . . , p conditional on
statistics n
g
i=1 j
i=1 j k
Gobs and current estimate for (µ̂, Σ̂). Specifically, in t-th iteration,
n
n
X
X
i,(t)
i
(t)
(t)
gj ,
gj |Gobs , µ̂ , Σ̂ ) =
E(
i=1

i=1

n
n
X
X
i,(t) i,(t)
i,(t)
i
i
(t)
(t)
gj gk |Gobs , µ̂ , Σ̂ ) =
(gj gk + cjk ),
E(
i=1

where

(H.1)

(H.2)

i=1


 gi
i,(t)
j
gj =
 E(g i |g i , µ̂(t) , Σ̂(t) )
j obs

if gji is typed
if gji is untyped,

(H.3)

and

 0
i,(t)
cjk =
 Cov(g i , g i |g i , µ̂(t) , Σ̂(t) )
j k obs

if gji or gki is typed
if gji and gki are both untyped.

(H.4)

The calculation of E(gji |g iobs , µ̂(t) , Σ̂(t) ) and Cov(gji , gki |g iobs , µ̂(t) , Σ̂(t) ) follows directly from (4.4).
In the conditional maximization step, we first update the estimates for f panel and
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Σpanel sequentially, i.e.
panel,(t+1)
fj

n
1 X i
gj |Gobs , µ̂(t) ), forj = 1, . . . , p,
= E(
n

(H.5)

i=1

and
panel,(t+1)
Σjk

n
1 X i i
= E(
gj gk |Gobs , µ̂(t) , Σ̂(t) )
n

i=1
panel,(t+1) panel,(t+1)
− fj
fk
,

(H.6)

forj, k = 1, . . . , p.

Finally, we update the shrinkage estimates µ̂ and Σ̂ using
µ̂(t+1)

= (1 − θ)f panel,(t+1) + 2θ 1,

Σ̂(t+1) = (1 − θ)2 S (t+1) + 2θ (1 − 2θ )I,
where


 Σpanel,(t+1)
(t+1)
jk
Sjk
=
 exp(− ρjk )Σpanel,(t+1)
2n
jk

j=k
j 6= k.

(H.7)
(H.8)

(H.9)

We initiated ECM algorithm by setting f panel,(0) to the marginal means from
all observed data and Σpanel,(0) to a diagonal matrix with diagonal entries being
empirical variance computed from typed SNPs.
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APPENDIX I
A GENERAL HIDDEN MARKOV MODEL APPROACH
FOR ALLELE FREQUENCY IMPUTATION
This appendix summarizes our result on a general HMM approach for imputing allele
frequencies based on a more general fastPHASE model (Scheet and Stephens (2005)).
The input settings are the same as described in chapter 4.

I.1

The fastPHASE Model

Suppose we observe N haplotypes, each is genotyped at T markers. The fastPHASE
model assumes that for each sampled haplotype at each locus, the allele at that locus
is originated from one of K clusters. Let zit denote the cluster origin at locus t for
i-th haplotype, then latent variable z i = (zi1 , zi2 , ..., ziT ) forms a Markov chain on
state space {1, ..., K}. The initial-state probabilities of this Markov chain are given
by
Pr(zi1 = k) = αk1 , k = 1, ..., K.

(I.1)

The transition probabilities are given by
Pr(zit = k 0 |zi(t−1) = k) = (1 − rt )1{k=k0 } + rt αkt .

(I.2)

Loosely speaking, parameter rt measures the locus-specific probability of a haplotype
switching cluster membership (or a “jump”) at locus t. If a jump occurs, a locusspecific K-dimensional vector αt describes the probability distribution of the new
cluster membership. Let xit denote the allele at locus t for i-th haplotype. Given
cluster origin at locus t, the probability of observing allele 1 is determined by
Pr(xit = 1|zit = k) = θkt ,

(I.3)

where θ t is a locus-specific K-dimensional vector, and it describes the cluster-specific
allele frequency at locus t.
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I.2

The State Equation

To extend the fastPHASE model with K clusters assuming only allele frequencies are
observed, we adopt the following vector notation. Let ej denote the jth unit vector in
K dimensions (1 in the jth coordinate, 0’s elsewhere), and define the random vector
Z it to be ej if the ith haplotype at locus t is originated from the jth cluster. Then
Z i1 , ..., Z in form a markov chain on {e1 , ..., eK } with the transition probabilities
Pr(Z it = em |Z i(t−1) = en ) = (1 − rt )1{em =en } + rt e0 m αt

(I.4)

and inital-state probabilities
Pr(Z i1 = ek ) = e0k α1

(I.5)

Consequently, the expectation and variance-covariance matrix of conditional random vector Z i(t+1) |Z it can be easily computed, i.e.
E(Z it |Z i(t−1) ) = (1 − rt )Z i(t−1) + rt αt = pit

(I.6)

Var(Z it |Z i(t−1) ) = diag(pit ) − pit p0it

(I.7)

As we assume that the N haplotype samples are independently drawn from population,

E

N
X


Z it

Z 1(t−1) , ..., Z N (t−1)  = (1 − rt )

i=1

N
X
i=1
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Z i(t−1) + N rt αt ,

(I.8)

and

Var 

N
X
i=1


Z it

Z 1(t−1) , ..., Z N (t−1)  =

N
X

diag(pit ) −

i=1

N
X

pit p0it

i=1

= diag (1 − rt )

N
X

Z i(t−1) + N rt αt

i=1
N
X

− (1 − rt )2 diag(

− rt (1 − rt )αt

− rt (1 − rt )

i=1
N
X

Z i(t−1) )
Z i(t−1)



(I.9)

0

i=1
N
X


Z i(t−1) α0 t

i=1

− N rt

2α

t

α0

t.

P
In the above calculation, we note that N
i=1 Z it depends on (Z 1(t−1) , ..., Z N (t−1) )
PN
P
only through the summary statistic i=1 Z i(t−1) . Let f t = N1 N
i=1 Z it , then
E( f t | f t−1 ) = (1 − rt )f t−1 + rt αt ,

(I.10)

and


1
V (f t−1 ) := Var(f t |f t−1 ) =
diag (1 − rt )f t−1 + rt αt − (1 − rt )2 diag(f t−1 )
N

0
0
2
0
− rt (1 − rt )αt f t−1 − rt (1 − rt )f t−1 α t − rt αt α t .
(I.11)
Naturally, f t can be interpreted as the cluster membership configuration at locus
t, e.g. the k-th entry of f t is the fraction of alleles orinated from k-th cluster among
all sampled alleles at locus t. By Central Limit Theorem, as sample size N is sufficiently large, the conditional distribution f t | f t−1 can be approximated by a normal
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distribution , i.e.,

f t | f t−1 ∼ NK (1 − rt )f t−1 + rt αt , V (f t−1 )

(I.12)

Written in form of a linear state evolution equation, we obtain
f t = T t f t−1 + rt αt + v t ,


v t ∼ NK 0 , V (f t−1 )

(I.13)

where T t = (1 − rt )I and v t is a K-dimenisonal random vector that accounts for the
random noise in the process.

I.3

The Observation Equation

Let Y1t , ..., YKt denote the counts of allele 1 from the samples in clusters 1, ..., K
at locus t respectively. Given the cluster membership proportion vector f t and θ,
Yit ∼Binomial( N fit , θit ), where fit and θit are the ith entries of vectors f t and
θ t repectively. And the conditional expectation and variance can be calculated as
following,
E(Yit | fit ) = N fit θit

(I.14)

Var(Yit | fit ) = N fit θit (1 − θit )

(I.15)

Because Yit ’s are mutually independent, we have


K
X
E
Yit f t  = N θ 0t f t

(I.16)

i=1


K
X

Var
Yit


f t  = N θ 0t (I − diag(θ t ))θ t

i=1
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(I.17)

Let random variable yt = N1
then

PK

i=1 Yit

denote the frequency of allele 1 in the sample,

E(yt | f t ) = θ 0t f t

(I.18)

1
e2t := Var(yt | f t ) = θ 0t (I − diag(θ t ))f t .
N

(I.19)

If the sample size N is sufficiently large, by central limit theorem, the distribution of
yt | f t , θ t can be approximated by a normal distribution,
yt ∼ N(θ 0t f t ,

1 0
θ (I − diag(θ t ))f t ).
N t

(I.20)

In form of observation equation, this relationship can be written as
yt = θ 0t f t + ut ,

ut ∼ N(0 , e2t )

(I.21)

where ut models zero-mean observational error.

I.4

Inference of Untyped SNP Frequencies

Given model parameters {(rt , αt , θ t ) : t = 1, ..., T } and observed frequencies Y =
(y1 , ..., yT ), the objective of state-space smoothing is to calculate the conditional
distributions of latent cluster membership configurations given all the observations
Y . Analogous to HMM, the smoothing in state-space model is typically through
a forward-backward procedure. Because the desired conditional distributions are
Gaussian, we only need to keep track of the conditional mean and variance during
the smoothing procedure. This property makes the computation highly efficient.
The widely used smoothing alogrithm for sate-space model is Kalman smoother
which requires variance structures in both state and observation equations are nonsingular. However, this requirement cannot be satisfied for our model. Alternatively,
we apply the generalized fixed-interval state smoother proposed by De Jong (1989),
this algorithm tolerates singular covariance structure in the state equation.
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B., Sjögren, M., Steinthorsdottir, V., Stringham, H. M., Swift, A. J., Thorleifsson,
G., Thorsteinsdottir, U., Timpson, N. J., Tuomi, T., Tuomilehto, J., Walker, M.,
Watanabe, R. M., Weedon, M. N., Willer, C. J., Illig, T., Hveem, K., Hu, F. B.,
Laakso, M., Stefansson, K., Pedersen, O., Wareham, N. J., Barroso, I., Hattersley,
A. T., Collins, F. S., Groop, L., McCarthy, M. I., Boehnke, M., and Altshuler, D.
(2008). Meta-analysis of genome-wide association data and large-scale replication
identifies additional susceptibility loci for type 2 diabetes. Nature Genetics, 40(5),
638–645.

131

